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Abstract: - The Quadratic Knapsack Problem with Conflict Graphs (QKPCG) was introduced in a 2017 paper 
along with 45 QKPCG test instances.  Since then, none of the solution methods presented in the literature have 
been designed to generate proven optimums or even any measure of how close the solutions are to the 
optimums.  In this paper, the original 45 QKPCG test instances are extended to a more comprehensive set of 
810 test instances (765 new instances).  The reason for expanding the test instances is that the original 45 
QKPCG instances were very limited in scope.  This more comprehensive set of test instances provides the 
opportunity to determine, when using general-purpose integer programming software (Gurobi), how solution 
difficulty changes when the conflict graph density changes, as well as the density of the quadratic profit terms 
(pijs).  Since Gurobi is widely used in industry to solve optimization problems, these results can provide 
practical knowledge to operations research (OR) practitioners.  Additionally, the benefit of using solutions 
generated by a hybrid search method (HSM) available in the literature as input to Gurobi when the pij densities 
are 75% or greater is demonstrated.  However, when the pij densities are less than 75%, the use of HSM 
solutions as input to Gurobi is shown to be of no benefit.  Over the 810 test instances, Gurobi determined 
proven optimums for over 93% of them (99% when the density of the quadratic profit terms is less than 75%).    
Finally, although no new theory or exact algorithm is presented, this is the first time a QKPCG solution 
procedure that strives to obtain proven optimums is discussed in the literature.  The simplicity and ease of 
implementation of this approach make it very attractive for use by OR practitioners.  
 

Key-Words: - Quadratic knapsack problem; conflict graphs; test instances; Gurobi; hybrid search method 
 (HSM); Operations Research Practice; exact solution methods; approximate solution methods. 
 
Received: April 13, 2026. Revised: May 6, 2026. Accepted: June 28, 2026. Published: October 21, 2026.   
 
 
1 Introduction 
In [1] the quadratic knapsack problem (QKP) is 
introduced.  The quadratic knapsack problem (QKP) 
is an extension of the basic knapsack problem (KP) 
in which, in addition to a profit for inserting an item 
into the knapsack without exceeding the knapsack 
capacity, if certain pairs of items are inserted into 
the knapsack, then an additional profit is realized.  A 
comprehensive survey of the QKP was provided in 
[2].  A more current paper [3] gave an overview of 
recent advances dealing with the QKP.  Recently 
published papers dealing with exact solution 
methods for the QKP include a specialized cut-and-

branch algorithm [4], and a lifted-space dynamic 
programming algorithm [5]. 

Traditionally, if a QKP was solved and two 
items in the solution were in conflict (could not both 
be in the solution), then this conflict was resolved 
after the QKP solution had been generated.  In order 
to handle these conflicts as part of the solution 
process, the quadratic knapsack problem with 
conflict graphs (QKPCG) was introduced in a 2017 
paper [6].  In [6] the QKPCG is used as a model for 
designing and optimizing environmental economic 
policies in a protective zone.  The conflict graph 
(items are vertices, and edges connect items in 
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conflict) of a QKPCG is used to model that pairs of 
items connected by an edge in the conflict graph 
cannot both be inserted into the knapsack.  The 
QKPCG extends the basic KP by considering both 
quadratic profits and conflicts between pairs of 
items.   

More precisely, in a QKPCG, there is a 
knapsack with capacity c, a set of n items with 
weight wi and profit pi for item i and a set E of pairs 
of incompatible items.  Additionally, there is a 
nonnegative profit pij (i<j) associated with each pair 
of compatible items.  The pij density is the 
percentage of pij values that are positive.   The 
purpose of the QKPCG is to maximize the total 
profit of compatible items placed in the knapsack 
without exceeding capacity. 
 
Mathematically, the QKPCG can be described as 
follows:  
max   ∑ 𝑝𝑖𝑥𝑖𝑖∈𝐼 + ∑ ∑ 𝑝𝑖𝑗𝑥𝑖𝑥𝑗           (1)𝑗∈𝐼,𝑗>𝑖𝑖∈𝐼   

s. t.           ∑ 𝑤𝑖𝑥𝑖
𝑖∈𝐼

 ≤ 𝑐                                   (2) 

                  𝑥𝑖 + 𝑥𝑗 ≤ 1, ∀(𝑖, 𝑗) ∈ 𝐸           (3) 

                                    
         𝑥𝑖 ∈ {0, 1},         ∀𝑖 ∈ 𝐼                      (4) 

where xi is equal to 1 if item i is inserted in the 
knapsack and 0 otherwise.  The objective function 
(1) is composed of both linear terms and quadratic 
terms.  Constraint (2) ensures that the knapsack 
capacity is not exceeded.  Constraint set (3) ensures 
that all items inserted into the knapsack are 
compatible, and constraint set (4) ensures that the 
variables are binary.     
 

