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Abstract: - In this paper, we solve a boundary value inverse problem for the equation of unsteady relaxation
fluid flow in a porous medium under elastic conditions. We applied marching methods, specifically the De
Souza and Hensel-Hills methods, to solve the problem. Smoothing splines were used to obtain stable solutions,
significantly reducing the error in the numerical solution of the problem. Additional data for the inverse
problem are generated based on a quasi-real experiment, ensuring a more reliable reconstruction of the sought-
after parameters. We also analyze the influence of smoothing parameters on the accuracy of function
reconstruction. Numerical validation of the proposed algorithms using model tests demonstrates their stability
in the presence of perturbations in the input data. The obtained results confirm the effectiveness of the
developed approach and can be used to solve a wide range of inverse flow problems in heterogeneous porous
media.
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1 Introduction [2], an equation for non-stationary filtration is

One of the first models of relaxation filtration of a obtained, which has the following form:

liquid i . . ap 2%p 2%p 23p

iquid in a porous medium [1] was presented in [2], o Tz =% (ﬁ + 1, 5 Zat) ()
which takes into account the processes of pressure where A.. - filtration Vécl ocity relxaxati on time
gradient lag relative to the change in filtration v '
velocity, which allowed for a more accurate
description of transient flow regimes. Based on the
general assumptions of elastic regime theory, using
the continuity equation and Darcy's law, the
following equation for piezoconductivity was

Further development of this theory was carried
out in works [4], where the filtering models were
refined taking into account various relaxation and
delay effects. Some integral filtering models, taking
into account the memory effects of the medium,

gsrived - -~ . were proposed in work, [5]. The fundamental
Pl (ﬁ+1p Ix2 at), H=m BB (D principles of the theory of ill-posed problems are

presented in work [6], which serves as a basis for
further research in this area. The constructions and
theoretical justifications of regularizing gradient
algorithms used in iterative regularization methods
for solving ill-posed problems are presented in work

where p - current pressure (MPa); t - time; x -
coordinate; A, - relaxation time of the pressure
gradient; » - piezoconductivity coefficient; k -

permeability coefficient; u - viscosity coefficient; m [7].

- porosity; fr, B - compressibility coefficients of In [8], particular attention is paid to boundary

the liquid and the formation, respectively. value problems, which belong to the class of inverse
In [3], the influence of relaxation phenomena on problems, in which information is redundant on one

both the pressure gradient and the filtration velocity part of the boundary and insufficient on another.

is considered. Similar to the approach presented in The main approach to solving such problems is

based on the quasi-inversion method, which is
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universal in numerical analysis. The essence of the
method lies in the correct modification of the
operators included in the problem statement by
adding additional differential terms. These terms are
typically either sufficiently small (allowing them to
tend to zero) or are expressed on the boundary,
which  eliminates problems with boundary
conditions that arise during modification. This
adjustment makes it possible to include additional
conditions in the statement, in particular those
containing unknown parameters. It is noted that
operators constructed according to this principle, as
a rule, are of higher order.

Anomalous fluids, differing in their rheological
characteristics from Newtonian viscous fluids, are
widely used in polymer and suspension processing
processes and are also found in nature (e.g., some
oils, biological fluids, and colloidal solutions),
which has led to high applied interest in studying
their movement in porous media in the context of
problems in the oil, gas, and chemical industries.
The work [9] presents a systematic exposition of
models, mathematical methods, and the main results
of the theory of filtration of homogeneous and
heterogencous anomalous fluids. In addition, it
contains a section devoted to the physical properties
of the flow of anomalous fluids through porous
media, and also discusses the applications of this
theory to problems of oil field development.

Recently, increasing attention has been paid to
the study of generalizations of models (1), (2) based
on the application of fractional differential calculus
[10]. In [11], it was shown that fractional
differential models of relaxation filtering allow a
more complete study of relaxation phenomena
compared to models of type (1), (2).

