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1 Introduction

In this introductory section, only certain
information assocating with special functions and
fractional calculus of arbitrary order will be
recalled, which deal with the scope of this
particular investigation.

Special functions (SFs), identified by
established names and specific notations, play a
crucial role in numerous scientific fields,
especially in mathematics and engineering. These
functions, defined over both real and complex
domains, belong to a broad family with a wide
range of applications. Among them, the Mittag-
Leffler functions (MLFs) stand out due to their
mathematical significance and are the primary
focus of this research. Defined for both real and
complex arguments, MLFs are particularly
effective in modeling phenomena such as the
behavior of fractional-order viscoelastic materials.
In particular, experimental studies on the time-
dependent relaxation behavior of viscoelastic
materials have shown that stress decreases rapidly
at the beginning of the relaxation process and then
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diminishes very slowly over time. It may take a
long period for the stress to stabilize at an

asymptotic value. Modeling this relaxation
behavior typically requires a large number of
Maxwell elements, leading to complex

optimization problems when determining the
associated material parameters.

The introduction of fractional derivatives into
viscoelasticity theory has led to the development
of efficient models, such as the fractional-type
Zener model. This model has proven effective in
predicting the dynamic behavior of rubber-like
materials while requiring only a small number of
material parameters. Solving the corresponding
constitutive equation yields a relaxation function
of the MLF type, characterized by a power series
with negative arguments. This function accurately
captures all essential features of the relaxation
process under an arbitrary continuous input signal
that includes a discontinuity at the origin.

The foundational references cited in this
document provide extensive insights into the
theories,  applications,  implications,  and
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background of special functions, particularly the
Mittag-Leffler functions and related topics, [1],
[2], [3], [4], [3], [6], [7], [8].

This scientific investigation also is pertinent
to fractional-order computations (FOCs), with
particular emphasis on fractional-order integrals
(FOIs) and fractional-order derivatives (FODs).
FODs  generalize  classical  integer-order
derivatives and have a long history, originating in
the works of pioneering mathematicians such as
G. W. Leibniz and L. Euler. Shortly after their
inception, these concepts attracted the interest of
many prominent mathematicians and scientists
due to their vast potential for applications. FOCs
involve various differentiation and integration
operators of arbitrary real or complex order,
significantly expanding the modeling capabilities
of traditional calculus and differential equations.
Their applications span a wide array of scientific
disciplines, including physics, mechanics,
engineering, economics, finance, biology, and
chemistry, as outlined in references, [9], [10],
[11],[12], [13].

At the same time, mathematical equations
involving fractional differential operators (FDOs)
are known as fractional differential equations
(FDEs). Various types of FDEs can be considered,
such as heat and diffusion-type equations where
time derivatives of fractional order replace
classical derivatives, or more general evolution
systems involving fractional operators in both
temporal and spatial variables—for instance, the
fractional (sub-)Laplacian. Notably, our recent
research has focused on second-order partial
differential equations that involve Caputo
fractional derivatives (CFDs) in the time variable
and Bessel operators in the spatial domain. We
have also studied multi-term generalizations of
time-fractional ~ diffusion-wave equations in
abstract settings, including the corresponding
initial and boundary value problems, which relates
both direct and inverse. To explore the regularity
properties of solutions in specific cases of the
fractional wave equation, we have conducted
microlocal analysis, aiming to improve upon
existing results and expand the use of pseudo-
differential and microlocal techniques in the study
of various FDEs.

One of the most significant applications of
FDEs is in linear viscoelasticity, where they
provide a more precise and natural description of
the material behavior. Models of wave
propagation in viscoelastic media are commonly
formulated as fractional differential equations,
incorporating appropriate initial and boundary
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conditions, and derived through rheological
analogies based on fundamental physical
principles.

The inclusion of fractional derivatives in these
models accurately reflects the viscoelastic nature
of such materials. These materials are also often
modeled using different constitutive equations
involving derivatives of both real and complex
orders, which relate the fractional generalized
Zener, Maxwell, or Kelvin-Voigt models. Wave
propagation in these media has been studied in
both finite and infinite spatial domains.

