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Abstract: - A general formulation of the mathematical initial-boundary value problem of controlling the
propagation of an electroelastic three-component wave in a waveguide made of a piezoelectric material of
arbitrary anisotropy is presented. The control of the propagation of an electroacoustic wave is carried out by
surface electromechanical effects in the case of non-acoustic contact. The control problem is reduced to a
recurrent system of control problems for the eigenfunctions of the electromechanical oscillations of the
waveguide, with the corresponding eigen harmonics of the electromechanical characteristics of the propagating
wave. The control functions of the surface action are presented in the form of Fourier series of harmonics
corresponding to the natural harmonics of the electromechanical oscillations of the waveguide. The problem of
regulating the localization of wave energy by means of electromechanical surface effects is formulated as a
problem of optimal control of the distributions of the characteristics of a three-component electroelastic wave
across the thickness of a piezoelectric waveguide. Optimal control of surface effects is achieved by minimizing
(or maximizing) the integral of the electromechanical wave energy along a selected thin strip across the thickness
of the waveguide.
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1 Introduction An important feature in problems of controlling
The propagation of electroacoustic waves in electroacoustip processes is also the possibility of
piezoelectric waveguides is a process of changing contactless influence on the surface of a
the state of coupled elastic and electromagnetic piezoelectric medium [4]. This is caused by the
fields and is considered as a state of a driving inverse  piezoelectric ~effect, where temporary
medium (system) with distributed parameters. ﬂ_uctuat10n§ in the electric field at the surface of the
Developing a control theory for systems with piezoelectric body. (surface electromotlve force)
distributed parameters is a much more complex task create a sur.f.ace equivalent 'Of mechanical forc.e. '
compared to a similar task for systems with lumped Controllability of hyperbolic systems of equations is
parameters. Moreover, the problems of optimality, achieved in principle in three different ways: i) when
controllability and observability of systems with the characteristics of a propagating wave are related
distributed parameters are as complex as similar to each other by Holmgren's uniqueness the(.)re':m, ii)
problems for systems with lumped masses [1]. by harrpomc- analysis of wave chayacterlstlc.s in
In piezoelectric waveguides, in accordance with connection with I ngham.'s lemma and its extensions,
anisotropy of the material and boundary conditions, iii) method of Integrating factors. Moreovet, 'the
different types of electroactive normal electroelastic harmonic qnalysm method of wave characteristics,
waves can propagate along their surface, each of when apphcgble, gives very good results [1]. In a
which is a set of longitudinal and/or transverse recently pubhshed work [6], the author presented the
elastic waves and accompanying electric field formulation ar}q approaches t.o.the.study of problems
oscillations [2, 3, 4 ]. An electroactive elastic wave of controllablhty' and stablhz'atlon of the wave
in a piezoelectric medium is a multi-parameter process under various types of influences on it.
process and can be controlled (regulated) by various Using the Green's function method, in [7] the
possible electromechanical influences [4,5]. controllability of linear and nonlinear mathematical
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initial-boundary value problems is studied arising in
many applied fields of science.

Without violating the generality, the approach of
controllability process allows to avoid unnecessary
mathematical difficulties. The article considers the
issue of controllability of the mathematical initial-
boundary value problem of electro elasticity for the
case of a three-component electroacoustic quasi-
static wave in a piezoelectric waveguide under
various  possible electromechanical  surface
influences [8].

2 Mathematical initial-boundary value
problems for three-component
electroelastic waves in piezoelectric
waveguide under surface

electromechanical influences.
Piezoelectrics are essentially anisotropic crystalline
materials. In an arbitrarily chosen sagittal plane

X, 0%, with a choice of
la, B, il 4L, 2, 35, the
electromechanical characteristics of the medium
allows us to formulate a two-dimensional problem

of a three-component electroelastic pure shear wave
of the type

{0; 0 u,(x,.%,.0} L

{00(X,.X;.1) /3%, Bg(X,.X5,1) /X, O}

For piezoelectric materials allowing an anti-plane
deformable state, the material relations of non-zero
characteristics of the electromechanical field can be
represented in the form