Direct problems for equations (1) and (2) have
been studied in considerable detail. However,
inverse problems for these models have been
insufficiently studied; in particular, a priori
estimates of their stability are lacking. Meanwhile,
solving inverse problems has important practical
significance, as it allows one to reconstruct
environmental  characteristics  and  process
parameters from limited observations. This
necessitates further analysis and the development of
methods for solving inverse problems for these
models.

In [12], a numerical solution of the boundary
inverse problem of fluid filtration for the
piezoconductivity equation in porous media under
elastic conditions is considered, using marching
methods, including the De Souza and Hensel-Hills
methods. In [13], a boundary inverse problem

E-ISSN: 2224-347X

44

Kholiyarov Erkin, Turaev Dilmurod,
Khayrullayev Ismatulla, Kosimov Odilbek, Buriev Javokhir

associated with the relaxation filtration equation (1)
is successfully solved.

This paper considers a boundary value inverse
problem for the equation of unsteady relaxation
fluid flow in a porous medium, taking into account
relaxation phenomena in both the pressure gradient
and the filtration velocity. The problem is solved
numerically using the De Souza and Hensel-Hills
marching methods for various perturbations of the
initial data. The stability of the resulting solution is
assessed depending on the level of error in these
data.

2 Problem Formulation

Now let's consider the formulation of a boundary
value inverse problem for the equation of unsteady
relaxation fluid flow in a porous medium. The fluid
pressure values are specified at points x = L and
x =d, x € (0,L). The initial pressure distribution is
also known p(x,0) = py, % (x,0) = 0 where p, =
const. This problem can be applied as a
determination of characteristic parameters in an oil
producing well (PW) based on the values obtained
in an observation well (OW). The problem is
reduced to determining the pressure field of region
(0,d) and PW (x=0) based on pressure
measurements in OW (x =d). The problem
requires finding the liquid pressure in the PW
(Figure 1).

Fig. 1: Schematic representation of a production and

observation well (PW, OW)
Source: [13]

Let us formulate the problem in the form of an
equation of non-stationary relaxation filtration

ap ’p _  (9%p a3p
a T Ay ? - (axz Ap axzat)’
=—t€(0,t,],0 <L 3
e l/‘(mﬁf"'ﬁc), ( ) m]a < e ) ( )
and additional conditions
p(x, 0) = pO: X € (01 L]a (4)
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% (x,0) =0, x € (0,L], 5)
p(d,t) = z(t), t € (0, L], (6)
P(L: t) =Ppo,tE (0' t‘m]’ (7)

where t,, is the time during which the process is
studied.

To solve the boundary inverse problem, we write
out additional data in detail, i.e. z(t) in (6). To do
this, we solve the direct problem for equation (3) in
the interval [0,L]. Therefore, the boundary
condition (Darcy's law) is written as follows:
v(0,0) =vy = —5(Z+2 72t (O,tn]. ()

ox axat)’ rmlb
where v is the filtration rate;

3 Problem Solution

First, we define the area D, i.e. D =D, UD, =
0<x<d, d<x <o,
{OStStm} {OStStm
grid [14] there

( (xwt)x

_ ) L tm
whr—i th]T,h:N,TZM, }
i=01..,n,n+1,..,N,j=01,... M

where L is some characteristic length of the
formation. First, we approximate problems (3), (4),
(%), (7) ®):
1 1 1 +1 +1 +1
p["onl | 2, pl* 273+Pf — %[PZ+1—2P{2 LA
27 T h

}, then we introduce a

=ih,x, =nh=d,

Ap (p{If —2p/*t+plt vl —2p] +v{_1>

T h2 h2 ’

i=12..,N—1,j=01,..,M—1, )

p? =pe,i=0,1,..,N, (10)

pi-p? .

