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Abstract: We have proved the global correctness theorem to new mixed problem for two-velocity homogeneous
model telegraph equation with non-characteristic time-dependent oblique derivatives at the ends of string. An
explicit recurrent formula for a unique and stable classic solutions with a correctness criterion for mixed problem
in the set of twice continuously differentiable functions are derived. Its correctness criterion consists of necessary
and sufficient four matching conditions and three smoothness requirements on the initial and boundary data of
non-characteristic mixed problem. These results are obtained by author’s “method of auxiliary mixed problems for
wave equations on a half-line” and “implicit characteristic method”.
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1 Introduction lems for partial differential equations we mean the-
orems with necessary and sufficient conditions for
In this paper, we prove a global correctness theo- Hadamard correctness, i.e. its existence, uniqueness
rem to new mixed (initial-boundary) problem for two- and stability on mixed problem data. Thus, in this
velocity homogeneous model telegraph equation with paper, complete, final and unimprovable smoothness
non-characteristic time-dependent oblique derivatives requirements and matching conditions for the mixed
in a half-band of the plane. This global correctness problem data are obtained. The implicit characteris-
theorem is proved by “’the method of auxiliary mixed tics method was first proposed by F.E. Lomovtsev in
problems for a semi-bounded string (wave equation [10] for the first mixed problem for the general single-
on a half-line)” from the previously established global speed telegraph equation with variable coefficients.
correctness theorem of an auxiliary non-characteristic For the case of a non-homogeneous two-speed tele-
mixed problem for two-velocity homogeneous model graph equation in [9], the application of the method of
telegraph equation in the first quarter of the plane [9]. correcting trial solutions into classical solutions from
In a special case, global correctness theorem with ex- article [4] is inevitable (see remark 1 after Theorem 3
plicit formulas for the unique and stable classical so- of the second part of this article). The implicit charac-
lutions of the auxiliary mixed problem for our two- teristics method was used to derive the Riemann for-
speed homogeneous model telegraph equation in a mulas of classical solutions and Hadamard’s correct-
system of twice continuously differentiable functions ness criteria in articles [5], [6], [7], respectively, for
by implicit characteristic method are also available the generalized Cauchy problem with Cauchy con-
in [9]. The correctness criterion to non-characteristic ditions on curved lines of the plane and two second
mixed problem of this article includes the necessary mixed problems for the model telegraph equation and
and sufficient smoothness requirements for the ini- the general telegraph equation with variable coeffi-
tial and boundary data and matching conditions the cients.
boundary regimes with the initial conditions and the The Fourier method explicitly solves linear
equation for its unique and stable everywhere solv- initial-boundary (mixed) problems for some wave
ability. By global correctness theorems to mixed prob- equations in articles [3], [11]. The uniqueness, lo-
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cal and global solvability of a mixed problem for a
semilinear wave equation with a nonlinear boundary
condition are investigated. Cases of not only global
but also local absence of a solution are considered,
as well as the case when this problem has a collaps-
ing solution [2]. The existence of solutions to nonlin-
ear pulse wave equations is the subject of the article
[1]. The existence of local and global solutions of
the boundary value problem for the relativistic wave
equation, the continuous dependence of solutions on
the initial data and the blow-up of solutions are inves-
tigated [12]. Only in the works of the author of this
article and his students were complete and final cor-
rectness criteria according to Hadamard found with
explicit formulas for classical solutions of many lin-
ear mixed problems for telegraph equations with real
variable coefficients. In them, for classical solutions,
the minimum possible necessary (obligatory) and suf-
ficient (admissible) conditions on the right-hand sides
of the wave equations, the initial and boundary data
of these mixed problems are strictly proven. In sets of
classical solutions, such results for linear mixed prob-
lems were obtained by us by recurrent continuations
of the right-hand sides of the wave equations and ini-
tial data along the time axis, and not by periodic or
other continuations along the spatial axis in works of
other authors.

2 Auxiliary Mixed Problem for
the Model Telegraph Equation
with Non-Characteristic Time-
Dependent Oblique Derivative on
the Half-Line

In the next section 3, we derive the classic solutions
and correctness criterion for the main mixed problem
from the classic solutions and correctness criterion for
the auxiliary mixed problem. In the first quarter of the
plane G, =]0, +00[x]0, +o0[, the following mixed
problem was investigated by a new “implicit charac-
teristic method” [9]:

ug(x,t) + (aq(z,t) — ag(x, t))ug(z, t)—
(az)i(z,t)
ag(x,t)

—ai(z,t)(ag)z(z, t)uz(z,t) =0, {z,t} € Goo,(l)
u(x,O) = Sp(x)7 Ut(xvo) = ¢(‘T)7 x>0, (2)

[a(t)ur(x,t) + B(t)ug(z,t) + y(t)u(z, t)] |a=0 =
= u(t), t >0, 3)

—ai(z,t)ag(z, ) uze(x,t) — ug(x,t)—
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where the coefficients ag_;(z,t) > aéo_)i > 0,
{z,t} € Goo = [0,400[X[0,400[, i = 1, 2, of the
equation and the mixed problem data ¢, ¥, u are
given real functions of their variables x and ¢. We de-
note the orders of their partial derivatives by the num-
ber of subscripts of the functions.

Let C*(£2) be a set of k times continuously dif-
ferentiable functions on a subset Q@ C R?, R =
] — 00, +00l, and C(2) = C(£2). Equation (1) has
the characteristic equations [9]:

dr = (—1)'az_;(z, t)dt, i =1, 2, 4)

which correspond to implicit general integrals
gi(x,t) = C;, C; € R, i = 1, 2. If the coeffi-
cients a3_; is strictly positive azg—;(x,t) > aéo_)i > 0,
{z,t} € Go, then the variable ¢ on the character-
istics g1(z,t) = Cy, C1 € R, strictly decreases,
on the characteristics go(x,t) = Co, Co € R, it
strictly increases in the plane Ouxt along with the
growth of variable z. Therefore, implicit functions
yi = gi(x,t) = C;, z, t > 0, have strictly mono-
tone implicit inverse functions = = h;{y;,t}, t > 0,
and t = hD[x,y;], z > 0,4 = 1, 2. By the definition
of inverse mappings, these implicit functions satisfy
the following inversion identities [9]:

hi{gi(z, t), t} =z, x>0, i=1,2, 5)
gi(w, W[z, 1)) = yi, © > 0,

WOz, gi(z, )] =t t>0,i=1,2,  (6)
hi{yi, h(® [z,yi]} =z, 2 >0,

WO [hiys, thyl =, t>0,i=1,2.  (7)

In the right-hand parts of identities (5)—(7), together
with mutually inverse implicit functions, variables
that repeat twice in the left-hand parts are excluded,
even if only one of the possible values of these vari-
ables is repeated twice in the left-hand parts. If the

coefficients be az_;(x,t) > ag(i)i > 0, {z,t} € G,
az—i € C*(Gw), Goo = [0, +00[x][0, +00[,i = 1, 2,
then the implicit functions g;, h;, h() are twice con-
tinuously differentiable by x, ¢, y;, ¢ = 1, 2, [9].

