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Robust Fuzzy Controller Design with Decay Rate for Nonlinear
Perturbed Singular Systems
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Abstract—This paper deals with the robust fuzzy controller
design problem for the perturbed nonlinear singular systems. A
novel robust fuzzy control technique is investigated based on the
state-derivative feedback approach. In this paper, the nonlinear
perturbed singular systems are expressed by the uncertain
Takagi-Sugeno fuzzy models and the so-called parallel
distributed compensation method is applied to design the
state-derivative feedback fuzzy controller. Considering the
Takagi-Sugeno fuzzy perturbed singular systems, the Lyapunov
stability theory is employed to derive sufficient stability
conditions with decay rate. These sufficient stability conditions
can be effectively transferred into the linear matrix inequality
problem. At last, a numerical example is provided to verify the
applicability and effectivity of the proposed robust fuzzy
controller design method.

I. INTRODUCTION

HE nonlinear systems have become an important field of

research in control theory. Over the past few decades, the

Takagi-Sugeno (T-S) fuzzy control [1-2] has become the
most of the successful and active technology. According to
the T-S fuzzy model, the Lyapunov theory can be used to
analyze the stability of the nonlinear perturbed systems. In
order to design a fuzzy controller for the T-S fuzzy models, a
useful technique so-called Parallel Distributed Compensation
(PDC) was developed in [1-3]. The main idea of the PDC
method is to derive each fuzzy control rule to compensate
each plant rule of the T-S fuzzy systems. In [4-5], some
PDC-based fuzzy control approaches have been investigated
for complex nonlinear systems represented by the T-S fuzzy
models.

In the past few years, the singular systems [6-7] also
known as descriptor systems have attracted the attention of
many researchers. The singular system can model a lot of
special case form in the state space and its physical
significations are more complete than the nonsingular
systems. Many efforts have been devoted to singular systems
because the singular system is hard to be stable. Only when
the system is regularity and impulse-free [8-9] then the
singular system will be stabilized. Many researchers have
paid much attention to the control of singular systems and
many results have been successfully established [10] for
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continuous-time and discrete-time systems.

The perturbations usually exist in the practical systems.
The perturbation impacts the system stability or performance,
so it is important to consider perturbation effects for the
control systems. By extending the control problem to the T-S
fuzzy model, the perturbations can be considered in each
subsystem and its stability analysis can be proposed by using
Lyapunov theory [11]. More and more literature developed
the control theory for the stability analysis of the T-S fuzzy
perturbed systems. It is well known that the robust control
theory can inhibition the perturbations of the system. In [12],
the robust controller design for the T-S fuzzy perturbed
singular systems has been studied. However, the controllers
developed in [12] were designed based on the traditional state
feedback approach.

It is known that the state derivative feedback method is
very useful for the controller design of some particular
systems [13]. The motivation of using the state derivative
feedback is that some systems use the accelerometers to
measure the motions. Because the state derivative feedback
method may cause noise contamination in measured signals
amplified by differentiation, and the realization of perfect
derivatives of signals may be difficult in practice. That is why
the state derivative feedback method has received little
attention in the literature. In recent years, the state derivative
feedback method is more and more popular when the papers
used the state derivative feedback method to discuss the
sensitivity of the parameter variation and input disturbance in
the multivariable system [14].

In this paper, the nonlinear singular systems are expressed
by the T-S fuzzy model with considering the internal
perturbations. The state-derivative feedback fuzzy control
approach investigated in this paper is developed based on the
by PDC method. Following the Lyapunov stability theory, the
sufficient conditions can be obtained to design the robust
fuzzy controller. The sufficient conditions can be transferred
into the Linear Matrix Inequality (LMI) problem, which can
be efficiently solved by using the MATLAB LMI-toolbox. At
last, a numerical example is provided to show the
applicability and effectivity of the proposed robust fuzzy
control method.

Il. SYSTEM STATEMENTS AND PROBLEM DESCRIPTIONS

In this paper, a fuzzy controller with the state-derivative
feedback and robust control theory for the T-S singular
systems is proposed. Aclass of the complex nonlinear
perturbed singular systems can be expressed by the following
T-S fuzzy perturbed singular system:

Plant Rulei :
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IF 1, (t) is My and ... and g, (t) is M,

THEN Ex(t)=(A; +AA;)x(t)+Bu(t) )
where i=1,2,--,n and n is the rules number, M, are
fuzzy sets, k is the number of premise variables, x(t) e ®"

is the state vector, u(t)e®R" is control input vector.

A, e R™", B; € R™™ are the state, input, constant matrices,
E e ®"™" is a constant matrix with rank (E)=r<n.