This formulation can be used to model the 
problem of trying to establish an optimal economic 
development strategy in an environmental 
protection zone.  Specifically, suppose that a 
development plan is composed of n components.  
Let xi = 1 mean that the ith component is applied, xi 
= 0 otherwise.  Each component of the plan 
represents a natural resource that can be used for an 
investment.  The objective function measures the 
total reward based on the investments’ performance.  
The capacity constraint ensures that the natural 
resources used do not exceed the fixed ecological 
boundary.  The objective function quadratic term 
denotes the additional profit whenever both 
investments i and j are in the solution.  Finally, 
incompatibility constraints arise when two different 
investments cannot share the same natural resource.  
We suggest the reader consult [6] for more details 
on this motivation of the QKPCG formulation. 

Since the introduction of the QKPCG in [6] in 
2017, all papers in the literature have dealt with only 

solving the 45 QKPCG test instances that were also 
introduced in [6] and have focused only on 
approximate solution procedures that do not provide 
any guarantees on solution quality.   

In this paper, we will first extend the 45 
QKPCG test instances to a more comprehensive set 
of 810 test instances (765 new instances).  The 
purpose of this expansion is to systematically 
determine, when using general-purpose integer 
programming software (Gurobi), how solution 
difficulty changes when the conflict graph density 
changes as well as the density of the quadratic profit 
terms.  To the best of our knowledge, this form of 
structured sensitivity analysis has not appeared in 
the QKPCG literature.  Then we will demonstrate 
when there is a benefit from inputting solutions 
generated by a hybrid search method (HSM) from 
the literature to the general-purpose integer 
programming software Gurobi to solve QKPCG 
instances.  Since HSM is available in literature and 
Gurobi is widely used in industry to solve 
optimization problems, these results can provide 
practical knowledge to operations research (OR) 
practitioners.   

This paper makes the following contributions: 
(1) it introduces a systematically expanded 
benchmark set of 810 QKPCG instances derived 
from the original 45 instances; (2) it provides the 
first empirical study analyzing how conflict graph 
density and quadratic profit density (pij) impact the 
ability of a general-purpose solver to obtain proven 
optimal solutions; (3) it evaluates the effectiveness 
of warm-starting Gurobi using HSM solutions; and 
(4) it provides practical insights into when QKPCG 
instances are efficiently solvable using standard 
optimization software. 

We emphasize that, while elements of the 
computational strategy (e.g., use of default Gurobi 
settings) are consistent with the prior work [16], the 
present study is novel in its focus on QKPCG 
structure, expanded benchmark design, and 
solvability analysis. 

In the next section, we will review the literature 
related specifically to the QKPCG.  Then we will 
focus on the test instances.  First, we will review the 
45 QKPCG instances introduced in [6], and then we 
will extend these instances to a set of 810 instances 
which include the 45 from [6].  This will be 
followed by a discussion of when it is beneficial to 
employ both the general-purpose integer 
programming Gurobi software package and the best-
performing approximate solution procedure from 
the literature.  The goal of this simple methodology 
is to try to generate proven optimums for QKPCG 
instances—something that has not been done 
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previously but has important industrial implications 
for OR practitioners.  Finally, we will provide some 
observations and possible future work. 
 
 
2  Literature Review 
In this section, we will focus exclusively on 
reviewing the QKPCG literature.  To our 
knowledge, there have been only four papers that 
have been published through April 2026 that deal 
with the QKPCG: the 2017 paper [6], a 2020 paper 
[7], a 2021 paper [8], and a 2024 paper [9].  For a 
comprehensive overview of the many extensions of 
the basic KP that involve a single knapsack, the 
reader is directed to [10], and for extensions that 
involve multiple knapsacks, the reader is directed to 
[3].    