Definition 1 The classic solution of mixed problem
(1)~(3) is a function u € C*(G), that satisfies equa-
tion (1) in the usual sense on G’OO, and the initial con-
ditions (2) and the boundary regime (3) in the sense of
the values of the corresponding limits of the function
u(, t) or its derivatives u; (2, 1), uz (&, ) for internal
points {&,1} € G, tending to the boundary points
{x,t}, which indicated in (2) and (3).
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Definition 2 The characteristic go(x,t) = g2(0,0) is
called critical for equation (1) in the first quarter of
the plane G,

Classic solutions and correctness criterion (neces-
sary and sufficient conditions) according to Hadamard
(existence, uniqueness of the solution and its stability
with respect to the mixed problem data ¢, v, u to
the mixed problem (1)—(3) on the half-line are found
in explicit form.

From Definition 1 of classic solutions to the
mixed problem (1)—(3) in G, and its formulation,
obvious necessary (mandatory) smoothness require-
ments directly follow

@ € C?0, +oo[, 1 € CHO, +o0[, p € CHO, o0l
()
Putting ¢ = 0 in the boundary mode (3), due to the
initial conditions (2) at x = 0 we find the necessary
first matching condition:

a(0)4(0) 4 B(0)¢'(0) + 7(0)(0) = p(0).  (9)

In the first derivative with respect to ¢ the bound-
ary regime (3) we assume ¢t = 0 and, due to the initial
conditions (2) and the second derivative uy (z, t) from
equation (1) at x = 0, ¢ = 0, we find the necessary
second matching condition

o’ (0)1(0) + 8(0)¢'(0) +
+7(0)%(0) + a(0)[(a2(0,0) — a1 (0
+(0

7' (0)¢(0) + B(0)¥'(0)+
,)) '(0)+
(a2)

(0)+ o0+

+a1(0,0)(a2)2(0,0)¢'(0)] = 4/(0). ~ (10)

We denote by the number of strokes above functions
of one variable the corresponding orders of their ordi-
nary derivatives with respect to these variables.

Then the sufficiency of the smoothness and
matching conditions (8)—(10) is proved.

The critical characteristic g2(x,t) = ¢2(0,0) di-
vides the first quarter G, into two sets

G_ = {{z,t} € G : go(x,t) > ¢g2(0,0)},
Gy ={{z,t} € G : g2(x,t) < g2(0,0)}. (11)

Theorem 3 [9]. Let the coefficients be as—_;(x,t) >

a:())O)Z >0, {7,t} € G, a3 € C*(Goo),i = 1, 2,
a, B,y € C0,+ool, ar(0,t)a(t) # B(t), t > 0,

and also o(0) = 0in (3) or

+aq (0, 0)&2 (0, 0)80”

a1(0,0) = a2(0,0), (a
= (aQ)t(070)7 (CL1

1)¢(0,0) =

)90(070) = (QQ)QC(O?O)' (12)
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The mixed problem (1)—(3) in Goo has a unique
and stable on @, 1, i classic solutions u € C?(G)
if and only if the smoothness requirements (8) and the
matching conditions (9), (10) are satisfied.

These classic solutions u € C?(Gw,) to the mixed
problem (1)—(3) in G are the functions

u_(l',t) = SO(hQ{gQ(x7t)7 0})+
M09 ay (v, 0)0'(v) + (1)
d
+ /hz{QQ(l‘vt)aO} al( v, ) + a’2( ) v
{z,t} e G_, (13)
uy(z,t) = ¢(0)+

dv+

hi{g1(z.0.0} a1 (v, 0) (v) + Y(v)
+/ a1(v,0) 4 az(v,0)

1 h)[0,g2(z,t)]
b D (o)

X{ a1(0,p)ulp)  [a(0,p)a(p) + B(p)]
a1(0, p)a(p) = B(p)  [a1(0, p)a(p) — B(p)]
a1(0, p) a1(v,0)¢'(v) + ¥(v)
a2(0,p) a1(v,0) + az(v,0) lv=hi{g:1(0.,p),0}
 Oh1{91(0,p), 0} a1(0, p)v(p)
dp a1(0, p)a(p) — Blp) {¢(0)+
hi{g1(0:0):0} gy (v, 0)¢' (V) + (V)
+/ ai(v,0) + az(v,0) dy} }dp,
{z,t} € Gy. (14)

In Theorem 3, the uniqueness of the classic solu-
tion u € C?(G o) to the mixed problem (1)—(3) is en-
sured by the algorithm for searching it in the method
of implicit characteristics. For any 7" > 0, the contin-
uous dependence of the solution u € C%(G,) on the
mixed problem data ¢, v, u of this mixed problem in
the corresponding Banach spaces follows from its ex-
istence and uniqueness, thanks to the well-known Ba-
nach closed graph theorem or Banach open mapping
theorem. On the other hand, formulas (13) and (14)
also imply its continuous dependence.

Remark 1. This Theorem 3 with zero right-hand
side f = 0 of the homogeneous two-velocity model
telegraph equation is a special case of the theorem
with non-zero right-hand side f # 0 from [9] in
the theorem on the global correctness to the non-
characteristic mixed problem for the inhomogeneous
two-velocity model telegraph equation in the first
quadrant of the plane. In it, by the author’s methods
of implicit characteristics and correction of trial solu-
tions into classic solutions, formulas for its unique and
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stable classic (twice continuously differentiable) so-
lutions are derived and a criterion for Hadamard cor-
rectness of unique and stable everywhere solvability is
established. The necessity of the corresponding inte-
gral smoothness requirements on the continuous right-
hand side f € C(G) of the two-velocity model tele-
graph equation is justified using the correcting Gour-
sat problem in [4]. In the paper [9] also given are the
particular classical solutions I (z,t) and Fy(x,t) of
inhomogeneous two-velocity model telegraph equa-
tion on the sets G_ and G from (11), calculated by
the correction method in [4], with the corresponding
necessary and sufficient smoothness on G, with crit-
ical characteristic g2(z,t) = g2(0,0).