T, (Xy> X5,1)
0,0 (X ﬁ,t)
D, (X,,X%,,1)
D, (X, Xg,1)

indices

tensor of

* * *

0 Cu Cu €y

ou, (X, X;,1) /OX,
ou, (X, X,,t) /OX,
Op(X,,,X,,1) /X,
Op(X,,,X,,1) [0,

C55 0 e15 e25

elS €4 —€ 0

ezs e; _5;2 0
(1)
Consequently, the quasistatic equations of electro
elasticity will be different for the corresponding
piezoelectrics, depending on the choice of
anisotropy of the material and the crystallographic
cross section in it [4, 5].
Representations of material connections of non-zero
characteristics of the electromechanical field in a
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unified form (1) formally allow a unified
representation of the mathematical initial-boundary
value problem for piezoelectrics of all symmetry
classes, in which the electroactive problem of
antiplane deformation is possible.

Without violating the generality, we considered a
piezoelectric waveguide in the coordinate system
Q%Y. 2)={|X|<o0; |YI<H,; [z]<oo},  the
system of quasi-static electro elasticity equations for
three-component electroelastic waves (pure shear
electroactive elastic waves) will be written in the
form of an invariant matrix system of linear
differential homogeneous equations

A ¥ =pl07 /0] A4 X[W(X’y")jz
Ayl A, [#]) (X, y,t)
(2)
. 0 . 0
Alw[*] =Css a? +Cy y,
. 0 . 0 0’
AZW[*]zelsa?w +(e25 +el4) ™ ay
62 62 82 (3)
Al(p[*]:eli %""em ayz ( 14) ay
* 82 * 62
A, [*]=—¢, PVt P

Linear operators (3) are introduced in the matrix
system of equations (2). This also includes the shear
displacement w(x,y,t) and electric potential

o(X,y,t) of a three-component electroelastic wave

of antiplane strain in the piezoelectric layer.
In the case of the unidirectional propagation along
the waveguide of normal electroelastic waves

F(Xy.t)= f(y,t)-exp(xike),  the
electroelastic state will be described with respect to
the amplitude functions of the electromechanical

antiplane

characteristics w(y,t) and ¢(y,t) in two-

dimensional form

(AIW[*] - plo*/at’] Aw[*]] [w<y,t)j @

Ay [#] Ay l¥1) \e(y.t)
A l¥]= CZ4 d_z - C;Skz >
w dy’

2

A, [*]=¢e, ;—y2+ ik(e, +e1*4)-0|%—ef5k2 ,
2

A= (S )k

A, [¥] =&, -d—22+gl*lk2. (5)
dy
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On the surface of a piezoelectric waveguide
y =+H,, the conjugation conditions of the electric

and mechanical fields are satisfied. Mechanical
boundary conditions impose restrictions on shear
displacement w(X, y,t), or shear stresso,,(X,Y,t),

0,,(X,Y,1). Electrical boundary conditions impose

restrictions on the normal component of the

electrical ~ displacement D (x,y,t), or on the
tangential component of the electrical intensity
op(X, Y.t
Ex(x,y,t):—M.
OX

In the case of the unidirectional propagation along
the waveguide of normal electroelastic waves, the
inhomogeneous  electromechanical ~ boundary
conditions are written in the form of different
mathematical linear combinations of four physically
independent, mechanical and/or electrical surface
actions [2,3,4]

W(y7t)|y:iH0 = /Lli (t):'

(6)
o(y.0|,_,, =)
Wiyl =4,
{aﬂy,t)} _s.(0). (7
ay y=tH, )
{—aw(y’”} =, (1),
N dyn, 8)
(.0, L, = 0.0,
5.
(y,t) ®
AL =5, (b).
|: ay i|yJ_rH0 7( )
Included in the inhomogeneous boundary
conditions, the time functions

1. (1); @.(t); 7.(t); 6,.(t) are defined on the time
axist >0 and belong to the classl ,[*] of functions.

In the general case of the dynamic formulation of the
problem of electro elasticity, at the initial and final
moments of the time intervalte[0;T,], four

functions of the elastic and electrical characteristics
of the wave field or four different combinations
thereof, the conditions of the initial and final states
are specified.