The perturbations in the T-S fuzzy model (1) is considered
as AA=H AR, , where A, denote the time-varying

uncertain matrices, H; , R, denote the known matrices,

which are the composition of the perturbations.
The overall T-S fuzzy perturbed singular model can be
“blending” as follows:

Zh(

(1){(A; +AA,)x(t)+Bu(t)} )

k

where o(t)= :1M” (1 (1)

1 (#()20, 3oh (ult

of the membership of , (t).

(t))=1 and My (x; (t)) is the grade

One can apply the PDC concept to design the T-S fuzzy
controller. The T-S fuzzy controller designed in this paper for
the T-S fuzzy model (2) has the following form:

Controller Rulei :
IF 1, (t) is My and ... and g, (t) is M,
THEN u(t)=-Fx(t) ®3)

Then the overall fuzzy controller can be represented by
u(t)=-2h; (u(t)Fx(t) 4)

Substituting the control input (4) into the T-S fuzzy
perturbed singular model (2), the closed-loop state equation
can be obtained as follows:

n

Ex(t)=

M:

by (2 (t))y (2 (1)) {(A; +AA; ) x (1)~ BF %(t)}

(®)

For the fuzzy controller design, one needs to find the
constant matrix F; € R™" and (E+BiFj) must be a full

rank matrix. From [15], it is known that the matrix
(E+B,F,) has a full rank when the following equation

I
-

i=1l j
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holds:

rank[E,B;]=n (6)

It is assumed that the condition (6) holds, then the closed-loop
system (5) can be rewritten as follows:

()= B+ 30 (a0 (s |

k=1 1=1

th(

t))(A; +AA; ) x(t) (7)

Remark 1 [16]

Recalling for any nonsymmetric matrix Q(Q#Q"),
QeR™",if Q+QT <0 then Q has a full rank.

Considering the perturbations of the T-S fuzzy model (1),
they are constructed as AA,(t)=H;A,(t)R; . For these
perturbations, the following lemma is useful for the design of
proposed robust fuzzy controllers.

Lemma 1 [17]
Given real compatible dimension matrices A , H and
R for any matrix X>0 , £>0 with the conditions

ATMOAR) <T and X-EA(M)AT(t)>0 ,
results as follows:

one can find two

HA(t)R+RTAT(H' <£HH' +¢'R'R (8)
and
(A+HA®)R)" X (A+HA(H)R)

<AT (X-erHT )71 A+&RTR 9)

#
Definition 1 [18]
Considering the T-S fuzzy system (5), the decay rate is
defined as the largest real constant y, » >0, such that

V(x(t))< —2px" (t)Px(t) (10)

hold for a positive definite matrix P and all trajectories x(t),

t>0.

The purpose of this paper is to combine the robust control
theory and state-derivative feedback method to derive
Lyapunov stability conditions. In the next section, the robust
fuzzy controller design for the closed-loop T-S fuzzy singular
perturbed system (5) is introduced.

I1l. STATE-DERIVATIVE FEEDBACK CONTROLLER DESIGN
FOR T-S FuzzyY PERTURBED SINGULAR SYSTEMS

In this section, a robust fuzzy controller for the closed-loop
T-S fuzzy singular perturbed system (5) is proposed.
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Defining the Lyapunov function, one can obtain the stability
conditions by the following theorem. Besides, Lemma 1
provides a method to convert the uncertain item A, in the

model perturbations. Then, the sufficient conditions for the
robust fuzzy controller design can be presented in Theorem 1.

Theorem 1
If there exists a positive definite matrix Q , feedback gains

K, to satisfy the following stability conditions, then the

closed-loop singular perturbed system (5) is asymptotically
stable.

O+2fHHT * *

where

©=EQA! +B, KA/ +AQE" +AK/B]

Proof:

To analyze the stability of the closed-loop system, let us
choose the Lyapunov function as the following form:

(12)

V (x(t))=x" (t)Px(t)

where P > 0. Taking differential of the Lyapunov function
V (x(t)) , then one can get

V (x(t))= X" (t)Px(t)+x" (t)Px(t) (13)

From (7), the (13) can be rewritten as follows:

V(x(t))=x" (t){ihi (1(1))(A; +2A,)

(14)

Pre-multiplying ¢ and post-multiplying @' on both
sides of (14), one can obtain
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(15)
where =(E+kzn_;hk (,u(t))lz;:hl (y(t))BkFlel.

Now, defining a new variable Q=P™, Q>0, K,=FQ
and AA,=H;AR, , one can rewrite (15) as

V(x(6) = 33 (w(0)h ((O) () (1)

i=1 k=1 1=1

x{©+EQR]ATH] + H,AR,QE’

+B, K, RTATH] + HARK/By | x(t) (16)

where ©®=EQA] +B,K,A] +AQE" +AK/B] . Let
R, =RQE", R, =R,K/B; and based on Lemma 1, the
following inequality can be obtained from (16).