In addition to providing the mathematical 
formulation of the QKPCG and defining 45 QKPCG 
test instances, [6] provided a construction heuristic 
followed by a neighborhood search that was called 
NSBM.  For their 45 test instances, NSBM gave 
better results compared to executing the software 
package GLPK for one hour.  In [7] a population-
based particle swarm optimization (PSO) heuristic 
followed by a neighborhood search is used.  This 
algorithm was referred to as PBSA.  Again, using 
only the [6] 45 test problems, PBSA gave somewhat 
better results than NSBM.  The third paper 
presenting a solution approach for the QKPCG was 
[8] and its solution approach combined an 
intensification search with a descent method and a 
diversification strategy for enlarging the search 
space.  This method was called MDM and was 
compared to NSBM, with MDM slightly 
outperforming NSBM on the same 45 test instances.  
The final published paper that we are aware of is  
[9] that presents a hybrid search method referred to 
as HSM.  This hybrid method is based on a memetic 
framework and possesses the following 
characteristics: (1) it applies a dedicated randomized 
uniform-based crossover operator (RUX), which 
strives to preserve common items shared by parent 
solutions, (2) it efficiently explores using a tabu 
search procedure the search space around each 
newly generated solution by the crossover operator, 
and (3) a fast incremental evaluation technique is 
used to quickly evaluate each candidate move.  On 
the same 45 test instances, HSM outperformed 
NSBM, MDM, and PBSA.   

It is important to note that the four solution 
approaches discussed above (NSBM, PBSA, MDM, 
and HSM) are stochastic in nature, and each is 
typically executed 10 times, and the best solution is 
reported as the final answer.  None of these solution 

methods guarantees optimal solutions or even 
bounds on the solutions generated.  In fact, in [9] it 
is stated that “HSM cannot ensure the optimality of 
the obtained solutions…”.  Furthermore, as will be 
discussed in the next section, it is important to note 
that all published solution methods for the QKPCG 
test their approaches on only the 45 QKPCG test 
instances introduced in[6].  The purpose of this 
paper is twofold: (1) to define a comprehensive set 
of 810 QKPCG test instances, of which the 45 
defined in [6] is a subset, and (2) to determine when 
providing an initial solution (HSM) is beneficial in 
generating guaranteed optimums for these 810 test 
instances using the general-purpose integer 
programming software Gurobi.  Hence, this paper 
will be the first to focus on obtaining proven 
optimums for the QKPCG.       

Beyond QKPCG-specific studies, the broader 
quadratic knapsack literature includes exact 
approaches such as branch-and-bound, cutting-plane 
methods, and dynamic programming-based 
techniques [2], [4], [5]. However, these methods 
have not been extended to incorporate conflict graph 
constraints in a way that produces proven optimal 
solutions for QKPCG benchmark instances. This 
gap motivates the present study. 

In the next section, after discussing the 
characteristics of the 45 [6] test instances, we will 
extend these to a more comprehensive set of test 
instances. 
 
 
3 Quadratic Knapsack Problem with 

 Conflict Graphs (QKPCG) Test 

 Instances 
 

3.1 The Original 45 QKPCG Test Instances 

 ([6]) 
When in  [6] the  the QKPCG and a heuristic 
solution procedure to solve the QKPCG were 
defined, 45 QKPCG test instances that they used to 
test the performance of their solution procedure 
were also defined.  These 45 test instances are the 
only instances that have been used to test QKPCG 
solution procedures [7], [8], [9] published in the 
literature as of April 2026.  The characteristics of 
these 45 QKPCG instances are given in Table 1. 

All 45 instances have a knapsack capacity of 
1000.  There are 9 classes with 5 instances in each 
class.  There are 15 instances with 100 items, 15 
instances with 150 items, and 15 instances with 200 
items.  As can be seen from Table 1, the conflict 
graph densities are 2%, 4%, and 8%.   
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What is not mentioned in [6], but can easily be 
deduced by examining the 45 data sets, is that all 45 
instances have pij densities of 100%, where pij 
density refers to the percentage of positive pij values 
([4], [5], [11], [12], [13]).  Even items that are 
incompatible and cannot both be inserted into the 
knapsack have positive pij values in [6] data sets.  
For these 45 data sets, we set pij = 0 if items i and j 
are incompatible.  Furthermore, it is very common 
([4], [5], [11], [12], [13]) in the quadratic knapsack 
problem literature to consider the impact of having 
pij densities less than 100%.  In the literature, the 
impact of pij densities has not been considered when 
solving QKPCG instances.  This paper will be the 
first to consider the impact of pij densities when 
solving QKPCG instances.  In particular, this paper 
will focus on the impact pij density has on the ability 
of Gurobi to obtain guaranteed optimums for 
QKPCG instances.  