In the quasi-static formulation of electroacoustic
problems, the propagation of an elastic wave with
accompanying oscillations of the electric field is
considered. Then the electroelastic state is
determined by two known functions of the initial and
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two other known functions of the final states, or by
two different combinations of these four existing
characteristics of the electroelastic field w(x,y,t),

(% y,0), WX y,t) andg(x,y.t),
interconnected by two equations (2).
In the case of the unidirectional propagation along
the waveguide of normal electroelastic waves, the
electroelastic state during the propagation of normal
electroelastic waves, in the waveguide layer is
determined by two known functions of the initial
state

which are

W(,0) = £(y), D sy (10)
or

23,0 = 1(y), LED yyn, D
and two known functions of the final state

w(y,T) =&y, MO _Zy., a2
or

oy, Ty =), U sy (13)

for an electroelastic wave.

The system of homogeneous second-order
differential equations (4), with the notation of linear
operators (5), together with surface influences of the
type (6) = (9) and representations of the initial and
final states (10) + (13), constitute a complete
mathematical initial-boundary problem for studying
the control of wave formation and propagation of a
three-component electroacoustic wave in a
piezoelectric waveguide.

In problems of this type, surface control of waves
comes down to studying the controllability of wave
formation of their own waveforms and changing the
corresponding harmonics. Therefore, research on
wave control can be carried out by harmonic
analysis of wave characteristics, since it is
applicable and gives very good results [1].

For this purpose, surface electromechanical
influences acting on the propagation of
electroacoustic ~waves are reduced to the

corresponding volumetric influences. Then the
boundary value problem with inhomogeneous
boundary conditions (4) + (9) is written in the form

of inhomogeneous equations with volumetric
influences
(Alv[*]—p[az/atz] AW[*]]X(v(y,n]:
Ay [*] Ay, [#] .t
2 2y w(y,t) (14)
([ f.(t)
f,(y,0)
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and with the corresponding (6) = (9), homogeneous
surface conditions in each case

v(y,0[ L,y =0,
w(y.0| ., =0.
V(Y0 Ly, =0,
oy

‘av<y,t>} o
y=xH, s

(15)

y=tH,

16
=0. (16)

y=tH,

Y
(Y0, Ly, =0

_v(y,t)} o
y=tH,

(17)

oy

w(y,t)} o
LW

Linear operators in the matrix equations (14) is
already transformed to

AT AL, A 10 Ay [,
A 10 AL Ay [0 Ay [#]. (19)
For various types of surface influences (6) - (9) the

transformation functions can be formally written in
a uniform

{v(y,t) } _ {w(y,t)}_
w(y,t) o(y,t)
{W+(y,t)+W_(y,t)}

O, (Y, ) +D_(y,1)

where the terms of the transformation are
predetermined by the nature of surface influences

6)—(9)
W.(y.he {%-m(t);

0

, (18)

(20)

%-n(t)} @)

0

+H +H,)’
<I>+(y,t)e{(y2—Ho°)-¢+(t>; %-&(t)} 22)
In equations (14), volumetric influences of the type
f,(y,t) andf (y,t) are represented by
transformation terms W(y,t) =W, (y,t)+W_(y,t)
and O(y,t) =D _(y, ) +D_(y,t) as
f (v, =A,, [FIx[D(y,0)]+
2
R T I

f,(y,t) = A, [¥Ix[W(Y, 1)+ A, [¥]x[@(y,1)] (24)
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By introducing transformation functions (1.20),
descriptions of the initial and final states (1.10) -
(1.13) acquire a new entry

v(Y,0)=&(Y)—[W,(y,0) + W _(y,0)];

. . (25)
Y(Y,0) =S () ~[ W, (¥,0)+ W_(v,0) |
or
w(y,0)=n(y)—[®,(y,0)+D_(y,0)]; 26)
W (¥,0) = 7(y) [ D, (y,0)+D_(y,0) |
and two known functions of the final state
V(Y. T) = E(Y) = [W.(Y.T) + W_(v.T)]; o
VYT =CW [ W, T)+ W (v, T) |
or
(Y, T) =7(Y) =[P, (¥, T)+D_(y,T)];

(28)

(Y, T) =7 —[D.(Y,T)+D (¥.T,) |
for an electroelastic wave.

