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Abstract: In this paper, we consider the nonlocal Cahn-Hilliard equation with a fidelity term and singular
nonlinearities, which has numerous applications in biology and image inpainting. First, we prove the
existence of a unique solution. We approximate the singular nonlinearities by regular nonlinearities,
from which we derive important priori-estimates for the solution of the approximating problem. We then
establish the existence of a solution to the approximating problem using the Faedo-Galerkin method.
Additionally, we demonstrate that the solution of the Cahn-Hilliard equation in question is of higher
regular by applying Sobolev embedding theorems. Finally, we discuss the important separation property
of the solution that allows us to obtain a global (in time) unique solution of the problem.
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1 Introduction mechanics and the hydrodynamic limit, they
formulated a continuum model-a nonlocal
Cahn-Hilliard equation-governed by the following
free energy functional:

The Cahn-Hilliard equation, proposed in 1958,
describes phase separation between two materials
This model is the natural choice from a

mathematical point of view. However, from 1

a physical (microscopic) perspective, when the EncH1 = — 9 / / M(z —y)p(z)p(y)dzdy
domain is too large, the e-neighborhood in the et

classical model becomes insufficient. To address + / S(p(x))dz.

this, Giacomin and Lebowitz proposed a nonlocal Q

model in 1992 to describe the same phenomenon

from a microscopic standpoint. Subsequently, energy, and M : Rl —s R! represents a
: :

Bgtes an d Han proposed a_modification of the smooth convolution kernel, fulfilling M(z) =
Giacomin-Lebowitz model. We refer the readers . . )
M(—=x). Additionally, S is a convex potential,

for more details [1], [2], [3], [4], 3], [6], [7], [8], [9I], . . .
Bﬂ? [, [12], [1[3]], {1]4],[ []15[]’] [1[6%, [[1]7]’[ []19[]’] [Z[U}, ?rfllzilc(z;égn j(g)};ﬁmm&%d by a convex polynomial

This equation is known as Helmholtz free

Giacomin and Lebowitz pointed out that S(m) = (m+1) In(m+1)+(1—m)In(1—m), m €]—1,1].
this equation cannot be rigorously derived (1)
from microscopic principles. Using statistical Then, the nonlocal Cahn-Hilliard equation given
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by

dp _ O&cm1 _ _

3¢ = Av vi= =5 = flp)-Mxap, ()
where

M(z—y)p(y,t)dy, x € Q,t>0.

(Mrap)at) = [
The nonlocal Cahn-Hilliard energy can also be
expressed in the form

Euom =7 [ [ Mz =9)(eta) =~ olw) ey

n /Q F(p(x))dr,

was proposed by the authors Bates and Han in
[3,4]. Here, F' denotes the double-well potential,
as in the classical Cahn-Hilliard model, and is a
non-convex function. It is typically approximated
by a smooth potential of the following form:

m4 )\1—)\2 2
m

, 3
1 5 3)
where A;,j = 1,2 are positive constants.
Otherwise, if A — Ao > 0, then F' can be seen
as a smooth approximation of S.

F(m) = vm € R,

1.1 Notations

Let Q C R! be bounded, and Y a real Banach
space with dual Y*. We also introduce the
following two spaces:

HY(0,T,Y,Y*) = {p € L*(0,T,Y); p € L*(0,T,Y")}

and

Hy(Q) = {p € H'(Q);p =0},
where p = (p, i) Vp € (H'(Q))".
The inner product (,) represents the pairing of
HY(Q) and (H(Q2))* and the variables p’, 9;p, %,
and p; represent the partial derivative of p with
respect to time t.
Lastly, for any ¢ € H' ([0,7] x Q), we denote its
partial derivative with respect to time by d;p or
% and its partial derivative with respect to the
xj-variable by ;.
Suppose A : RY — R and v : RV — R are
measurable functions. Then, the convolution of
A and « defined as :

Axy(z) = /Q/\(x —y)y(y)dy forz € RY

The values of C, R and F may vary, even within
the same line.
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1.2 Assumptions
Consider the following assumptions:

(A) The convolution kernel M : R!' — R
satisfies the following conditions:

M(z) = M(—z), a.a. z € R, (A1)
sup/ |M(xz —y)| < 400, (A2)
zeQ JQ

Vp € [1,400], I, > 0 such that (A3)

1M 5D lwrn(e) < rplldlLe @),
JdR > 0 such that ”M * 19HW22(Q) S RH19||W12(Q)

(B) The initial condition ¢ is assumed to sagc?slfl;
¢o is measurable, (B1)

0<go(x) <1 ae. ze€f, (B2)
0<py<1. (B3)

(C) The damaged image h € L?(f) takes values
between 0 and 1.

(D) The constant \g is positive and assumed to
be large.

(E) The indicator function xo\ p(w) is defined by:

0 ,zeD
Xo\p(@) = 1 ,zxzeQ\D.