3 The main mixed problem for the
model telegraph equation on a seg-
ment

In the half-band of the plane G =]0, d[x]0
study and solve the mixed problem:

, Fool, we

ug(x,t) + (a1 (z,t) — ag(z,t))ug(x, t)—

(a2)t(x, 1)
—ay(x, t)as(z, t)ug,(x,t) — Wut(m,t)—
—ay(x,t)(a2).(z, tug(z,t) = 0, {z,t} € G, (15)
u(z,0) = ¢(x), u(x,0) = ¢(x), 0 <z < d, (16)

(
i (t)ur () + Bi(t)ue (2, 1) +vi(O)ulz, )] |,_g, =
)

=pi(t),i=1,2,t>0, 17

here the coefficients ag—;(z,t) > a(o) >0, {z,t} €
G =[0,d] x [0, 400, d; = (i —1)d, i = 1, 2, of the
equation and the mixed problem data ¢, 1, 1, s are
given real functions of their variables x and ¢.

Definition 4 A classic solution to problem (15)—(17)
is a function v € C*(Q), that satisfies equation (15)
in the usual sense on G, and initial conditions (16)
and boundary conditions (17) in the sense of the val-
ues of the corresponding limits of the function u(d, t)
or its derivatives u;(%, t) and ug(x,t) for internal
points {i,t} € G, tending to the boundary points
{x,t}, indicated in (]6) and (17).

The formulation of the mixed problem (15)—(17)
and the definition 4 of its classic solutions u € C2(G)
imply obvious necessary smoothness requirements

© € C%0,d], ¢ € CY[0,d], p1, po € CHO,dpy1].
(18)
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Putting ¢ = 0 in the boundary mode (17) at ¢ =
0, ¢ = 2, due to the initial conditions (16) at z = d we
trove the necessary first matching condition for z = d:

a2(0)3(d)+B2(0)¢"(d) +72(0)p(d) = p2(0). (19)

In the first derivative with respect to ¢ the bound-
ary regime (17) at ¢ = 2 we assume ¢ = 0 and, due
to the initial conditions (16) and the second derivative
ut(x, t) from equation (15) at z = d, t = 0, we find
the necessary second matching condition for x = d:

ay(0)¥(d) + B5(0)¢'(d) +15(0)(d)+

)
+52(0)¢(d) + 72(0)1h(d) + a2(0)[(az(d, 0)—
—a1(d, 0))¢'(d) + ax(d, 0)az(d, 0)¢" (d)+

(a2)(d,0) /
o )2 (d,0)¢'(d)]

= p5(0).
(20)

The global correctness theorem 5 of the non-
characteristic mixed problem (15)—(17) is derived
from Theorem 3 by “’the method of auxiliary mixed
problems for a semi-bounded string (wave equation
on a semi-line)” from [8].

The system of two equations go(z,t) =
92(0? 0)7 91(113, t) = gl(dv 0) for 0 < =z <
d,t > 0 has a unique solution, because according
to the characteristic equations (4), the characteristic
g2(x,t) = g2(0,0) strictly increases, and the char-
acteristic ¢1(z,t) = ¢1(d,0) strictly decreases in ¢
as x increases in the plane Oxt. Let {xo,%o} be the
unique solution to this system of equations. The half-

P(d)+a1(d,0)(az

band G = [0, d] x [0, 4o00[ is divided into rectangles
G = [O,d] X [dk, dk+1], where di, = (k — 1)to, k =
1, 2, ... Each rectangle G}, is divided by critical char-

acteristics 92($7t) = QQ(O,dk), g1 (l‘,t) = g1 (d’ dk)?
k=1, 2,..., of the equation (15) into triangles

Agp—z = {{z,t} : ga(z,1) > g2(0,dp),

g1(z,t) < g1(d,dy),z € [0,d]},
Agp—1 = {{z,t} : ga(z,t) < g2(0,dy),
TE [0,.1’(]], te [dkadk+l]}7
A3k‘ = {{x?t} : gl(x7t) Z gl(da dk)a

x € [.ro,d], te [dk,dk+1]}, k=12, ..
Theorem 5 Let the coefficients be az—;(x,t) >
af); > 0, {z,t} € Qn = [0,d] x [0,dns1],
as—; € Cz(Qn)a g, Biv Vi € 01[07 dn+1]> ﬁl(t) 7&

(=1)*1a;(d;, t)ay(t),t > 0, i = 1, 2. Let the coeffi-
cients be ;(0) = 0in (17) or

~ A ~

al(di,O) = a2(di70)7 (al)t(di70) =
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= (a2)¢(d:, 0), (a1)a(di, 0) = (a2)2(d;,0)

fori =1 ori = 2. Then, for the existence of unique
and stable classic solutions u € C*(Qy,) to the mixed
problem (15)—(17) on Qn it is necessary and sufficient
to have the smoothness requirements (18) and match-
ing conditions:

ey

i(0)¢(di) + B;(0)¢'(d) +7i(0)p(di) = pi(0),

)
a}(0)¥(di) + B1(0)' (di) + i (0)(di)+
+8:(0)¢' (di) + 7 (0)¥(d;)+
+a;(0)[(az(d;, 0) — a1 (d;, )y (di)+
—i—al(cfi, 0)@2(6&, O) ”(sz‘)"i‘
+((a2)e(d;, 0)/az(d;, 0))¥(di)+
“+ay (di, 0)(a2)o(di, 0)¢' (di)] = 15(0), i = 1, 2.
(23)

_This classic solutions to mixed problem (15)—(17)
in Qy, are the functions:

usp—2(2,t) = @r(ha{ga(x,t),dp})+

hidgr (@)} (v, di ), (V) + i (V)

+ b
ha{g2(z,t),dr } al(”? dk) + CLQ(Vv dk)
{z,t} € Azp_a, (24)
ugk—1(2,t) = ¢r(0)+
hi{g1(x,t),di} /
+/ e ay (v, i)y (V) + 0r(v) o
0 a1 (v, dy) + az(v, di)

1 2)[0,g2(x,t)]
Ty A e
X{ a1(0,p)pi(p)  [a1(0,p)ai(p) + B
(0. p)on(p) — Fr(p) (0. p)an(p) — Br(o)
(

a1(0, p) a1 (v, di,) (V) + Y (v "
a2(07 p) ai (Va dk) + a’2(V7 dk) y7h1{gl(0,p),dk}
0h1{g1(0, p), di} a1(0, p)v1(p) [
X — 0)+
o a0, p)ar(p) — i) [P
Pator @)} ay (v, di) g, (v) + (V)
o | av| o
0 a1 (v, dg) + az(v, dy) vlger
{z,t} € Agp—1,

)

(25)
er(d)+

usg(z,t) =

dv+

W[ as(v, dy) () + ()
ha{g2(z,t),dr } al(”? dk) + CLQ(V, dk)
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1 h() [d»gl (Ivt)]

772(h(1) [da g1
><{ as(d, p)p2(p) laz(d, p)az(p) — B
az(d, p)az(p) + Ba2(p) * [az(d, p)az(p) + B2(p)]
az(d — v, dy)pp(d = v) + p(d —v)
a1(d — v,d) + as(d — v, dy) v=d—hz{g2(d,p),dr}
x aQ(dv P) ahQ{QQ(d’ P), dk} .
ay(d, p) ap
az(d, p)2(p)
~ax(d, p)aa(p) + Ba(p) [(pk(d)Jr