In the next subsection, these 45 instances will be 
increased to 810 instances by varying the pij 
densities and the conflict graph densities. 
 

Table 1. Description of the original 45 benchmark 
QKPCG instances (5 instances per class and 
knapsack capacity 1000 for all instances). 

Class n Conflict graph 

density 

pij 

density 

1qkpcg 100 2% 100% 
2qkpcg 100 4% 100% 
3qkpcg 100 8% 100% 
4qkpcg 150 2% 100% 
5qkpcg 150 4% 100% 
6qkpcg 150 8% 100% 
7qkpcg 200 2% 100% 
8qkpcg 200 4% 100% 
9qkpcg 200 8% 100% 

Source: [6] 

 

3.2  The 765 New QKPCG Instances 
Our strategy for increasing the number of QKPCG 
instances from [6] was to use these instances but to 
modify the pij densities and the conflict graph 
densities.  Increasing the number and variety of 
QKPCG test instances is consistent with prior work 
on expanding benchmark sets [14], [15].  Hopefully, 
by solving these new QKPCG instances, we will get 
some indication of how solution difficulty changes 
when the conflict graph density changes as well as 
the density of the quadratic profit terms.  
Specifically, pij values were randomly selected from 
the original 45 QKPCG instances. To improve 
reproducibility, the generation process can be 
described more precisely as follows: for each 
instance, pij values are randomly set to zero until the 

desired density level (90%, 75%, 50%, 25%, or 0%) 
is achieved, while preserving the remaining 
structure. We included 0% case, which reduces the 
problem to a knapsack problem with a conflict 
graph, to provide a baseline comparison.  Similarly, 
conflict graph densities are modified by randomly 
removing edges to halve the density to 1%, 2%, and 
4%, or by randomly adding edges between 
previously non-adjacent nodes to double the density 
to 4%, 8%, and 16%. While this approach is based 
on transformations of existing benchmark instances 
rather than fully independent random generation, it 
provides a controlled and systematic framework for 
analyzing how structural parameters (pij density and 
conflict density) affect computational difficulty. 
Hence, the total number of QKPCG instances is 
now 45 x 3 x 6 = 810.  Information on these 810 
instances is provided in Table 2, and all instances 
are available at [17] to ensure full reproducibility of 
the experiment. 
 

Table 2. Description of the 18 scenarios with 45 
instances per scenario, with all the knapsack 

capacities set to 1000 
Scenarios n Conflict 

graph 

density 

pij 

density 

Scenario 1 
Original 45 
instances 
from [11]  

100, 150, 200 2%, 4%, 8% 100% 

Scenario 2 100, 150, 200 2%, 4%, 8% 90% 
Scenario 3 100, 150, 200 2%, 4%, 8% 75% 
Scenario 4 100, 150, 200 2%, 4%, 8% 50% 
Scenario 5 100, 150, 200 2%, 4%, 8% 25% 
Scenario 6 100, 150, 200 2%, 4%, 8% 0% 
Scenario 7 100, 150, 200 1%, 2%, 4% 100% 
Scenario 8 100, 150, 200 1%, 2%, 4% 90% 
Scenario 9 100, 150, 200 1%, 2%, 4% 75% 

Scenario 10 100, 150, 200 1%, 2%, 4% 50% 
Scenario 11 100, 150, 200 1%, 2%, 4% 25% 
Scenario 12 100, 150, 200 1%, 2%, 4% 0% 
 Scenario13 100, 150, 200 4%, 8%, 16% 100% 
Scenario 14 100, 150, 200 4%, 8%, 16% 90% 
Scenario 15 100, 150, 200 4%, 8%, 16% 75% 
Scenario 16 100, 150, 200 4%, 8%, 16% 50% 
Scenario 17 100, 150, 200 4%, 8%, 16% 25% 
Scenario 18 100, 150, 200 4%, 8%, 16% 0% 

Source: created by authors. 