By introducing transformation functions (20), the
initial-boundary value mathematical problem with a
system of inhomogeneous equations (14) and
homogeneous surface conditions (15) - (18),
together with descriptions of the initial and final
states (25) - (28) constitute the initial-boundary
value problem control of a three-component
electroelastic wave in a coordinate rectangle
Q =[-H,<ysH,Ix[0<t<T,].

3 Three-component electroelastic
wave formation and propagation in a
piezoelectric waveguide.

In a homogeneous mathematical boundary value
problem formed from homogeneous equations of the

corresponding system (14), when f_(y,t)=0,
f,(y,)=0 the homogeneous
conditions of the type (15) + (18), separation of
variables is possible. Then the solutions to this

homogeneous mathematical boundary value
problem are represented as a function

(V(y,t) j _ (V(Y)) 0(t) = "i(vn(y)j 0, (29)

and boundary

l//(y,t) l//(y) n=0 l//n(y)

expanded in Fourier series
V=2 Va(y), H=326,0.
n=0 n=0

It is important to pay attention to the fact that in the
expansion of both sought functions the time regime
will be the same ), (t)=6,(t)=0(t). This follows

from the homogeneity of the second equation of the
matrix system (4) and is a consequence of the quasi-
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static formulation of the problem, in which the
harmonics of the accompanying electric field
coincide with the harmonics of elastic vibrations.
The difference in surface conditions (15) + (18) in
the formulation of the boundary value problem leads
to different possible formations of the proper forms
and structure of the overall electroelastic wave along
the thickness of the waveguide.

The matrix system of homogeneous equations is
then written in the form

A ¥l Ay l¥1) (w(y) T o
In accordance with the boundary conditions of the
first kind (15) and the second kind (18), in
piezoelectric waveguides made from materials of
the classes 6mm of hexagonal symmetry, 4mm of
tetragonal symmetry, mm2 of rhombic symmetry
the resulting signals can be represented by their own
shapes corresponding to different oscillation

frequencies
V| e | An Ol y1
{ } = Z B, sin[k, &, (,kh)- y]; (31
v & ,[Avm cos[kyatyy (e, kh) -] 1
&, | Bymsin[k,a, (@,kh)-y]

Here o, (w,kh) = (@}, [k2C2)—1 =mz/2k H,

are the eigenvalues of the accompanying
electroelastic oscillations corresponding to the
oscillation frequencies the eigenmodes

O =KoCop -1+ (M7/2k,H, Y . C=fe]p

shear bulk wave velocity.

In cases of mixed boundary conditions like (16) and
(17) in the same piezoelectric waveguides, no proper
forms are formed.

Conversely, in accordance with mixed boundary
conditions of type (16) and (17) in piezoelectric
waveguides made of materials of classes 43m/23
cubic symmetry, 222 rhombic symmetry, 622 of

hexagonal symmetry, 42m tetragonal symmetry,
the resulting signals can be represented by their own
shapes corresponding  different  vibration
frequencies

A cos[K,a, (@, kh) - y]+
V(y)= Z{ sin[k_ar,, (@,kh)-y] }

w(y)=
ilMW% B, cos[K,a,, (@, kh) - y]—
mo | he, A, sin[k, a,, (@, kh)-y]
(32)
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Here, a,,, (@, kh) = \/(a)jm [K2C3)—& =mz/2k H,
are the eigenvalues of the accompanying

electroelastic oscillations corresponding to the
oscillation frequencies the eigenmodes

O =KC,y | % + (/2K H, ) and & =c,/c,, is
a shear anisotropy coefficient,

C, =C, 9=, [css/p shear bulk wave velocity ina

waveguide of a different anisotropy.

In cases of the boundary conditions of the first kind
(15) and the second kind (18), in the same
piezoelectric waveguides, no proper forms are
formed.