For various interesting references on fractional
calculus (FC), fractional-order computations
(FOCs), integrals (FOIs), derivatives (FODs),
differential equations (FDEs), and Caputo
fractional derivatives (CFDs), along with their
comprehensive applications, the reader is referred
to the foundational studies listed in the
mentionend references, [14], [15], [16], [17], [18],
[19].

Lastly, in the following sections of this special
research, some well-known special sets will be
also needed. The mathematical notations:

N, R and C
represent the familiar sets of natural numbers, real
numbers, and complex numbers, respectively.

Now, let us move on to the next sections to
introduce the necessary information that may be
relevant to the main topics of this research: FOCs,
MLFs, and related topics.

2 Certain information on MLFs and
some of related topics

In this section, only MLFs and some
fundamental information and applications related
to them will be included.

In the mathematical literature, as is indicated
in the relevant references, [20], [21], [22], there
are two main types of MLFs. They are the one-
parameter Mittag-Leffler function and the two-
parameter Mittag-Leffler function. Later, two
generalized forms were defined, which include
these two special functions and are known as the
three-parameter Mittag-Leffler type functions. As
emphasized in the first section, our study will
focus on MLFs with complex parameters
(variables). Let us now revisit them.

The one-parameter Mittag-Leffler function and
the two-parameter Mittag-Leffler function, which
are complex-valued functions of a complex
variable (or argument) z and moreover depend on
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one or two complex parameters, are denoted by
the symbols

E,(z) and E,p(2) (z€CQ)
and also defined by

— y® 1 ¢

and

— Yo 1 £
respectively, where y€C and B €C with
Re(y) >0 and Re(B) > 0, and the (classical)
function

') =Jfy ¢ 'eidq, 3)
which is the classical Gamma function with
complex parameter ¢ (¢ € C and Re($) > 0),
[23].

As one of various important assertions in
relation with the special information in (1) and
(2), and in light of the definition (3) together with
its applications, by taking |z| - oo and then
changing q = Q2 for the improper integral given
by

fOZ e %dQ,
the following special result:
o _ Vr
Jye¥de =*F )

can be easily derived, [24].

By help the particular result (4), one of
numerous relationships between the (complex)
error function erf(z) and the complementary
(complex) error function erfc(z) can be easily
received in the form:

erf(z) +erfc(z) =1 (z€C), (5
as an essential relations between these (complex)
functions, [25].

As is well known, for all complex values z, these
complex functions play special roles in various
fields of science and engineering, and they are
defined as:

erf(z) = = J, e7?'dQ (6)
and
erfc(z) =1- %foooe_deQ , (7

respectively, [26].

Moreover, by taking cognizance of the Taylor-
MacLaurin series expansion of the exponential-
type function given by

w(Q) = e,

E-ISSN: 2692-5079

24

Huseyin Irmak

the equivalent forms of these complex-type
functions introduced as in (6) and (7) can be also
received as the familiar series expansions of them
given by

2 v (D)
erf(z) = ﬁZe:o (26+1)2! z# (8)
and
2 w0 (1)
erfe(z) =1- =X Y z?t*1, (9)

respectively.

We particularly note that when y and S are
positive real numbers, each of the functions
defined by (1) and (2) converges for all values of
the argument z, making MLFs entire functions. In
this regard, they are highly advantageous special
functions in mathematical theories and various
applications. For more detailed information on the
concepts introduced between (1) and (9), readers
may refer to the information in the works, [27],
[28].

As a result of a simple focus, it can be easily
seen that there is a special relationship between
those special functions given by (1) and (2), such
as

E,(2) =E,1(2) (z€O).

Moreover, when all the information in (1)-(9) is
taken into account, and by appropriately selecting
the relevant parameters, a wide range of both
fundamental results and relationships between
these complex functions and other special
functions can be easily observed. Here, we aim to
focus on only a few of them. As an extensive
example, through the instrumentality of the
mentioned functions:

E, p(2) and E,(2)
in the forms given by

Ey,B (_MZ) and Ey (_HZ)
the following assertions:

Jy By p(—u®)du
_ (v _CDC e
_yo (DY oz oo
- Zi’=0 (F(yi’+,8) fo u d[,l)

— Zoo (_1)[
T &t=0 20+ DI (y2+p)

24+1

(10)
and also
Sy Eya (—udu
= [JE,(—u®)dy
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(-1)*

=Y 24+1
=0 (2¢+1)I(y0+1)

(1D

can be easily determined, of course, under the
indicated conditions on their mentioned
definitions.