PP =0,i=0,1,..,N, (11)

pﬁl—mJ—01. -1, (12)
k p1+1 p]+1 y) p]+1 p1+1

we P,

Let us write the difference equation (9) as follows:
n /1 ]+1 Ay ]+1
(1)l = [ (148 4 o 2

n Ap j+1 A\ j-1 27y
ﬁ(1+ T)pl"'l _(21' rz)pl +(r_2+
2nhp\ j  Hip Pl tply

e ) Pi T h2 ’

which leads to a system of linear equations

Ap}+1 Cp}+1 +Bp}+1 _ F]

i+1 1°?
i=12.,N—-1,j=01,.,M—1 (14)

where A = B :%(14_/1710)’
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i
*Ap (Pig1*Piy
T h2 '

System (14) with (10), (11), (12), (13) is solved
by the sweep method.
The difference equation (13) can be written as

follows:
_vouh _ (1+ )p(])+1 (1+ )p]+1

k
p)

2 (p) - i)
from here we find

Jj+1 _ _j+1 _  vouht j
Po =P k(‘r+1p) T+Ap (pl Po )

Here we determine the running coefficients, i.e.

Py =ap!" + B,
B
ap =1, a1 = m, (15)
_ vouht _ A,Bl+F
pr = k(t+dp) THAp (pl pO) Biv1 = C-Aa;’
i=12,..,N -1, ]—1,2,...,M—1 (16)
then we calculate the pressure value
P1]v+1 = Do,
j+1
" = auaplly + Bisa, (17)

i=N-1,N-2,..,10,j=1,..,.M -1

The initial data for the boundary inverse problem

are the pressure values at point d, i.e. Z(tj) =pl.
To evaluate the influence of errors in the initial data
on the solution of the boundary inverse problem of
the function z(t), we write it as follows
z9(t) = z(t) + 26(a(t) — 0.5),

where 6 - error, o(t) is a uniformly distributed
random variable on [0,1]. Figure 2 shows the graphs
of the functions z%(t) for different values of d and

b)

0 075 100 125 150 L75 200
& hour
9

Fig. 2: Graph of the function z(t) at d =
30m,50m,70m,90m: a) at § =0, b) at § =
0.0001, c)at 6§ = 0.001,d)at § = 0.01

Source: created by the authors
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To solve the boundary inverse problem we apply
the De Souza marching method, [15]. The method
uses a purely implicit difference approximation of
equation (9). Figure 3 presents the computational
stencil of the proposed method, in which, by
resolving equation (9) for pi]_+11,
expression is obtained.

j+1 h?(T+24y)
pi]_l - (2 + 2nt(t+Ap) 1)
R2(2A,-1) _j-1 2(R*Ay+mrdy,)
2ut(T+2p) Il - P+

the following

j+1
Ty
Ap

T+4p

j
ur(T+dpy) L (pi+1 +

pl_,)i=nn—-1,.1,j=1,.,M.
(18)

From here you can find the value of pressure in the
PW.

i-1j+1 i+l it1j+]
®
LJ
Fig. 3: De Souza’s Computational Schematic
Template (18)

Source: [13]

The boundary value inverse problem can also be
solved using the Hensel-Hills marching method,
[15]. We write the approximation of equation (3) as
follows:

j+1 j—1 j+1 j—1

j

p{" -p] p!""—2p]+p]

L L +Av L 21 L —
2t o = S
j o i j o

2 Diy1 2P P4 +'1_p Pi172Pi+Piy

h2 T h2
j=1 o j-1, j-1
Piy1 2Py +Pj4
h2 ’

(19)

From this we find
L (hz;t,,(p.f“ +p! ™t —2p)) +

j
Pi1 = HT(Ap+T) {

W22 (o] +p! ™) + udp(pl T - 2p] 7

L
Jj-1 J J J j
Piy1 t2p; — pi+1) + nt? (Zpi - Pi+1))’
i=nn—-1,..1,j=2..,M—1.

(20)

From equation (18) we can find the equation where
j=1landj=M:
_ Cpi—Bpi,~F

pL, = ClzBrlaR @)
M_p M _M-1
pi, =Pl 22)
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The computational template for equations (20), (21),
(22) is shown in Figure 4.