The function of the harmonics of the accompanying
electric field coincides with the function of the
harmonics of the propagating elastic vibrations and
is represented as

o) = i[Aﬁm sin(@,,t) + B,, cos(a)emt)] . (33)

From (2.3) it follows that in the case of transversal
anisotropy of the piezoelectric, changes in the
shapes of the distribution of amplitudes of
accompanying electrical vibrations are consistent
with changes in the shapes of the distribution of
elastic shear amplitudes.

From (2.4) it follows that in the case of a different
anisotropy of the material, changes in the
distribution of the m™ form of amplitudes of
accompanying electrical vibrations lag behind the
change in the corresponding form of distribution of
elastic shear amplitudes by ¢, =(2m+1)7/2.

Having found the eigenforms {Vm(y); l//m(y)} and
their corresponding harmonics 6, (y) , by expanding

the inhomogeneous initial-boundary value problem
(14), (15), and (20)+ (25) into a Fourier series in the
coordinate rectangle
Q =[-H,<y<H,/]x[0<t<T,], in a generalized
form we obtain the control equation for the
eigenforms of the electroelastic waves

[n®= A, (1/62) it(® |+
O [ OO = Ay (/) (D) ] =
Ay, (/€0 (@p,
Ty *fun (1)

With expansion coefficients in Fourier series in
eigenforms
1

— [[(Ho£y)- Viu(y) Jdy,

Alﬂi - HO
0

(34)
- a);m ) ’ :uim(t) +
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1| [ e y)
- V.(y)ldy (35
T =g | H'k(eszrel4) J (y)]y (35)
H

1 ¢l s y)1
- V_(y) |dy,
2ﬂ+ H() ‘(')' [[Ik(ezs +el4) J m(y):l y

H

I, = |_} _[ ‘922
0

(0 =[Tyy /Azﬂj-(zﬁi(t) (36)
The general solution to the control equation (35) for
gm (a)emt) = gm (a)emt) -

Al,ui (1/C=x<2t) “Him (a)emt) ,
obtained by the method of variation of parameters

for the eigenforms harmonics of the electroelastic
waves and forced elastic vibrations

gm (a)emt) =
Ang -sin( wy,t) + Bmg

2

Hy +Y)-Va(y) |dy,

the m® true harmonic

-cos(@yt)

2
Wpm — Dy
L, ~2 “ x (37)
Cit

j Mt)ﬁg Sin[gn(t~7)] }-dr

o B, - cos[wy, (t—7)]

Ang -sin@,, (t-7)
Ty, J¢*m() {Bmg-cos[a)gm(t—f)] :l "

In Wthh harmonics of the reduced eigenforms and
the harmonics of surface actions are represented
respectively, as

I (@) = O (@p) = Ay, (1/C) - 11,y (@), (38)
g ()= A, -sin(@,t) + By, -cos(@, 1) , (39)

. (1) = A, -sin(@,,t) + By, - cos(@,t) . (40)
Taking into account the representation of solutions
(29) with expansions (31) or (32), as well as
descriptions of the initial and final states (8), (9) and
surface influences (5), they have the form of an
infinite system of four algebraic equations regarding
the amplitudes of true harmonics of electroelastic
vibrations waves and harmonics of surface control
actions

+A
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g (0)+ A, (1/E) (@ — @y ) e (0) +
+r1¢t : ¢im(0) = 7m,
8,0+ Ay, (1/€2) (@ — @, ) i1,y (0) +

+T, . (0) =6,

En (@To) + Ay, (1/€3) (@ — 0 ) x
Xtuim(a)ymTO) + r1¢1 : ¢im(a)¢mT0) = 7m’
VYT + Ay, (/83 (05—l )%
Xt (@, T) + Ty urn (@, Ty) = .
The periodT >0 during which surface influences
1. (t) andg, (t) lead the wave process from the

initial state to the final state is determined from the
conditions for the existence of nontrivial solutions
of systems of type (41)

T, = min {T,,, >0}

(41)

(42)