At the same time, many of their relationships with
various elementary functions are, of course, also
possible. As just a few specific examples, it
immediately follows that

Eo,l(iz) = Ey(%2)

_ o (+1)f

o0 (+1)"
= Z{’ 0 o1

= 1—J—rz (Iz] < 1),

(12)

El,l(iz) = E;(£2)
(+1)*’

= Lm0t ?

0 (il)f
= Y=oy, 2!

= et? (z € 0),
Jy Epq(—u?)dp

= [ Ex(—u®)du

_ (GO
= Y=o (26+1)!

= Sin(z) (z€ ),

(13)

ZZf+1 (14)

and
foz El,l(—llz )du
= [ B (—u®)du
w (1°
:fOZ{Z#zo 7 Zf}dﬂ
= S (S )

_ _EDE a4
= Lo (26+1)2!

=T erf(@ (15)

= g (1-erfe(z)), (16)

where z € C. Accordingly, the assertion (16)
immediately leads to

erfe(z) =1 -2 [y Eva(-u)dp,  (17)

which is the special assertion given in (9).

Finally, each of the results presented between
equations (10) and (16) contains highly useful and
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important calculations in terms of special
functions. The only way to determine each of
them is by identifying the special relationships
between MLFs, the (complex) error functions, and
other special (elementary) functions. In this
regard, one can center on the main studies relating
with special functions at the end of this special
document.

3 Certain information on FOCs and

some of related topics

In this third section, we will focus on some
basic definitions related to FOCs, some special
relationships, and specific calculations related to
SFs and MLFs.

Firstly, for a continuous function like A :=

A(2), the fractional integral of order ¢ is denoted
by

D,°[A(2)] =D, (),
and also defined by
2
HN@D = 5y e dp,  (18)

where ¢ > 0 and the complex-valued function is
analytic in any simply connected region of the
complex plane comprising the origin, and the
multiplicity of the complex power (z — p)S1 is
also raised by necessitating log(z — p) to be a
real number when z — p > 0.

For a continuous function like A: = A(z), the
fractional derivative(s) of order ¢ is denoted by

D;[A(2)] = D3 (2)
and, also defined by

D;[A(2)

1 d rz AMp)
o <
— r(1—¢) dz70 (z—p)$ dp (0 <S¢ < 1) (19)

L@} (hsg<n+1)

where n € Ny:=NU{0} and the analytic
function A(z) is constrained, and the multiplicity
of the complex power (z—s)~¢ is also removed
as in the definition given in the definition (18).

In particular, by considering the essential
integration rules, it is easy to prove that both the
linearity and scalar multiplication properties are
satisfied for the transformations presented in the
definitions constituted in (18) and (19). For
further information, the mentioned studies in the
references in relation with the detailed
information about various type transformations
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and fractional calculus, [28], [29], [30], [31], [32],
[33], [34].

As a special case, we want to consider the
complex power function given by

Az) =22 (Q € C; Re(Q) >—1). (20)

In order to easily solve the integrals given in (18)
and (19), the well-known Beta and Gamma
functions play an essential role. In this context, it
is important to mention these functions. The
familiar Beta function (with complex parameters),
which is denoted by

B(a,p) (a,B €0),
and also defined by

1 g -

B(a, ) = [, p* (1 = p)F~tdp, (21)
which also has its close relationship to the Gamma
function in (3) given by

r'(a)rp)

B@B) = Teem
where Re(a) > 0 and Re(B) > 0.

(22)

In particular, when a € N and S €N, this
fundamental relationship (22) is immediately
yields that

(a-D)!(B-1)!