X X X X
j=mr XX X X

X X X X

X X X X

X X X X

X X X X

X X X X

X X X X s
2 X X X X X X[®]®
u><><><><><
0 ® ® ® ®

NONONONONC

i=n-1 i=n i=n+l

Fig. 4: Computational Scheme Template of the

Hensel-Hills Method (20), (21), (22)
Source: [13]

4 Results and Discussion

For the numerical solution of problem (3), (4), (5),
(7), (8) the following initial data values were used:
L=200m,T=7200s,k=1-10""?m? »x=3"
1071 m?/s, p, = 25MPa, n=0.1-10"8 MPa-
s,v9=1-10"* m/s, 1, = 1000 s, 1, = 500 s.

In the first stage, numerical results were obtained
using the De Souza marching method. Despite the
method’s sensitivity to input data, with proper
parameter settings, it was possible to obtain
approximate  solutions reflecting the key
characteristics of the physical process.

However, with noisy input data, the solution’s
stability ~ deteriorates,  requiring  additional
regularization. To smooth the solutions and reduce
the impact of noise, splines were used, which
partially compensated for the method’s instability.

Figure 5 and Figure 6 present the results of the
numerical and analytical solutions of the function
for the parameter value and various values of the
distance. As can be seen from Figures 5a), 5b), and
5¢), the numerical and analytical solutions almost
completely coincide, indicating the high accuracy of
the approximate method used. However, Figure 5d)
shows a decrease in the stability of the numerical
solution, which is associated with an increase in the
value of the parameter. To improve the stability of
the calculations, the distance was reduced, which
made it possible to restore the exact coincidence of
the solutions, as shown in Figure 6.
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Fig. 5: Results of solving the boundary value
inverse problem using the De Souza method for § =
0:a)atd =30m;b)atd =50m;c)atd = 70 m;
dyatd =90m

Source: created by the authors
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Fig. 6: Results of solving the boundary value
inverse problem using the De Souza method for § =
O:a)atd =20m;b)atd = 25m;c)atd = 30 m;
d)yatd =40m

Source: created by the authors

Figure 7, Figure 8 and Figure 9 show the results
of calculations of exact and approximate solutions
for different values of 6.

Figure 7 shows the results of calculations of
exact and approximate solutions of the function
p(t,0) with § = 0.0001 for different values of the
parameter d. It can be seen from the graphs that
with an increase in the value of d, the perturbations
in the approximate solution of the boundary inverse
problem increase, which indicates a decrease in the
stability of the numerical method.

In Figure 7a), for a small value of d, there is
almost complete coincidence between the exact and
approximate solutions, which indicates the high
accuracy and stability of the method.

In Figure 7b), with a moderate increase in d,
minor oscillations begin to appear in the
approximate solution, but the general behavior of
the function is preserved.

In Figure 7c), a further increase in d leads to
increased oscillations, which degrades the accuracy
of the approximate solution.
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In Figure 7d), for large values of d, the
approximate solution becomes highly noisy and
loses physical interpretability, which indicates a
significant loss of stability of the numerical
algorithm.

a b

—— Exact solution
-~ Approximate solution

—— Exact solution
-~ Approximate solution 2

pit, 0}, MPa
SN
pit, 0), MPa

100 125 150 L75 2.00 000 025 050 075 100 125 150 175 2.00
2] d)
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-~ Approximate solution

21
\\-.L_ )

000 025 050 075

—— Exact solution

pit, 0), MPa
pit, 0), MPa

000 D25 050 075 100 125 150 175 200
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000 025 050 075 100 125 150 175 200
t, hour

Fig. 7: Results of solving the boundary value
inverse problem using the De Souza method for § =
0.0001: a)atd =20m; b)atd =25m; c)atd =
30m;d)atd =40m

Source: created by the authors

Figure 8 shows the results of calculating the
function p(t, 0) for delta and various values of the
parameter d. Compared to the results in Figure 7,
the perturbations of the approximate solutions
become even more pronounced, indicating an
increase in the instability of the inverse problem
with increasing §.

In Figure 8a), for a relatively small value of d,
the approximate solution exhibits noticeable
fluctuations, but the general shape of the solution is
preserved and remains comparable to the exact one.