- JCXATIORSNCN P
halga(dp)di}  1(V;dy) + az(v, di)
{z,t} € Agy, (26)
wherek =1,2,....,n,n=1, 2, ..., ugi_; are the re-

strictions of the classical solution u € C?(Q,,) of the
non-characteristic mixed problem (15)—(17) to trian-
gles Az, 1 =0, 1, 2, and in rectangles Gy, the re-
current initial data along the axis Ot have the values

= ¢(x), Y1 (z) = Y(z), © € [0,d],

or() = usptj—a(z, di),

p1(z)

() = Lt

at ’t:dk y L S [jxﬂvmax{m07jd}]7
j=0.1, k=23 .nn=23 . (27

Proof. The proof of Theorem 5 can be carried out
by the method of mathematical induction on rectan-
gles Q, = [0,d] x [0,dp+1], n =1, 2,... At the first
step of mathematical induction to the mixed problem
(15)—(17) on arectangle Q1 = G'1, we verify the exis-
tence of a unique and stable classic solutions u of the
form (24)—(26) with correctness criterion (18), (22),
(23) forn =k = 1.

Restrictions of formulas (13), (14) for u = w1
and necessary and sufficient conditions (8), (9), (10)
for u = pq to the trapezoid A; U Ay from Theorem
3, respectively, coincide with formulas (22), (23) and
correctness criterion (18), (22), (23) forn =k =1,
i = 1 from Theorem 5. In a trapezoid A; U Ao,
the correctness criterion consists of the smoothness
requirements

© € C%[0, 0], ¥ € C0, 0], p1 € C10,dy], (28)

and the matching conditions (9), (10) at 4 = pp from
Theorem 3.

To find a classic solutions and correctness crite-
rion for a mixed problem consisting of equation (15),
initial conditions (16), and the boundary mode from
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(17) for z = d, ¢ = 2 in a trapezoid A; U Az, we re-
duce it by replacing x = d — 2, t = ¢ to an equivalent
mixed problem

[Oéz(t)ﬁt(@ t) — 52(t)ﬂ£(577t)+

with respect to a new function u( ) =u(d—z,t) =
u(x, t) with new coefficients a;(z, t) a;(d—12,t) =
ai(z,t),i =1, 2, and initial data $(Z) = p(d —T) =

o(x), h(F) = w(d — ) = ¢(x). In the equation (29)
and the boundary condition (31) there are a minus, be-
cause the derivative is u,(z,t) = —uz(Z, t). Here the

trapezium A1 U Ag is formed by two triangles
Av={{z,t}: 91(7,1) > 91(0,0),
g2(Z,t) < g2(d,0), T € [0,d], t € [0,da]},
Ay = {1} : g1(%,1) < 91(0,0),
z € [0,Zo], t € [0,da]},

where the point {Zg,%o} is the unique solution of

a similar system of equations ¢1(Z,t) = ¢1(0,0),
92(Z,t) = g2(d,0) for0 < & < d, t > 0.
After this non-degenerate change x = d — T,

t = t, the characteristic functions y; = g;(w,t)
C;, x, t > 0, and their inverse functions r =
hi{yi, t}, t > 0,t = KOz, y], z > 0,7 = 1,
become implicit functions:

[\

= gl(xat)a Z, t 2 Oa
~ (32)
z = hi{g;,t} =d— hi{g;,t}, t >0, (33)

t =00z, 5] = hd - 7, 5,] =

Ui = gi(2,t) = gi(d — T,t)

(34)
For them, from the inversion identities (5)—(7), respec-
tively, we derive similar inversion identities:

Gi(hi{@i t},t) = §i, t >0,
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hi{gi, RO[E, 5]} = &, & > 0,
WO (hi{gi, t},5:) =, t >0,i=1, 2.

In view of Theorem 3, the unique and stable clas-
sical solution of the mixed problem (29)—(31) in a tri-
angle A is obtained by restricting the unique and sta-
ble classic solutions % (Z,t) to A; the form (13), in
which the characteristic functions g1, le, h() are re-
placed by functions g2, ho, h(2) and vice versa. As a
result, from formula (13) for p(z) = $1(2), Y(z) =
U1(%), & € [0,d], at (#,t) € A; we have the classic
solutions

al (.f, t) = 851 (iLl{gl(i’> t)v 0})+

L [P0 G, 0§ () + i),
~ ~ V7
hi{g1(&,t),0} ai (Va 0) + aQ(Va 0)

{#,t} € Ay (35)

In these solutions (35), we make an inverse sub-
stitution £ = d — x. To do this, using the functions
(33) and (34), we derive equalities

@1(hi{§i(2,1),0}) = p1(d — hi{gi(#,t),0}) =
= p1(hi{gi(Z,1),0}) = p1(hi{gi(d — 7,1),0}) =
= p1(hi{gi(z,1),0}), ai(v,0) = a;(d — v, 0),

P1(v) = —¢i(d —v), W (v) =1(d —v),

hi{i(%,1),0} = d — hi{§i(%,1),0} =
=d — hi{gi(d — z,t),0} =
=d— hi{gi(z,t),0}, 1 =1, 2,
/BQ{gQ(fc,tm} i (v, 0)@1 (v) + 1 (v) |
i@ 0y a1(v,0) +az(v, 0)
A-halea(5:1).0) [—m(d — 1,0)(p1)(d— )

_l’_

d—hy{g1(z,t),0} | a1(d —v,0) + az(d —v,0)

¢1(d—V) .
+a1(d— v,0) + az(d — I/,O)]dy B

_ /d haAo2(@0)0) | a1 (d —v,0)(¢1)'(d — v)
" Jaem{g@n0y | ai(d—v,0) +az(d —v,0)
P1(d —v)
dy =
Tad—=v,0) 1 asd—v0)| "
ritor(@0:9% a1 (p, 0)(1)'(p) + ¥1(p)
ho{ga(z,t),0y  a1(p,0) + az(p,0)

where we made changes of integration variables p =
d—v.

)
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These equalities indicate that the classic solutions
(35) coincide with the solutions

U1 (i‘, t) = ©1 <h2{92(x7 t)v 0})+
hi{gi(z,t),0} /
+/ gt 611(070%01@)‘f‘wl(P)dp:ul(amt)7
ha{ga(wt)0r  a1(p,0) + az(p,0)
{l‘,t} S A17 (36)

which is equal to solution u; (z, t) on A; the form (24)
for n = k = 1 from Theorem 5.