 
In the next section, we will discuss generating 

solutions for these 810 instances.   
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4  Gurobi Empirical Results 
 

4.1  Discussion 
As mentioned previously, all published solution 
approaches (through April 2026) for the QKPCG do 
not guarantee optimal solutions or even provide 
bounds on how close their solutions are to the 
optimums [9].  As OR practitioners, using a solution 
approach that provides no guarantee on solution 
quality would most likely be difficult to “sell” to 
management.  Alternatively, if faced with an 
industrial application requiring the solution of a 
QKPCG, the OR practitioner could consider using a 
method that guarantees the optimum or at least 
bounds the solution close to the optimum.  However, 
since no specialized exact solution procedures for 
the QKPCG exist in the literature and developing 
such a procedure from “scratch” would be costly, 
time-consuming, and error-prone, the use of 
commercial integer-programming software might be 
preferred.  This would be especially true if the OR 
practitioner’s corporation already was using such 
software.  The downside to using proprietary 
software such as Gurobi is that the solution process 
is not transparent to the user.  However, the user has 
the ability to either use default parameter settings 
and let Gurobi logic determine the best way to 
adjust the settings based on the given problem or the 
user can manually adjust the parameters. 

The authors of this current paper have been 
successful at solving more than 60,000 binary 
integer programming problems using general-
purpose integer programming software largely using 
default parameter settings, but sometimes adjusting 
the parameters or using the software in an iterative 
manner.  However, using default parameter settings 
is usually a good starting point.  Among these 
60,000 instances were a large number of hard 0-1 
knapsack problems [16].   Hence, based on these 
results, it seemed reasonable to try Gurobi with all 
default parameter values to solve these QKPCG 
instances (more complicated scenarios could be 
tried later).  Using Gurobi in a default mode to solve 
an integer programming problem means that either a 
mipgap value less than 0.0001 is achieved or the 
maximum time has been reached.  For a 
maximization problem, mipgap is the difference 
between the best upper bound and the best current 
solution divided by the best current solution. 

The computational strategy adopted in this 
study is consistent with prior work on large-scale 
binary integer programming problems, where the 
use of default solver settings was shown to be an 
effective and robust baseline. In this paper, this 
strategy is applied specifically to QKPCG instances 

to investigate how problem structure influences 
solvability. We note that the distinction between 
“easy” and “hard” instances is not predefined, but 
emerges empirically based on whether Gurobi is 
able to obtain proven optimal solutions within the 
time limit. 

In the next subsection, we will report on using 
Gurobi to solve the 810 QKPCG instances discussed 
above in two ways.  First, we will solve these 
instances with no initial external solution.  This is 
referred to as a “cold start” for Gurobi.  Next, we 
will use the code for the HSM hybrid search method 
[9] to generate initial feasible solutions that are used 
as starting points for Gurobi.  This is referred to as a 
“warm start” for Gurobi. 

 
4.2  Results 
All QKPCG instances were solved using Gurobi 
(11.0.3) and the C++ code provided for HSM by [9] 
on an AMD Ryzen 5 7600X 6-Core Processor 4.70 
GHz with a 64-bit operating system, x64-based 
processor using Windows 11.  All Gurobi default 
parameter values were used, and the maximum 
execution time was 1800 seconds.  

In Table 3Ao, Table 3Ah, Table 3Ad, Table 3Bo, 
Table 3Bh, and Table 3Bd, the average objective 
function values and average execution times are 
given for the 18 scenarios (results are averaged over 
45 QKPCG instances) described in Table 2 using 
HSM, Gurobi cold start (CS), and Gurobi warm start 
(WS).  The subscripts o, h, and d stand for original 
conflict graph densities, half conflict graph 
densities, and double conflict graph densities, 
respectively.  Also, the A tables report on pij 
densities of 75%, 90% and 100%.  Whereas the B 
tables report on pij densities of 0%, 25%, and 50%.   
Table 3Ao, Table 3Ah, and Table 3Ad also show the 
average improvements of Gurobi (WS) over Gurobi 
(CS) objective function values.  In Table Table 4o, 
Table 4h, and Table 4d, the average mipgap values 
and number of proven optimums are given for each 
of the 18 scenarios described in Table 2 using 
Gurobi CS and Gurobi WS.  It can easily be seen 
from these tables that regardless of the conflict 
graph densities, the mip gaps are reduced and the 
number of proven optimums are increased as the pij 
densities decrease.    