In Figure 8b), as d increases, the amplitude of
oscillations in the approximate solution increases,
and deviations from the exact solution become more
pronounced.

In Figure 8c), the oscillations become chaotic
and the accuracy of the approximate solution is
significantly reduced.

In Figure 8d), for large values of d, strong
disturbances are observed with sharp jumps
reaching hundreds of MPa, which makes the
approximate solution unsuitable for practical use
due to the loss of stability and physical
interpretability.

Figure 9 shows the results of calculating p(t, 0)
for 6 = 0.01 and various values of the parameter d.
Compared to Figure 7 and Figure 8, the approximate
solutions  exhibit even more pronounced
perturbations. This indicates a significant decrease
in the stability of the numerical method with
increasing 6 error, especially for large values of d.
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Fig. 8: Results of solving the boundary value
inverse problem using the De Souza method for § =
0.001: a)yat d =20m; b) at d =25m; c) at d =
30m;d)atd =40m

Source: created by the authors

In Figure 9a), even at a relatively small value of
d, the approximate solution contains noticeable
oscillations, although its amplitude remains within
reasonable limits compared to the exact solution.

In Figure 9b) With further increase of d, the
oscillations become stronger, the approximate
solution deviates from the exact one, and the
structure of the graph becomes less predictable.

In Figure 9c) the disturbances become chaotic
and resonant in nature, and sudden changes in
amplitude are observed that exceed the permissible
pressure values.

Figure 9d) For large values of d, the approximate
solution completely loses stability: the amplitude of
oscillations reaches several thousand MPa, which
makes the result physically incorrect and unsuitable
for analysis.

a) b
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t, hour hour

Fig. 9: Results of solving the boundary value
inverse problem using the De Souza method for § =
0.01: a) at d =20m; b) at d =25m; c¢) at d =
30m;d)atd =40m

Source: created by the authors

Figure 10, Figure 11 and Figure 12 show the
results of calculations of exact and approximate
solutions for different values of delta using
smoothing splines, [16].

Figure 10 presents the results of calculating the
exact and approximate solutions of the function
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p(t,0) for a fixed value of the parameter & =
0.0001 for various values of the parameter d.
Approximate solutions of the boundary inverse
problem were obtained using smoothing splines,
which allows us to evaluate the stability and
accuracy of this method.

In Figure 10a), the exact and approximate
solutions demonstrate a high degree of agreement.
Both p(t,0) dependencies are characterized by a
smooth decrease from 25 MPa to 20 MPa over 2
hours. This indicates that, at this value, smoothing
splines provide an accurate reproduction of the
solution.

In Figure 10b), the behavior of the solutions is
similar to graph a). The differences between the
exact and approximate solutions are minimal, which
confirms the stability of the smoothing spline
method for this value of d.

Figure 10c) shows a slight discrepancy at the
initial time (t =0): the approximate solution
exhibits a sharp jump (around 25 MPa), while the
exact solution starts with a lower value. However,
after this jump, the approximate solution quickly
stabilizes and follows the exact solution, decreasing
to 20 MPa. This indicates a local instability of the
method at the initial time.

In Figure 10d), the approximate solution exhibits
significant oscillations. The exact solution remains
smooth, highlighting the instability of the
approximate solution for a given value of d.

pit. 01, MPa

000 025 050 075 L0O 125 150 175 200
—— Exact solut

=} 2
Approximate salution F

=l 4 lution
' i ut R
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gl - g b s
£ ~ £ 3\ il

at — i

— 18

—— Exact salution
Appraximate solution

000 025 050 075 100 125 150 175 200 000 025 050 075 100 125 150 175 200
. hour hour

Fig. 10: Results of solving the boundary value
inverse problem using the De Souza method with a
smoothing spline at § = 0.0001: a) at d = 20 m,
s = 0.00001; b) at d = 25m, s = 0.00001; ¢) at
d=30m, s=0.00001; d) at d=40m, s=
0.0000005. Where s is the smoothing parameter
Source: created by the authors

Figure 11 shows the results of pressure
calculations p(t,0) at 6 = 0.001 for different
values of d. For each graph, both exact solutions
and approximate solutions obtained using
smoothing splines are shown.