From the formula (14) at the functions ¢(z) =
p1(2), Y(x) = (@), p = p, a =
a1, B = B1, v = 7 for the characteristic functions
g1, h1, hV) replaced by the functions g, ho, R,
coefficients ay, aq, 1, 1 replaced by coefficients as,
ag, — P2, 72 and vice versa for {Z,t} € Ao, similarly
we obtain classical solutions

fa3(=%7 t) = ()51(0)7L

ho{G2(3,1),0} da(v. 0), () + 11 (v)
+/ i (v, 0)1+ as(v,0)

1 RO0,51(E)]
([0, 312, 1) /0 72(p)x
{ (0, p)pa(p)
a2(0, p)az(p) + B2 (p)

a2(0, p) aa(v,0)1 (v) + Y1 (v)
a1(0,p) a1 (v,0) + az(v,0)

0h2{32(0, p), 0} B
dp

dv+

— B2
+ B2

- X
V:h2 {gQ (Ovp) 70}

h2{g2(0,p),0} )
o COULIGERINN | VA
ai(v,0) + az(v,0)
(37
in which, due to the equality az2(0, p) = az(d, p), the

integrating factor is equal to the factor

oy — o ] [ 82(0,p)(p) _
lf) = exp {/o 7200, p)ar(p) + Balp) " } -

=ex ! az(d, p)y2(p) _
B p{/O (Ig(d,p)QQ(p)+62(p)dp} 772(t).

The integrating factor 7j2(p) is taken from above with
the wave, since in the second integral of formula (37)
the upper limit of integration is equal to the values
A0, g1 (&, t)] with waves and before this integral in
the denominator there is this factor 7jo from the values
R0, §1 (&, t)] with waves.
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In these solutions (37), we make an inverse sub-
stitution £ = d — x and, using functions (32)—(34), we
derive the auxiliary relations

#1(0) = ¢1(d), ¢1(0) = ¢1(d),

a;(v, p) = a;i(d —v,p), §i(0, p) = gi(d, p),
RO, i, )] = hO[d, §i(7,1)] =
:h()[d gz( -z t)] Kt [d gi(a},t)],i:L 2.
/’W{g? B0} Gy (v, 0051 () + 1 (v) o

ai (v,0) + az(v,0)
_ /d elon(e .0} [—axd—u,oxw);(d—m
ai(d —v,0) + as(d — v,0)
Yi(d—v) _
+a1(d —1,0) 4+ az(d — v,0) dv =
e gt
—Jo a1(d —v,0) + az(d — v,0)
Yi(d—v) _
+a1(d —1,0) + az(d — v, 0)](11/ B
_ [ az(8, 0)¢' (6) + 11 (5) s

ha{g2(z,0),0)  01(0,0) +az(6,0) 7

where we made changes of integration variables § =
d—v.

Based on them, from the solutions (37) by inverse
replacing £ = d — x with similar transformations, we
find the functions

ﬂg(i', t) = ¥1 (d)+
d az(p, 0)#1(p) + ¢1(p)
" /hz{gg(x,t),t)} a1(p,0) + az2(p,0) dot
1 h(D[d,g1 (x,t)]
S A i mie)
{ az(d, p)pa(p) az(d, p)az(p) = B2(p)
az(d, p)az(p) + 62( ) az(d, p)az(p) + B2(p)
— v, dp) ¢ (d—v)
(d— 0] +a21(d—y,0)+
P1(d —v)
ay (d -V 0) + az(a — v, 0)] v=d—h2{g2(d,p),0} 8

(d
Xa2(da p) Oha{g2(d, p),0}
a1 (d7 p) 8p

___aa(d,p)a(p)
az(d, p)az(p) + Ba2(p)

i@+
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d a2(9,0)¢1(6) 4 11(9) _
+/hg{g2<d6>0} a1(6,0) + a2(6,0) d(s”dp B

= U3(ZE,t), {:E,t} € Ai’n (38)

which is equal to the classic solutions ug(z,t) for
{z,t} € Ag the form (26) for n = k = 1 from Theo-
rem 5.

By virtue of correctness criterion from Theorem
3, the correctness criterion of auxiliary mixed problem
(29)—(31) at x = po for {Z, ¢} on trapezoid A; U Ay
is the smoothness requirements

@ € C?0, %], ¢ € CY0, %], po € C*0, ds]. (39)

and matching conditions (9), (10) at i = 9 for vari-
ables {7,t}.

Here we apply the relations obtained above, and
from the above correctness criterion with the smooth-
ness requirements (39) after the reverse replacement
of the variable Z = d — x we arrive at the smoothness
requirements

© € C%xg,d], 1 € Ctzg,d], gy € CH0,ds], (40)

with matching conditions 22), (23) for ¢ =
zoid A1 U Ag from Theorem 5.

From the condition «(0) = 0 and the equali-
ties (12) of Theorem 3 for the solvability of the mixed
problem (29)—(31) in Ay N Ay, after replacing the
coefficients a1, oy, 1, 71 with the coefficients ao,
a2, — 9, 2 and vice versa and the variable & = d—=,
follow the condition a2 (0) = 0 and the equalities (21)
for i+ = 2 for the solvability of the mixed problem
(15)—(17) in the trapezoid /A1 N Ag of Theorem 5.

The smoothness requirements (28) on trapezoid
A1 UA, and (40) on trapezoid A1 U Ag coincide with
the smoothness requirements (18) forn = £ = 1 in
rectangle 1. The matching conditions (9), (10) for
= pq on trapezoid A1 U Ay and the matching con-
ditions (22), (23) for i = po on trapezoid A1 UA3 co-
incide with matching conditions (22), (23) from The-
orem 5. Thus, the validity of Theorem 5 for mixed
problem (15)—(17) on rectangle ()1 is justified, be-
cause the solutions (36), (14), (38) are the same as the
solutions from (24)—(26) for n = k = 1 on rectangle
@1 in the Theorem 5. In a rectangle ()1, twice con-
tinuous differentiability of functions u3_; in triangles
As_y, 1 = 2,1, 0, and on characteristics go(x,t) =
92(0,0), g1(z,t) = g1(d, 0) follows from article [9],
since in (36) classic solutions @ (Z,t) = uy(z,t) on
Aq.