For the original 45 QKPCG instances from [6] 
that all had pij densities of 100%, the average HSM 
objective function value was 1.2% higher (better) 
than the Gurobi CS objective function value and the 
average HSM execution time was less than 1% of 
the Gurobi CS execution time.  Although HSM was 
very fast and gave slightly better solutions than 
Gurobi CS, there are absolutely no guarantees on 
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the quality of the HSM solutions.  Guarantees on 
solution quality are very important when solving 
industrial applications.  In contrast, Gurobi CS 
generated 20 proven optimums for the 45 instances 
(44%) and bounds (although very loose) for the 
other 25 instances.   

Looking more closely at the Gurobi solutions to 
these 45 QKPCG instances, we see that optimums 
were obtained in an average of 136 seconds for the 
20 instances in data sets 1qkpcg, 2qkpcg, 3qkpcg, 
and 4qkpcg.  However, for the other 25 instances, no 
optimums were obtained by Gurobi even after 1800 
seconds of execution time.  In fact, for these 25 
instances, the mipgap values after 1800 seconds of 
execution time ranged from 10% to 130% with an 
average of 60%.  To show how poor these bounds 
are, note that to be considered optimum, the mipgap 
must be less than 0.01%.  Remember that all 45 of 
these instances have pij  densities (pij > 0) of 100%, 
and that Gurobi was able to find proven optimums 
within the maximum time of 1800 seconds only for 
instances with n =100 across all considered conflict 
graph densities (2%, 4%, 8%) and for instances with 
n = 150 at a conflict graph density of 2%. 

However, when we used HSM to warm start 
Gurobi, the resulting Gurobi solutions were 
identical to the HSM solutions; however, with 
Gurobi WS, it is known that 20 of the solutions are 
optimal (the same as with Gurobi CS). We found it 
both interesting and disappointing that Gurobi WS 
was unable to improve upon the HSM solutions. 
Nevertheless, Gurobi WS was able to reduce the 
average mipgap value compared to Gurobi CS. 
When the pij density is kept at 100%, the results for 
the half and double conflict graph densities are 
similar to those for the original 45 QKPCG 
instances. 

As can be seen from Table 3Ao, Table 3Ah, 
Table 3Ad, Table 4o, Table 4h and Table 4d, when the 
pij density is decreased to 90% and 75%, for all 
three of the conflict graph density scenarios (1/2/4, 
2/4/8, 4/8/16), the results are similar to the results 
for the 100% pij density cases.  Among the 75%, 
90%, and 100% pij density cases, the best results are 
realized for pij density at 75% and conflict graph 
densities of 1/2/4 percent.  In this case, the mip gaps 
are under 10%, and the number of proven optimums 
is 35 (78%) for both Gurobi CS and Gurobi WS.  
Overall, the instances summarized in Table 3Ao, 
Table 3Ah, and Table 3Ad, the Gurobi WS solutions 
were about 1% better than the Gurobi CS solutions.  
Although 1% improvement might not seem like a 
lot, since HSM executes very quickly, it might be 
advantageous to warm start Gurobi when solving 

industrial applications involving QKPCGs that have 
pij densities 75% or greater. 

   
Table 3A. Summary average results using HSM, 

Gurobi cold start (CS), Gurobi warm start (WS) for 
pij densities 75%, 90%, 100% with conflict graph 

density of original 2/4/8 
Conflict Graph Density: Original 2/4/8 

pij 

densities 

Solution method Obj fn Time 

(s) 

100% HSM 16049.2 7 
Gurobi CS 15853.2 1061 
Gurobi WS 16049.2 1070 

Gurobi warm start-
improvement 

1.2%  

90% HSM 13334.8 6 
Gurobi CS 13221.9 868 
Gurobi WS 13334.8 870 

Gurobi warm start-
improvement 

0.9%  

75% HSM 9760.9 3 
Gurobi CS 9685.2 835 
Gurobi WS 9760.9 834 

Gurobi warm start-
improvement 

0.8%  

Source: created by the authors. 