In Figure 11a) it can be seen that for small d the
exact solution exhibits an exponential pressure
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decrease, while the approximate solution obtained
using splines shows a more stable behavior.

Figure 11b) confirms similar trends, where
increasing d leads to a change in the shape of the
curve, but the approximate solution continues to
remain stable.

Figure 1lc) demonstrates that with further
increases in d the exact solution becomes more
irregular, while splines successfully smooth out
these fluctuations, providing more reliable results.

In Figure 11d) there is a significant discrepancy
between the exact and approximate solutions,
however, as in the previous cases, smoothing splines
can significantly improve the stability of the
approximate solution.

\

7
/

\

pit. 0), MPa
pit. 0), MP:

s {7

2001 |
£ 15
S
~ S 20

~— £as

21+ — 200

~ 15
125 150 175 2.0

000 025 050 075 w 000 025 050 075 mn 125 150 175 200
hel

Frg 11: Results of solving the boundary value
inverse problem using the De Souza method with a
smoothing spline at § = 0.001: a)atd = 20m, s =
0.0001; b) at d =25m, s =0.0001; c) at d =
30m,s = 0.00007;d)atd = 40 m, s = 0.00006
Source: created by the authors

Figure 12 shows the results of pressure
calculations p(t, 0) for § = 0.01 for different values
of d. As in previous studies, smoothing splines were
used for the analysis, which provide more stable
solutions.

In Figure 12a, it is observed that for small values
of d, the exact solution exhibits a gradual decrease
in pressure. The approximate solution obtained
using splines shows a smoother curve, softening the
sharp changes.

Figure 12b) confirms the stability of the
approximate solution, which retains its shape even
with increasing d. This allows us to conclude that
smoothing splines are reliable under changing
parameters.

Figure 12c) shows that as d increases further, the
exact solution begins to oscillate. However, the
approximate solution remains stable thanks to the
use of splines, demonstrating their effectiveness.

Figure 12d) demonstrates sharp jumps in the
exact solution, while the splines continue to provide
smoothness and stability. This is especially
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important for the correct analysis of dynamic
processes and the prevention of misinterpretations.
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Fig. 12: Results of solving the boundary value
inverse problem using the De Souza method with a
smoothing spline at § = 0.01: a) at d = 20m, s =
0.006; b)atd =25m, s =0.006; c)atd = 30m,
s = 0.006; d) at d = 40 m, s = 0.005 Source: created
by the authors

The next step involved analyzing the numerical
solution results obtained using the Hensel-Hills
marching method. This method demonstrated high
efficiency in solving the boundary value inverse
problem, ensuring computational stability and
accuracy.

Figure 13 and Figure 14 show the results of
calculations of exact and approximate solutions of
pressure p(t,0) at § = 0 for different values of d.

Figure 13 shows that the exact solutions exhibit a
predictable decrease in pressure over time.
Approximate solutions also show a similar trend.

In Figure 14, the results are similar, but with
different values of d. The exact and approximate
solutions remain close to each other, which confirms
the reliability of the chosen method.

In both cases, it is observed that at § = 0, the
exact and approximate solutions remain reasonably
consistent. This suggests that the approximation
methods are effective in the absence of interference.
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Fig. 13: Results of solving the boundary value
inverse problem using the Hensel-Hills method at
6=0:a)atd=30m;b)atd=50m;c)atd=
70m; d)atd =90m

Source: created by the authors
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Fig. 14: Results of solving the boundary value
inverse problem using the Hensel-Hills method at
6=0:a)atd=20m;b)atd=25m; c)atd =
30m;d)atd =40m
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Figure 15, Figure 16 and Figure 17 show the
results of calculations of exact and approximate
solutions for different values of §.

Figure 15 shows the results of calculations of
exact and approximate solutions p(t,0) with § =
0.0001 for different values of d.