2 Problem Formulation

We study the initial-boundary value problem
given by:

Orp—V-(uVv) = Xoxo\p(®)(h—yp), in Qx(0,T

v=f'(¢)+0, in Qx(0,T),

(
n-uVo =0, on 9 x (0,T), (
(

©(0) = o in £,
where Aoxo\p(z)(h — ) is a fidelity term used in
image inpainting.
The function h(z) represents the damaged image,
D denotes the inpainting domain, and Ag is
a constant. Equations (1.7)—(1.11) correspond
to the nonlocal Cahn-Hilliard equation with
a fidelity term and singular nonlinearities.
Moreover, n is the outward unit normal to 02,
and M is the convolution kernel. The functions
f and p are defined as:

flp) = plog(p) + (1 — ) log(1 — ¢),
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- — (1 —
) o= o),
where p is the degenerate mobility.
The  existence, uniqueness, regularity,
and separation properties of the mnonlocal

Cahn-Hilliard equation with a fidelity term and
singular nonlinearities have not been established
in previous works. However, the authors in
[12] proved the well-posedness of the convective
nonlocal Cahn-Hilliard equation with a reaction
term. Furthermore, in [?], the existence
and uniqueness of the nonlocal Cahn-Hilliard
equation with a reaction term are established.

3 Problem Solution

We consider the nonlocal Cahn-Hilliard equation
with a fidelity term, singular (logarithmic)
nonlinearities, and degenerate mobility (i.e.,
non-constant) in the form:

Opp—V - (u(Vv)) = Aoxa\p(z)(h—¢), in P, (9)

v=f(p)+0, in1, (10)

0. 1) = /Q M(Jz — ) (1 — 20(y,))dy, in o,

(11)
n- uVo =0, on ¥, (12)
©(0) = ¢, in Q, (13)

where 9 = Q x (0,T), Q C R!, and ¥ = 99Q x
(0, 7). Furthermore, the functions f, and p are
defined as:

flp) =pme+(1-¢)In(l —¢), (14)
1
w= = ¢(1 — ). 15
f"(¢) (1=¢) (19)
Definition 3.1 Suppose that conditions

(A1)-(A4) and (B1)-(B3) hold. Let T € (0,00).
If

p e HY(0,T, H'(Q), (H'())"),
0<p<1aeiny,
0 =M=x*(1—2p) a.e. in,
0 € C(0,T], W>(),
(0) = o in L*(%),
then, ¢ is a weak solution of (9)-(13) on [0,T],

(16)
(17)

Theorem 3.2 Under the above assumptions,
there exists a unique weak solution of (77)—(?7)
(in the sense of the preceding definition)
satisfying

p € HY(0,T, H (), (H'(Q))*)(— C((0,T], L*(2)))
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3.0.1 Uniqueness

We proceed to establish the uniqueness of the
solution.

Proof: Let ¢;, i € {1,2}, be two solutions
of the system (9)-(13) with corresponding initial
data ¢, ;.0 € {1,2}. Our goal is to prove that the
solution is unique, i.e., Y1 = V2.

The variational formulation of equations (9)-(10)
reads as follows:

We multiply (9)-(10) by a test function ¢ €

H'(1)) respectively and integrate over §:

((Oep, 9)) = =((V - 1(Vv), V@) + ((xern (@) (h — ¢, ¢)),

(18)
(v, Vo)) = ((f'(¢)), V) + (6, V). (19)
Using (15), (18), and (19), we get for ¢ € {1,2}:
(O, 8)) = —((Vopi + piV0i, V) (20)
+ ((xa\n (@) (h = ¢, 0)) Yo € H' (), a.e in (0,7),
i = p(pi) = @il — i), forie {12}, (21)
0; = M * (1 —2¢;), forie{1,2}. (22)

Let ¢ be the difference between the two solutions,

ie. set ¢ = p =1 — po.
For each i € {1,2}, we have:

((Orp1,0)) == (Vo1 + V1, V) (23)
+ ((xa\p()(h — ¢1,9)),

((Orp2, 0)) = — (Vip2 + 2V, Vo))
+ ((xa\p(@)(h — p2, ).

By subtracting now equations (23) and (24), we
obtain:

(24)

((Oep, ) = =((Veo, Vo)) — (11 V01 — p2V2, Vo))

+ ((xavp (@) (R — 1) — xa\p(2) (R — v2), ©)).
(25)

Furthermore, equation (25) is equivalent to:

%%W:*/ﬂlvw\z*/ﬁ(mwl*Mth‘)z)Vw ”
+ / (xerp (@) (h — @1) = xa\p (z) (b — ©2)) @.
O\D

Then, integrating equation (26) over (0,t), ¢ €
(0,T] and using the fact that

td
— o =p(t) — o
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we get

1 1
5“@(”“%2(9) - 5”9001 - <.902||i2(ﬂ)

t t
= —/ / |V90|2—/ /(ulvel — p2Vo2) Vo
0 Q 0 Q

- t / (o)t = 1) = xorp (o)l — )

t t
sf/ /|W|2+//mlvelwzwzuw
0 Q 0] Q

+/O /Q\D Ixe\n (@) (h = ¢1) — xa\p () (h — @2)| o] .