 
Table 3Ah. Summary average results using HSM, 

Gurobi cold start (CS), Gurobi warm start (WS) for 
pij densities 75%, 90%, 100% with conflict graph 

density of half 1/2/4 
Conflict Graph Density: Half 1/2/4 

pij 

densities 

Solution method Obj fn Time 

(s) 

100% HSM 22196.2 11 
Gurobi CS 22006.7 1184 
Gurobi WS 22196.2 1176 

Gurobi warm start-
improvement 

0.9%  

90% HSM 18473.2 6 
Gurobi CS 18456.5 860 
Gurobi WS 18473.2 870 

Gurobi warm start-
improvement 

0.1%  

75% HSM 13446.2 3 
Gurobi CS 13419.3 497 
Gurobi WS 13446.2 510 

Gurobi warm start-
improvement 

0.2%  

Source: created by the authors. 

 
However, once the pij density drops to 50% or 

lower, Gurobi CS performs essentially as good as 
Gurobi WS with 402 proven optimums found for 
these 405 instances (99%).  In other words, in this 
case, there is no benefit to warm-starting Gurobi 
with the HSM solution.  It is interesting to note that 
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when the pij density drops to 0%, Gurobi 
outperforms HSM in terms of both solution quality 
and execution time.  This is not surprising because 
at 0% pij density, the problem no longer has a 
quadratic component.  Over the 810 QKPCG 
instances, Gurobi CS obtained 757 proven 
optimums (93.5%) and Gurobi WS obtained 758 
proven optimums (93.6%).  

   
Table 3Ad. Summary average results using HSM, 

Gurobi cold start (CS), Gurobi warm start (WS) for 
pij densities 75%, 90%, 100% with conflict graph 

density of double 4/8/16 
Conflict Graph Density: Double 4/8/16 

pij 

densities 

Solution method Obj fn Time 

(s) 

100% HSM 9960.5 5 
Gurobi CS 9766.0 1047 
Gurobi WS 9960.5 1047 

Gurobi warm start-
improvement 

2.0%  

90% HSM 8288.8 3 
Gurobi CS 8196.9 974 
Gurobi WS 8288.8 947 

Gurobi warm start-
improvement 

1.1%  

75% HSM 6189.2 1 
Gurobi CS 6067.3 1136 
Gurobi WS 6189.2 1123 

Gurobi warm start-
improvement 

2.0%  

Source: created by the authors. 

 
Table 3Bo. Summary average results using HSM, 

Gurobi cold start (CS), Gurobi warm start (WS) for 
pij densities 0%, 25%, 50% with conflict graph 

density of original 2/4/8 
Conflict Graph Density: Original 2/4/8 

pij 

densities 

Solution method Obj fn Time 

(s) 

50% HSM 5340.7 2 
Gurobi CS 5340.7 237 
Gurobi WS 5339.5 263 

25% HSM 2556.5 3 
Gurobi CS 2556.5 3 
Gurobi WS 2556.5 3 

0% HSM 1325.9 40 
Gurobi CS 1330.4 5 
Gurobi WS 1330.4 5 

Source: created by the authors. 

 
 
 
 
 
 

Table 3Bh. Summary average results using HSM, 
Gurobi cold start (CS), Gurobi warm start (WS) for 

pij densities 0%, 25%, 50% with conflict graph 
density of half 1/2/4 

Conflict Graph Density: Half 1/2/4 

pij 

densities 

Solution method Obj fn Time 

(s) 

50% HSM 7121.8 1 
Gurobi CS 7121.6 87 
Gurobi WS 7121.8 111 

25% HSM 3199.5 2 
Gurobi CS 3199.5 1 
Gurobi WS 3199.5 1 

0% HSM 1392.3 47 
Gurobi CS 1396.3 1 
Gurobi WS 1396.3 1 

Source: created by the authors. 

 
Table 3Bd. Summary average results using HSM, 

Gurobi cold start (CS), Gurobi warm start (WS) for 
pij densities 0%, 25%, 50% with conflict graph 

density of double 4/8/16 
Conflict Graph Density: Double 4/8/16 

pij 

densities 

Solution 

method 

Obj fn Time 

(s) 

50% HSM 3507.2 1 
Gurobi CS 3507.2 264 
Gurobi WS 3507.2 269 

25% HSM 1865.1 2 
Gurobi CS 1865.1 4 
Gurobi WS 1865.1 4 

0% HSM 1231.9 27 
Gurobi CS 1236.5 7 
Gurobi WS 1236.5 6 

Source: created by the authors. 