In Figures 15a) — 15c¢) the exact and approximate
solutions are close to each other, which indicates the
high accuracy of the method for a small value of d.

Figure 15d) shows pronounced oscillations in the
exact solution, while the approximate solution also
shows some jumps, highlighting the limitations of
the method under conditions where § is close to
Zero.
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Fig. 15: Results of solving the boundary value
inverse problem using the Hensel-Hills method at
6 =0.0001: a) atd = 20m; b) at d = 25m; ¢) at
d=30m;d)atd =40m

Source: created by the authors

Figure 16 shows the results of calculations of
exact and approximate solutions p(t,0) for 6§ =
0.001 for different values of d.

In Figure 16a)-16b) it can be observed that the
approximate solution is close to the exact solution.

Figure 16¢) demonstrates a further deterioration
in the stability of the approximate solution. A
significant deviation from the exact solution is
observed, especially at later stages. This indicates an
increase in error with increasing d.
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Figure 16d) shows that the approximate solution
has deviated significantly from the exact solution,
indicating a critical decrease in stability. This result
highlights the importance of analyzing the
sensitivity of models to changes in parameters.
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Fig. 16: Results of solving the boundary value
inverse problem using the Hensel-Hills method at
6 =0.001: a) at d =20m; b) at d = 25m; ¢) at
d=30m;d)atd =40m

Source: created by the authors

Figure 17 shows the results of calculations of
exact and approximate solutions of p(t,0) for § =
0.01 for different values of d. As can be seen, the
stability of the approximate solution is significantly
worse than in Figure 16.

In Figure 17a), it can be noted that the
approximate solution exhibits a more pronounced
discrepancy with the exact solution compared to the
similar subgraph in Figure 16. This indicates a
decrease in accuracy with increasing § value.

In Figure 17b), the discrepancy becomes even
more noticeable. The approximate solution begins to
deviate from the exact solution more sharply,
highlighting the deterioration of the model’s
stability with increasing § and d values.

Figure 17c) demonstrates a significant increase
in the difference between the approximate and exact
solutions. The error in the approximate solution
continues to grow, indicating critical sensitivity of
the model to parameter changes.

Figure 17d) shows the maximum discrepancy
between the approximate and exact solutions. This
finally confirms that increasing & leads to a
significant deterioration in the stability of the
approximate solution, calling into question its
applicability to this problem.

Figure 18, Figure 19 and Figure 20 show the
results of calculations of exact and approximate
solutions for different values of delta using
smoothing splines, [16].

Figure 18 shows the results of calculating the
pressure function p(t,0) with the parameter § =
0.0001 for various values of d. Using smoothing
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splines, more stable solutions were obtained

compared to previous experiments.
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Fig. 17: Results of solving the boundary value
inverse problem using the Hensel-Hills method at
6 =0.01: a) at d =20m; b) at d =25m; c) at
d=30m;d)atd =40m

Source: created by the authors

In Figure 18a)-18c), smoothing splines were not
used. Figure 18d) shows that the approximate
solution obtained using smoothing splines is
virtually identical to the exact solution over the
entire time interval. This demonstrates the high
stability of the method at small § values.
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Fig. 18: Results of solving the boundary value
inverse problem using the Hensel-Hills method with
a smoothing spline at § = 0.0001: a) at d = 20 m,
s=0;b)atd =25m,s=0;c)atd =30m, s =
0; d) at d =40m, s =0.0001. Where s is the

smoothing parameter
Source: created by the authors

Figure 19 shows the results of calculating the
pressure function p(t,0) with the parameter § =
0.001 for various values of d. Using smoothing
splines, more stable solutions were obtained
compared to previous experiments.