V(x(6) = 33 (w(0)h (O () (1)

i=1 k=1 1=1

x{©+RIATH] + HAR, + RIATH] + HAR, } (1)

x{©+EHH] + £ 'RIR, + EHH] + £ 'RIR, (1)

7)

The nonlinear inequality can be converted into LMI form
by using Schur complements. Then, the resulting LMI is

O+2éHH]  * %

X R, =1 0
R, 0 -4

It can be found that if the condition (11) is satisfied, then
one can obtain V (t) <0 from (18). Then, the proof of this

theorem is completed.

(18)

#

Obviously, if the condition (11) in Theorem 1 can be
satisfied, one can conclude that the closed-loop system (5) is
asymptotically stable. In the next theorem, the decay rate
constraint will be considered.
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Theorem 2
If there exists a positive definite matrix Q , feedback gains

K, and decay rate y such that the following sufficient

conditions are satisfied, then the closed-loop singular
perturbed system (5) is asymptotically stable.

O+2fHH] * * *
R, e 0
19
R, 0 - 0 <0 (19)
(EQ+BK,)' 0 0 —(Q/2)
for i,k,I =1.....n
Proof:

By using the Schur complement, the condition (19) is
equivalent to

O+JHH] +SHH] +&'R/R, +&'R)R,
+(E+B,F)Q(27Q")Q(E+B,F) <0 (20)

Defining a variable P =Q, Q >0, K,=FQ, then (20)
can be rewritten as follows according to Lemma 1.

{(E+B.F)P (A +AA,)" +(A +AA )P (E+B,F,)'

+(E+B,F)P*(2/P)P"(E+B,F) | <0 (1)

Pre-multiplying ¢ and post-multiplying ¢' on both sides
of (21), one can obtain

{(A+84) (E+BE) P
+P(E+B.F)" (A, +AA,)+(27P)} <0 (22)
where ¢ =P(E+B,F)"
By multiplying x" (t) and x(t) on the both sides of (22),
then one can get

X" (D{(A +4A,) (E+B,F) " P

+P(E+B.F )" (A +AA4,)|x(t)< ~27x" (1) Px(t)  (23)
Note that (23) is equivalent to V (t) <—2pV (x(t)) . Thus, if
the condition (19) is held, then the system is asymptotically
stable with the decay rate y .

#
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By solving sufficient conditions of Theorem 2, a PDC
based fuzzy controller (4) can be designed for the T-S fuzzy
perturbed singular system (5) with the decay rate » . In order

to express the applicability of the proposed fuzzy control
method, a numerical example is introduced in next section.

IV. A NUMERICAL EXAMPLE

In this section, Theorem 2 is used to verify the applicability
for the proposed robust fuzzy control method. Let us consider
a nonlinear singular perturbed system, which is represented
by the T-S fuzzy perturbed singular model as follows:

EX(1) = 32 (()h, (4(t){(A, + A4, (1) +Bu(1)

i=1 j=1
(24)
where
0 -1 1 0o -1 -1
A,={1 0 05|,A,=|1 -05 05/,
-1 0 -1 1 0 -
0 0 0 100
B, =B,=| 1 ,A(t): 0 sin(t) ,E: 010
0.5 0 0 0 00O
0 003 O 0 001 O
R =R,=/0 005 0 |, H,=H,=|0 003 0 |,
0 0 0.0 0 0 001

The feedback gains can be obtained as follows by using
MATLAB LMiI-toolbox to solve the conditions of (19). The
decay rate y =5 can be also solved from (19) of Theorem 2.

=[-1.2460 -0.5121 0.3793]

Fzz[—1.2460 -0.5121 0.3793]

In the simulations, the initial condition is chosen as
x(0)=[1 0 —1]T. The simulation responses are shown in

Fig. 1 to Fig. 3. From the simulation results, it can be found
that the T-S fuzzy singular perturbed system (5) can be
controlled by the proposed state-derivative feedback fuzzy
controller with decay rate constraint.

V. CONCLUSIONS

In this paper, a robust fuzzy controller with state-derivative
feedback has been designed for the T-S fuzzy singular
perturbed systems. Based on the Lyapunov theory, the
stability conditions have been derived by considering the
robust constraint and decay rate constraint. The advantage of
this paper is that the stability conditions developed in this
paper are simpler than that derived by using the state
feedback method. From the simulation results, it can be found
that the present method was embodied in the constrained
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fuzzy control for T-S fuzzy singular perturbed systems. In the
future, it can be extended to the discrete-time cases.

Tima(s)

Fig. 1 The responses of state X, (t)

Timeis)

Fig. 2 The responses of state x, (t)

X3

10 15
Tirnes(s}

Fig. 3 The responses of state X, (t)
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