 
Table 4o. Summary average mipgap results and 

number of proven optimums using Gurobi cold start 
(CS) and Gurobi warm start (WS) with conflict 

graph density of original 2/4/8 
Conflict Graph Densities: Original 2/4/8 

pij 

densities 

Solution 

method 

Ave mipgap Number 

optimums 

100% Gurobi CS 33.5% 20 
Gurobi WS 31.9% 20 

90% 
 

Gurobi CS 28.0% 27 
Gurobi WS 26.3% 27 

75% 
 

Gurobi CS 25.8% 25 
Gurobi WS 24.0% 25 

50% 
 

Gurobi CS 0.2% 44 
Gurobi WS 0.2% 44 

25% 
 

Gurobi CS 0% 45 
Gurobi WS 0% 45 

0% Gurobi CS 0% 45 
Gurobi WS 0% 45 

Source: created by the authors. 
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Table 4h. Half scenario: summary average mipgap 
results and number of proven optimums using 

Gurobi cold start (CS) and Gurobi warm start (WS) 
with conflict graph density of half 1/2/4 

Conflict Graph Density: Half 1/2/4 

pij 

densities 

Solution 

method 

Ave mipgap Number 

optimums 

100% Gurobi CS 19.8% 17 
Gurobi WS 18.4% 19 

90% 
 

Gurobi CS 10.8% 27 
Gurobi WS 10.9% 26 

75% 
 

Gurobi CS 9.6% 35 
Gurobi WS 9.5% 35 

50% 
 

Gurobi CS 0% 45 
Gurobi WS 0% 45 

25% 
 

Gurobi CS 0% 45 
Gurobi WS 0% 45 

0% Gurobi CS 0% 45 
Gurobi WS 0% 45 

Source: created by the authors. 

 
Table 4d. Summary average mipgap results and 

number of proven optimums using Gurobi cold start 
(CS) and Gurobi warm start (WS) with conflict 

graph density of double 4/8/16 
Conflict Graph Density: Double 4/8/16 

pij 

densities 

Solution 

method 

Ave mipgap Number 

optimums 

 
100% 

Gurobi CS 30.8% 22 
Gurobi WS 28.3% 22 

90% 
 

Gurobi CS 27.3% 27 
Gurobi WS 25.1% 27 

75% 
 

Gurobi CS 42.0% 20 
Gurobi WS 34.8% 20 

50% 
 

Gurobi CS 0.3% 43 
Gurobi WS 0.2% 43 

25% 
 

Gurobi CS 0% 45 
Gurobi WS 0% 45 

0% Gurobi CS 0% 45 
Gurobi WS 0% 45 

Source: created by the authors. 

 
 
5  Summary and Future work 
The quadratic knapsack problem with conflict 
graphs (QKPCG) was introduced  in a 2017 paper 
[6] as a model for designing and optimizing 
environmental economic policies in a protective 
zone.  Since the introduction of the QKPCG, all 
papers in the literature through April 2026 have 
dealt with solving only the 45 QKPCG test instances 
that were also introduced in [6].  The solution 
procedures presented in these papers have focused 
on methods that do not generate proven optimums.  
In this paper, the original 45 QKPCG test instances 
were systematically expanded to a more 

comprehensive set of 810 test instances (765 new 
instances).  This benchmark set is publicly available 
at [17].  

and will allow researchers to test how sensitive 
the performance of QKPCG solution methods is to 
changes in conflict graph density and pij density.  
Next, the benefit of using solutions generated by a 
hybrid search method (HSM) from the literature as 
input to Gurobi when the pij densities are 75% or 
greater was demonstrated.  However, when the pij 
densities are less than 75%, the use of HSM 
solutions as input to Gurobi was shown to be of no 
benefit.  Over the 810 test instances, Gurobi 
determined proven optimums for over 93% of them 
(99% when the density of the quadratic profit terms 
is less than 75%).  The primary contribution of this 
paper is not the development of a new algorithm, 
but rather the first systematic investigation of when 
QKPCG instances can be solved to proven 
optimality using a general-purpose solver. These 
results can be particularly helpful to OR 
practitioners using Gurobi to solve such problems.  
It is important to note that these results were 
achieved using all Gurobi default parameter 
settings.  In future work, we plan to use Gurobi’s 
tuning tool to try to improve Gurobi’s performance 
on the QKPCG.  Also, the use of Gurobi in an 
iterative manner to solve QKPCG instances will be 
explored.  
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