In Figures 19a)-19b), smoothing splines were
not used. From Figures 19¢)-19d), it is evident that
the approximate solution obtained using smoothing
splines demonstrates good agreement with the exact
solution. The stability of the solution has improved
significantly compared to similar calculations
without splines.
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Fig. 19: Results of solving the boundary value
inverse problem using the Hensel-Hills method with
a smoothing spline at § = 0.001: a) at d = 20 m,
s=0;b)atd=25m,s=0;c)atd =30m, s =
0.001;d)atd = 40m, s = 0.001

Source: created by the authors
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Figure 20 shows the results of calculating the
pressure function p(t,0) at § = 0.01 for various
values of d. Using smoothing splines, more stable
solutions were obtained compared to previous
calculations.

From Figures 20a)-20d) it can be seen that the
approximate solution exhibits a high degree of
accuracy, which indicates that the use of smoothing
splines significantly improves the stability of the
calculations as the § value increases.
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Fig. 20: Results of solving the boundary value
inverse problem using the Hensel-Hills method with
a smoothing spline at § = 0.01: a) at d = 20m,
s=0.01; b) at d =25m, s=0.01; ¢) at d =
30m,s =0.01;d)atd =40m, s = 0.01.

Source: created by the authors

Table 1 provides a comparative analysis of the

RMSE values obtained by the considered marching
methods for various values of § and d.
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Table 1. RMSE Comparison of Marching Methods

De Souza | Hensel- | Hensel-
8 | d | DeSouza| " o Hills | Hills (s)
0 20 1.13e-10 - 1.99¢—-03 -
0 25 1.72e-10 - 2.16e—03
0 30 3.53e-10 - 2.34e—03
0 40 7.47¢-09 - 2.78¢—03 -
le=4 | 20 2.79¢—02 | 5.88¢—03 | 3.01e—03 | 3.01e—03
le—4 | 25 1.58¢—01 | 1.56e—02 | 2.93¢e-03 | 2.93e—03
le—4 | 30 7.28¢—01 | 4.37¢-02 | 6.56e—03 | 6.56e—03
le—4 | 40 2.00e+01 | 8.90e—01 | 1.96e—02 | 7.36e—03
le-3 | 20 3.04e—01 | 6.27¢—03 | 7.09¢—03 | 7.09¢—03
le—3 25 1.41e+00 | 2.42¢—02 | 7.59¢-03 | 7.59¢—03
le—3 30 7.33¢+00 | 2.49¢-02 | 7.27¢-02 | 1.54e—02
le-3 | 40 1.92¢+02 | 9.17¢—01 | 4.30e—01 | 1.86e—02
le=2 | 20 2.73¢+00 | 6.89¢—02 | 6.11e—02 | 1.21e—02
le=2 | 25 1.43e+01 | 2.36e—01 | 8.54¢—02 | 1.93e—02
le=2 | 30 7.53e+01 | 4.46e—01 | 4.78¢—01 | 1.98e—02
le=2 | 40 2.00e+03 | 6.16e+01 | 3.25e+00 | 2.51e—02

Source: created by the authors

5 Conclusion

This paper presents and numerically solves a
boundary-value inverse problem for the equation of
unsteady relaxation fluid flow in a porous medium.
The solution employs marching methods: the De
Souza method and the Hensel-Hills method.
Although the difference schemes underlying these
methods are unstable when solving direct problems,
they prove useful when solving inverse problems,
where sensitivity to the initial approximation is
important. Additional data for the inverse problem
are generated based on a quasi-real experiment. The
input data contain perturbations simulating random
measurement errors. Under such perturbations, the
resulting pressure solution is distorted in accordance
with the level of the introduced errors. Smoothing
splines are used to improve the stability of the
numerical solution. With the correct choice of
regularization parameters and spline characteristics,
the influence of noise can be significantly reduced
and a satisfactorily stable solution to the inverse
problem can be obtained. A comparative analysis of
the results obtained using the two methods shows
that the Hensel-Hills method provides more robust
and accurate solutions than the De Souza method,
especially under noisy input data conditions. The
main drawback of the presented methods is the lack
of statistical justification. In addition, these methods
make it difficult to extend the analysis to two- and
three-dimensional problems. At the same time, they
allow for the study of a wide range of different
problems, whereas marching methods along a
spatial coordinate are applicable only in certain
cases and are not universally suitable.
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