2 on trape-

At the second step of mathematical induction, we
assume that formulas (24)—(26) for £ = 1, n of unique
and stable classic solutions v € C?(Q,) and the
correctness criterion for problem (15)—(17) indicated
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in Theorem 5 are true on a rectangle (),,, and show
that they are true on the rectangle ),,+1. The mixed
problem (15)—(17) in a rectangle G,, 1 for a function
U = u(az t) by a non-degenerate change of variables
x = &, 1 =+ dy reduces for a function (1) =

(:c,t +dy) = u(x,t) in G, = [0,d] X [dn, dpy1] to
an equivalent mixed problem:
ﬂfg(w, E) + (él ($, E) - ég(l‘, tu))axg(x, f)—

(.f,{) - =0, = uy

_dl(xj E)E/IQ (.1‘7 tv)'ljzmm a2 (:1;’ t) ut(.:U’ t)—
—ay (2, 8) (ag) e (z, Dlig(2,1) = 0, {2, 1} € G,
(41)
. ot
Uly—g, = Pn+1(2), 57 —lizq, = Ynt1(z), z €[0,d],
(42)

[ (B) ity (w, €) + Bi (F) it (0, £) + 5 (D)ii(, £)],_g. =

= ji;(f), i =1, 2, £ € [dy, dnt1], (43)

with the coefficients @;(z,1) = a;(z,f + do) =
a;(x,t), and the boundary data /Zi(f) = pi(f + dy) =
i), i =1, 2.

In the telegraph equation (15) after the imple-
mented non-degenerate replacement z = &, t = t+ds
the implicit characteristic functions y; = g;(x,t) =
Ci, z,t > 0, and their implicit inverse functions
= h{yth, t>0,t =hOz, y], 2>0i=1,2,
turn into functions:

Ui = gz(*ra{) = gi(xatu""_ dz) = gi(x,t), z, t >0,

) (44)
x = hi{vi, t} = hi{9i, T + do} = hi{gi, t}, t >0,

(45)

F=h9, 5] =h Dz, 5] —dy, >0, (46)

From the inversion identities (5)—(7), the equivalent
inversion identities are derived, respectively:

h® [hi{gi, Bl =t1>0,i=1,2.

By the assumption of mathematical induction, the
mixed problem (41)—(43) in én has a unique and sta-
ble classical solution & € C%(G,), which is expressed
by formula§ (24)—(26) from Theorem 5 for k = n with
a variable ¢ instead of a variable ¢. In particular, from
formula (24) for £ = n and initial data @, 1, V¥n41
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from (27) in the triangle Agn_g we find the classic
solutions

aSn—2($7 E) = @n+1(7l2 {§2 (.’E, f)) dn})+

+/MMﬂWJmm%wmﬂw+%H@M
() V?
ha{go (1) dn } a1 (v, dp) + az(v, dy)

{z,1} € Agn_a, (47)

in which we return to the old variable { = ¢ — do.
Using the functions (45) and (46), we calculate

(vli(l/, dn) = ai(u, dn + dg) = ai(u, dn+1),
= hi{gi(z,t + d2),dp, + do} = hi{gi(z,1),d

/ﬁl{gl(x?g)’dn} a1 (v, dn) i1 (V) + Ynga(v)
;Zz{gz(ct,f),dn} él (1/7 dn+1) + dQ(Va dn+1)

n—‘rl}v

dv =

_/’“{gl(”) with | ay (v, dng1) @ (V)
ha{g2(z,t),dn+1} ar(v,dny1) + az(v, dpy1)

+

¢n+1(y) .
4 dv,1=1, 2.
a1 (v, dn11) + az(v, dpt1)
As a result of the reverse change { = t — dy

from the solution (47), we arrive at the solutions
Uspt1(x,t) for (z,t) € Agpiq the form (24) for
k = n 4+ 1 from Theorem 5.

The assumption of mathematical induction for the
mixed problem (41)—(43) in én formula (24) with
k = n and initial data ¢, 11, 9,11 from the formula
(25) in a triangle Agm_l gives us the classic solutions

.

Uzn—1(x,t) = Pp11(0)+

n /El{ﬁl(ﬁ,{)ydn} chl(I/7 dn)(p/n-i—l(y) + wn+l(y) dV+
0

a1 (I/, dn) + 612(1/7 dn)

1 h2[0,g2(2,1)] (
S —
(R0, g2, D)) e

{ a1(0,p)fin(p)  a1(0,p)ia
a1(0,p)ar(p) — Bi(p)  a1(0, p)as(p) —
a1 (v, dn)@y1(V) + Yny1(v)
ai (V, dn) + dg(l/, dn) v=h1{g1(0,p),dn}
% él (07 p) 877‘1{.61(07 p)) dn} o
az(0, p) op

— a1 (07 p);?l (p)
i1(0, p)ér(p) — Bi(p) [S%H(O)—I-

X
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/h1{§1(0,p),dn} ar(v, dn) ey 1 (V) + hpy1(v) dy] }d
0 iy (v, dy) + o (v, d) P
(48)
Here we make a change of variable { = ¢t — dy and
use functions (44)—(46) with transformations:

hi{gi(2,1), 7} = hi{gi(x, £ + da), 7} =
= hi{gi(z,t),7 + do}, hi{5i(0,p), 7} =
= hi{gi(0,p + da), 7} = hi{gi(0, p+ da), T + da},
R0, gi(x, 1)] = B0, gi(x, £ + do)] =
= b0, gi(x,t)] — do, 1:(F) = pi(f+da), i =1, 2,
i (20, g2, £)]) = 1 (R0, g2(x, 1)),

/ Pl @0 iy (v, dn) i (v) + nia (V)
UV =
0

ai (I/7 dn> + ég(V, dn)

/hl{gl(x’t)’d"ﬂ} a1 (v, dn+1)$Pn1(v)
0 a1 (v, dpy1) + a(v, dpy1)

¢n+1(V) dl/
a1 (v, dnyr) + ag(v,dpgr) |

_|_

dv =

/F”{gl Op)dn} Gy (v, dp) 2y 41 (V) + g1 (V)
0 ai(v,dy) + as(v, dy)

/hl{gl(O’P‘l'dQ):dnJrl} ay (v, dn+1)80;1+1 (v)
0 a1 (v, dps1) + ag(v, dps)

Ynt1(v)
ai (V7 dn+1) + a2(V7 d’fl-‘rl)

A®1[0,G2 (1) a1(0, p)ft
/ ﬁl(p){v 1(0,p)in(p)
d, (0,

~a1(0,p)[ ?
az(0, p)la 1(0 p)ai(p) — Bi(p)]
(

dl(l/,dn)tpn_H 1% +7/}n+1(’/)
ar (v, dy) + az(v, dy)

3’11{91(0 p)ydn}

dv,

o X
v=hi {gl (0’p)7d’ﬂ}

a1(0, p)y1(p)

dp a1(0, p)a1(p) — Bl(ﬂ)
hi{g1(0.0)dn} [ &y (v, dn)pn 1 (V)
< [< D+ i d)