4 The exact controllability problem for

three-component electroelastic wave

Let us present the initial boundary value problem of
controlling a three-component electroactive wave
process in a piezoelectric waveguide layer in the

following form
i 2

0
Alv[*]_p¥j|v(y:t) = fw(y’t)

in Q; =(-Hy<y<Hy)x(0<t<T,);

_V(y’t)} 0
&y,
inZ=I'x(0<t<T,);
v(Y,0)=E(Y)=[W.(¥,0)+ W_(y,0)];
MO _ iy [6W+<y,0>+aW<y,0>}

(43)

ot ot ot
in Q=(—H0 <y<Hy);

Under adequate conditions of regularity and
compatibility of the initial data {v(y,0), v(y,0)} and
the reduced influence f_ (y,t), system (43) admits a

unique solutionv(y,t), in the energy functional

spacel] ([0,T1;Hy(€)) N0 ([0, T; L (€)).

Then, the wave energy for the process corresponding
to the system of mathematical initial-boundary value
problem (43) represented by the functional
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E(t) =%x

P 2
FRIOAY

44 2
oy

—Cosk?v(y,b)

* (44)

2

Q0 —

ov(y,1)
ot

The task of precise controllability is to bring the
wave state to equilibrium in a uniform time,
regardless of the initial data, by external influence or
control, which in the case under consideration is a
reduced force f_ (y,t).

More precisely, the problem of exact controllability
will be formulated as: the existence of a time T, >0

+

such that for each pair of initial data {v(y,0), ¥(y,0)}
there is a control f_(y,t) such that the solution v(y,t)
of equation (43) satisfies the relations

V(yaTO)z()) V(yaTO)ZO (45)
This formulated as follows: For arbitrary T, >0, for
each pair of input data

{v(y,O), %}e H (Q)xL*(Q) there is a

control f, (y,t)ll ([0.T,]; H?(®Q)) such that the

solution of the mathematical initial-boundary value
problem (43) satisfies relations (45).

5 Optimal control for three-
component  electroelastic  wave.
Localization of wave energy along the

thickness of the waveguide.
In the problem of propagation of a three-component
electroelastic wave, the flow of electroelastic energy

through the thicknessye[-H ;H,] of a
piezoelectric waveguide determined by the
expression
Gyz(y:t)'gyz(y:t)+
o (YD) g, (Y, D)+
U;)m:I zx(y ) zx(y ) dy (46)
I ED Dy +

E,(y,D)-D,(y,1)
Solutions of the mathematical initial-boundary value
problem (4)+(6), (10) and (12), taking into account
relations (20) + (22), amplitude distributions (31)
and (32), as well as solutions to the harmonic
equation (34), can be represented in the form
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{w(y,t)} _
o(y,1)

”‘Zm(Vn()/)'@n(t)}r

n=0 l//n (y) ' en (t)

[(Ho+Y)/2H,]- s, (t) +

[(Hy - y)/ZHo]'ﬂ_(t)

[(Ho + y)/ZHo]'¢+(t) +

[(Ho - Y)/zHo]'¢_(t)
Considering the obtained solutions of the
mathematical initial-boundary value problem, as
well as the material relations of the piezoelectric

medium, we obtain expressions for the energy
integral depending on the surface influences:

U (W(Y, 1), (1), 4.(D)).

Localization of wave energy in a thin strip along the
thickness of the waveguide is the problem of optimal
control of wave energy along the selected thin strip.

47)

This strip can be near surface
ye[H,-24;H,JU[-H;—H, +21].
Uen (W(Y,0, 1. (0,6, (D)) =
R4 (G ey, Oy eyt

J‘ { yz ©yz X “x jdy'i' (48)
S E.-D,+E,-D,

H
0 (Uyz €+ Oy Ey +

-dy=0.9-U
E,-D,+E, D, ] d o

Ho-24
The localized energy in the inner thin strip y < |2ﬂ|

along the thickness of the waveguide represented as
the functional

U (W(Y, 1), 2110, 4.(1) =

] [% T +]'dy ~09-UY,
5.\ Ex-Dy+E,-D,

In relations (48) and (49), Al H, is the wavelength.

(49)
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