Bla.B) =5

(23)

By considering the specific information between
(18) and (19), and using the mentioned results
provided in (3), (21), (22), and (23), along with
the substitution:
p=2zQ0 = dp=1zdQ,

the pending integral(s) and derivative(s) of
fractional-order for the complex-type power
function in (20) can be easily determined. First of
them, its fractional integral of real order ¢ can be
easily determined as the relations given by

— 1 —
D,°[z°] = 6] OZSQ(Z —s)$7ds

r(e+1)
- I‘(Q?-g+1) 2%,
where ¢ > 0.
Secondly, its fractional derivative of order ¢
can be also determined as the elementary result
consisting of the relationships given by

Sr.07 — 1 i z 19
D,[z°] = I(1-¢) dz (fo (z—s)¢ dS)

— F(Q+1) Q—¢
r(Q-¢+1) ’
where 0 < ¢ < 1.

(24)

(25)
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In addition, its fractional derivatives of order n +
¢ can be also determined as
dn
D, [29] = —{D5[29]}

_ r(g+1)
- r(Q—n—g¢+1)

where n < ¢ <n+ land n € N,.

z971, (26)

Particularly, as an extensive example for the
special family of MLFs, the following assertions:

SDE[EV,B (Z)]

=9} [Z20r5 05 7]

= %0 {rorp D5l

T(ye+p)

0 r+1) ?
= 45 . wty
z z:f’=0r(ye+,3)r(1e-g+1)

(27)

o
— 6y 0000v

20 Li=0 T T -
and

D?C[E%ﬂ (Z)]
=D, [22’20 1"()/;+[>’) Z{)]

= Y=o {m Q;H[zg]} (28)

_ C—l [o'e) F(f'l' 1) s
=25 Lot m g £

— ,G-1y® £! Y
2 Lo Tam T

can also be calculated by the help of the particular

results specified as in (25) and (26).

As we have emphasized before, there are
numerous special relationships (or consequences)
between MLFs, SPs, and FOCs together with
related topics. In this regard, particularly in the
special results from (10) to (28) in this special
document, the highlighted special relationships
(or consequences) can be revealed if the
mentioned parameters used are appropriately

chosen.

As numerous suitable examples, by considering
the essential information in the equations given by
the references (19), (20) and (26), let us focus on
the special results, which are the following
combinations of the statements given in (27) and
(28):
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D, [Ey,ﬁ’ (2)]

dn
= (DB D]}
— \nt+¢ e z?
=D, 280 roor7) (29)
_ J'© 1 n+¢
- ZfZO {l—-(y[_'_ﬁ) QZ [Z‘E]}
r(¢+1) t—n—¢

= Xi=o T(y&+B) T (f—n—g+1) ’

where n < ¢ <n+1 and for all n € Ng.In the
same time, for all n € N, the result (28) also
shows that

:D?JrO[EV.B (2]
= D[Ey 5 (2)]

= i (D[Eys @]}

=L By @)
= ;_:{Ey.wﬁ—l (2)}

dn—l
—-B-1) = {Eyyip @}
which immediately yields that

yzCD%[Ey,ﬂ (2)]

(30)

= yz%{E%B (Z)} (31)

= Ey,[?—l (2) - (.8 - 1)Ey,y+[? (2)
whenn == 1.

3 Concluding remarks

As is well known, this scientific document
initially provided detailed information on
fractional-order calculus and special functions,
which constitute the

investigation. Subsequently, we explored various

core focus of our
specific definitions and functions related to these
topics and derived several results, including the
fractional-order integrals and derivatives of the
corresponding functions. These results involve
particular parameters, each carrying different
implications that may be connected to special
identities or special elementary functions, and
are primarily associated with the relationships
discussed in essential equations constituted in
(29)-(31).
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Naturally, a thorough examination of these key
results may lead to additional (special)
implications or findings, which are not presented
here.

We leave the further investigation of such
extensions to interested researchers, as our current
focus shifts to more specific studies concerning
the family of fractional differential equations
(FDEs).

In light of the special information emphasized
in the third
conditions, by considering the function Q as a
complex-type power series of the form:

0:=Q(2) = By coz"/™,
the favorable solution to the fractional-order-type
differential equation:

oi[a] + D/ [l - =0,
can also be determined for some m = 2,3,4, ....

This line of reasoning may lead to several notable
relationships in the context of fractional-order

section, under the necessary

differential equations. For more comprehensive
researches and broader applications, attention can
be directed toward the mentioned works cited
in the references of this investigation that
involve various fractional-order-type differential

equations, [35].
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