¢n+l(y)

dv pdp =
+al(u,dn>+a2(u,dn>1 ”} g

Volume 24, 2025



WSEAS TRANSACTIONS on COMMUNICATIONS

DOI: 10.37394/23204.2025.24.6 Fedor Lomovtsev
h(2 [0,92(z,t)]—d2 1
= + v 5y v e X
dn mip+ da)x ii2(RV[d, g1 (x,1)])
a1(0, p + d2)pui (p + da) A dgi (D) da(d, p)fia(p)
X - X / 12(p —+
a1(0, p + d2)ar(p + d2) — Bi(p + d2) dn aa(d, p)aa(p) + B2(p)

a1(0,p +dz) a1(0,p + dz)ar (p +do) + Bi(p + o) lia(d, p) [z (d, p)ia(p) — Palp
a3(0, p +dz) a1 (0, p + dp)u (p + d2) = Br(p + d2) a1(d, p) a2 (d, p)é(p) + Ba(p)

a1 (v, dn+1)¢@h 41 (V) + Pns1(v) ) /
e ARV S
O {g1(0.p+ d), i1} a1(d = v,dn) + 2(d = v, dn

1,
|

p + wn—kl(d - V) :|
ar(d —v,dy) + as(d —v,dn) | ly—g—hoti X
_ a1(0, p + d2)n1(p + d2) % l(u )+ o ) lv=d—ha{ga(d.0).dn}
a1(0, p + da)ai (p + d2) — Bi(p + d2) o Oh2ig2(d,p). dn}  a2(d, p)Ta(p)
h1{g1(0,p+d2),dn+1} a (y7 dn—&—l)sol +1(y) ap éQ(du p)d2 (p) + 62 (p)
x/ - + d
0 a1 (v, dny1) + az(v, dny1) Yns1(v)
[t fig 10, ) + ()
¢n+1(l/) hi{g1(d,p),dn} \ A1V, dn az(V, Gp
a1(v, dni1) + az(v, dn+1)]dy}dp: G2 (v &) 11 (V) )dy}}dp. (49)
ai(v,dyn) + az(v,dy)
h(2)[0,g2(2,1)] a1(0, 8)11(8) Again .applying functions (44)—(46) and more
= /dn+1 m 5){a1(0,6)a1(6) NON transformations:
RO (d, g;(x, 1)) = hO(d, gi(z, + do)] =
~a1(0,9) a1(0,5)041(5)+51(5)x (d, gi(x,1)] [d, gi(w,t + da)]
a2(0,0) a1(0,8)a1(d) — B1(0) = hD[d, g;(z,8)] — da, () = ;i (£ + da),

a1(Vy dpy1) @41 (V) + np1(v)
ar(v,dny1) + az(v, dpy1)

hi{gi(d, p), 7} = hi{gi(d. p + do), T} =
= hl{gl(d> p+ d2)7 T+ d2}7

v=h1{g1(0,0),dn+1}

Xahl{gl(075)adn+1} _ a1(075)71(5) v . 1
ap al(O, (5)041((5) — 51(5) 772(h( )[da gl(xvt)]) = 772(h( )[da 92(x7t)])7
h1{91(0,6),dn+1} a1 (v,d ! v o
X /0 [a (yl(d Tl)j-):n(t/l(d ) )—i— /d az(V, dn) @1 (V) + Pt (v) dv
) 2(V, 1 y v - =
R " Foliz@hdnt  G1(v,dy) + 2 (v, dn)
VYni1(v) }
dv v déb d /
a1(v,dpy1) + az(v, dpy1) U - / { a2V, dn 1)1 (V) -
. . . ha{g2(z,t),dny1} al(lja dn+1) + a2(1/7 dn+1)
where we made a replacement of the integration vari-
able 0 = p + ds. y 4 Ynt1(v) dy
After the change t = ¢t — do, from solutions (48) a1 (v, dpt1) + az(v, dpt1) ’
we obtain a solution ug,1o in As,yo the form (25)
under k& =n + 1 of the Theo'rem 5. . ' d s (v, dn)@gﬂ(y)
In view of the assumption of mathematical in- . (v, dn) + a1, d )—i-
duction for the mixed problem (41)—(43) in a triangle ha{g2(dp)dn} LAY Gn) 7 G2LV; Gn
Asy, according to formula (26) with k =n, initial )
data @n41, Yne1 from (27) and variable ¢t = ¢t — da, +< ] 7; T 1 dv =
we have the classic solutions a1 (v, dn) + a2(v, dn)
d a2 (v, dn+1)$n1(v)
7 £) = = dv+
U3n (Iﬂ, t) Prtl (d)+ ~/hz{g2(d,p+d2),dn+1} |:CL]_ (V7 dTH—l) + (IQ(V, dn—i—l)
+ /d 6’2(7/7 dn)(p;wrl (V) + ¢n+1(l/) dy+ wnJrl(V) dv
ha{g2(@.t),dn} a1 (v, dyn) + az(v, dy) a1(v, dny1) + az(v, dny1) ’
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d, p I
a(d, p)laz(d, p)aa(p) + B2(p)]
“ { as(d —v,dn)@)1(d —v)
al(d v, dn) +&2(d v, dn)

n Ynt1(d —v) }
dl(d_ v, dn) +52(d— v, dn)

% 6712{?2(617 p)7 dn} .

v=d—hs{j2(d,p),dn}

dQ(da p)'uYZ (p)

Ip ds(d, p)ca(p) + Ba(p)
/d a2 (v, dn)pp i1 (V) + Yny1(v) dl/}dp _
holia(dp)dn}  G1(V,dy) + G2(v, dy)

A [dagl (xrt)] —da

=/, n2(p + dz2) X

X{ az(d, p+ da)p2(p + da)
az(d, p + da)az(p + dz2) + Ba(p + da)
az(d, p + da)
ai(d, p + da)
as(d, p + da)aa(p + da) — PBa(p + da)
az(d, p + da)as(p + da) + B2(p + d2)
az(d — v, dni1) i (d — v)
Ll(d —V,dpy1) +az(d —v,dpy1)
¢n+1 (d — V)
ar(d — v,dny1) + az(d — v,dpq1)
Oho{ga(d,p+dz),dns1}
v=d—h3{ga(d.ptda) dn1} 9p
B az(d, p + d2)y2(p + da) "
as(d, p + da)as(p + da) + B2(p + d2)
> /d [ ¢n+1(y)
ha{g2(d,p+d2),dnt1} a1 (v, dpy1) + az(v, dpyr)

az(V, dnt1) @41 (V) _
a1 (v, dny1) + az(v, dn1) dy}dp a
B0 (g () as(d, 6)p2()
/d 12 5){a2(d7 §)az(0) + B2(6)
az(d,0) az(d,d)az(d) — Ba2(9) o
al (d, 5) ag(d, 5)&2(5) + 52(5)
y { az(d — v, dpy1)), 1 (d —v)
a1(d —v,dni1) + az(d — v,dpy1)

Ypt1(d —v)
a1(d —v,dny1) + az(d — v, dpy1)

+

_l’_

+

n+1

+
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ahQ{QQ (da 6)7 dn+1} _
v=d—hs{ga(d,6) 1} 9p

a2 (V, dny1) @41 (V)
a1 (v, dpy1) + a2(v, dpy1)

wn—&—l (V)

a1 (v, dnt1) + a2 (v, dni1)

d
<)
ha{g2(d,6),dn+1}

du}dé.

Here we have made a change of integration variables
o= 1% + dg.

So, by changing { = t — ds the solutions (49)
turns into a solution ug,13 in Ag,13 the form (26)
under £k = n + 1 from Theorem 5. This implies the
validity of formulas (24)—(26) for kK = n + 1 the clas-
sic solutions u € 02(Gn+1) of problem (15)-(17) on
Gn+ 1

By virtue of the assumption of mathematical in-
duction on a rectangle (), the correctness criterion
for the mixed problem (41)-(43) for a rectangle én
according to (18) consists of the smoothness require-
ments

w € C?0,d], ¥ € CH0,d], ji1, iz € C*[dy, dpy1],

(50)
and matching conditions (22), (23). Since part of the
transformations used above reduces smoothness re-
quirements (51) by replacement { = ¢ — ds to smooth-
ness requirements (18) for K = n 4+ 1 on G, 1 from
Theorem 5, we proved the assertion of Theorem 5 on
the rectangle G, by induction on n.

It remains to verify the doubly continuous dif-
ferentiability of the unique and stable solution of the
main mixed problem (15)-(17) on the common side
x = dp41 of the rectangles ), and G,,41. Indeed, by
the assumption of mathematical induction, classical
solutions 3,2, U3n—1, U3y, are twice continuously
differentiable not only in triangles Agn_g, Agn_l,
Agn, but also on pieces of their common character-
istics ga(2,) = g2(0,dn), Gi(x,t) = gi(d,dy) of
Eq. (41). Since we derived the solutions ugn41,
U3n+2, Usp+s from them by a twice continuously
differentiable non-degenerate change & = z, { =
t — do, therefore, the solutions usn+1, Usn+2, Usn+3
are twice continuously differentiable everywhere in
Gpn41 and, in particular, on pieces of the character-
istics g2(z,1) = 92(0, dn+1), g1(z,t) = g1(d, dpt1)
of Eq. (15), since according to the induction hypothe-
sisu € C%(Q,,), the initial data are ¢, 11 € C2[0,d],
Un+1 € CI[O, d]
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By construction, on the common side ¢ = d,,+1
of these rectangles, the equalities obviously hold

U3n—j (T, dpg1) = Ong1(x) = uzpg1 (2, diyr),
(51)
3U3n—j N aU3n+1 (52)

ot ’t:dn+1 - "/}n—f—l(w) - ot ‘t:dn+1

for all x € [jzo, maz{xo, jd}], 7 = 0, 1. Differenti-
ating equalities (51) once and twice with respect to x
and ¢, using equation (15), we calculate the values of
partial derivatives:

8u3n—j(x7dn+1) .
- Spn—&—l

(ZB) _ 8u3n+1(x7dn+1)

Ox Ox ’
ugn—j (2, dn1) Ougni1 (2, dnt1)
53?2 = QDZ_,'_I(I‘) = 8302 )
3211,3”,]'(1‘, t) ’
o |, " V)=
. 82u3n+1(x, t) 82U3n_j (.I', t) .
= - '/ v e =
oxot tmdy ot tmdyy s

= [az(2, dny1) — a1 (x, dpg1)|thp 4 (2)+
+a1(z, dny1)a(x, dng1)op i (2)+

+(a2)e(@, dni1)/az2(@, dni1)[n1(z)+

+a1(x, dn+1)(a2)2 (@, dn 1)@ (2) =

_ QPugpia(z,t)
N ot2

Y

t=dn41
(53)

Here, when deriving the last equality, we used all pre-
vious equalities from (53). From what was said in the
previous paragraph and these equalities, it follows that
the functions (24)—(26) are twice continuously differ-
entiable for K = 1,n and kK = n + 1 at the junction
t = dy+1 of the rectangles @),, and G,,41. Theorem 5
is proved.

Remark 2. The results of Theorem 5 should be
generalized to model and general non-homogeneous
two-speed telegraph equations with right-hand sides
f(x,t) # 0 and supplemented with two consequences
about the possible minimal smoothness of their right-
hand sides f(x,t) depending only on z or ¢ and si-
multaneously on z and ¢. For classic solutions of
mixed problems with real coefficients, only in the
works of the author of this article and his students
in these corollaries the minimal possible necessary
(obligatory) and sufficient (admissible) smoothness of
the right-hand sides of the wave equations is strictly
proved. In sets of classical (and generalized) solu-
tions, such unimprovable results for mixed problems

x € [jxo, maz{xo, jd}], j =0, 1.

E-ISSN: 2224-2864

42

Fedor Lomovtsev

were obtained by us by recurrent continuations of the
right-hand sides f(z, t) of the wave equations and ini-
tial data (), ¢ (x) along the Ot axis, and not by tra-
ditional periodic and other continuations along the Ox
axis.

4 Conclusion

In the half-band G of the plane new method of
implicit characteristics is used to prove the global
Hadamard correctness theorem to the mixed prob-
lem for the homogeneous model telegraph equation
(15) with two variable velocities ay(x, t), az(z, t) and
non-characteristic non-stationary first oblique deriva-
tives (17) at the ends of a bounded string. The
half-strip GG of the plane is exhausted in the limit as
n — oo by expanding rectangles @), in which the
Hadamard correctness criteria (18), (22), (23) of the
non-characteristic mixed problem (15)—(17) and ex-
plicit formulas (24)—(26) of its classic solutions u €
C?*(Qn), n = 1, 2,..., are derived. These results are
obtained by F.E. Lomovtsev’s new implicit character-
istics method, which is based on twelve identities of
the inversion of two implicit functions of the charac-
teristics of the wave equations and their four inverse
functions. Smoothness requirements (18) are neces-
sary and sufficient for twice continuous differentia-
bility of solutions (24)—(26) in triangles Asx_;, [ =
0, 1, 2, k=1, 2, ..., n. Matching conditions (22),
(23) are necessary and sufficient for twice continu-
ous differentiability of these solutions on character-
istics QQ(LL',t) = 92(07dk)a gl(xat) = gl(d> dk)7
k =1, 2, ...n. These correctness criteria and formu-
las of classical solutions in Theorem 5 are obtained
from Theorem 3 by the Lomovtsev’s method auxil-
iary mixed problems for semi-bounded string. In our
Theorem 5 with complete, unimprovable and final re-
sults for classical solutions, the recurrent continuation
of the original data ¢y (z), ¥x(x) along the Ot axis
on the rectangles G, k = 1, 2, ..., n, is preferable to
the traditional periodic and other continuations (),
1 (x) along the Ox axis in works of other authors.
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