(27)
Finally, we obtain the following estimates by
applying Young’s inequality:

1
/ |11 V01 — 1u2Vo2| V| < */ ‘V‘P|2
o 2o (+)
1
* 5/ |11VO01 — p2 V02|,
Q

/ |11 V01 — p2 V6|
Q
= / |11V01 — 12V 0z — 111 V62 + 111 V05|
Q
< [l 190 = V0uP [ (V0L i — o
Q Q
< CIV01 = Valaiay + [l = g1 = o) VR
Q

< O|VO1 — Vball32.) + C/ ERAR
Q

< C|IVO1 — VOs 72y + Cl V2|1 oy ll@ll 720
< C4T§||90H2L2(Q) + 047“20”90“%2(9)

< C”GD||2L2(Q)7
(+%)
/ Ixavn(h — 1) — xarp (h — ¥2)]
Q\D
S/Ih*sm*(h*soz)l\sol
Q
X %k ok
S/Iw—s@zl\@l (%)
Q
< / ol ol
Q
< ||<P||2LZ(Q>~

Next, by substituting , and into
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(3.19), we obtain:

1 2 1 2
§||<P(t)||L2(Q) - 5“‘»001 — o272

t 5 1 t 5
=- Vel + 5 Vel
o Ja 0o Ja
1 b2 b2
+ 50 lelzz + [ el
0 0
1 ¢ 2 ¢ 2 ‘ 2
< 3 IVelliz@ +C [ llellize + [ lleliz e
0 0 0

t
Sc/ ||<PH2L2<Q)-
0
(28)
Then, we obtain:

t
IOl < lloo = poallsey + € [ Tl
Applying Gronwall’s Lemma, we reach:
le()]l720) < € llvor — po2ll72(q)-
Furthermore, since pg1 = ©g2,
le)| 720y =0 <= ¢ =0 = p1 = p2.

Hence, the problem (3.1)-(3.5) have a unique
solution. O

3.0.2 Existence
We consider the approximate problem P. defined
as follows (V € HY(Q), a.e in (0,T)):

((Oep, 9)) + ((1eVo, V) = (Xarp(h — ), ¢

v=fl(g)+6aeiny E g
0=Mx(1—2p)a.ein (31)
n- uVo=0, on U, (32)
0(0) = w0, a.e. z €1, (33)

where f! and pu. are defined as follows:
pe = max{p+e,e} (34)

The function f! is a solution to the following
Cauchy problem:

=1+ 2b5)M1€, where b, = (1_‘_462)2_1,
(35)
L1 (1 /1

On the other hand, p. can be written as:

€ for m < 0,

pe(m) =< (m+b:)(14+b. —m) for m € [0,1],
€ for m > 1.

(37)
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From this, we deduce that p. is continuous and

1 1+4e
< < — | = . 38
€= fe > He <2> 4 (38)
Moreover, f! has the following form:
1+2b
+ 20 for m < 0,
€
14+2b
" = = for m € [0, 1],
fa (m) Sm _12_bb€)(1 b — m) [ ]
+ 20 form > 1,
€
(39)
and L+2
0< gy < LE2e (40)
3

Remark 3.3 The function f!' possesses the
following symmetry property:

1 1
é’<2+m>: é’<2—m> Vm € R.

Using the fact that f! (%) =f (%) =0, it follows
that f/(m) < 0 for m < 3 and fi(m) > 0 for
m > % Hence,

fi(m) <0 for m < 0,
Jim) = in (155725) forme[0.1],  (41)
fi(m) >0 form > 1,
and
/ 1 !
I <2+m> =—f <2—m> VYm e R. (42)
142
Additionally, knowing that f/ < + 26 and
€
f2(3) = 0, we obtain:
1+2b 1
|fL(m)| < —:_ < m—2‘ Vs e R. (43)
we thus infer that
1 1
fe <2+m> = f: <2—m> VmeR. (44)
Likewise, for m > 1, we have that
1+ 2b
fi(m) = =(m—1) + fI(1).
However, fl/(m) > 0 for m > 0, so that
14 25, 1+ 2b, 1
fl(m) > +€ m— *5 Vm> S (45)
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Thanks Young’s inequality, we get

et = £ (3)

14+2b: o 1+2b 1+2b.1 142b.1
> m- — — - =
- 2 € 2¢e 4 e 2
142 o oo 1421 142b1 142h1
- 2 2¢ 46 2¢ 4 e 2’
) 142b 140 :
Vv > 0. Since : ° and by choosing

€
¢ to be sufficiently small, we get:

1+5b
fa(m) > % J

1\ 2
(m—2> —q.VYmeR, (46)

such that ¢/ is a positive constant that depends
on €.
Besides, we have that

1+0 1
e e e
1+ b, , 1 1 .
> 1-96 - - —
=2 <( m =g 85) e
for all § > 0. By choosing ¢ sufficiently small and
1+ b

1
noting that > 20 it follows that the below
€ €
inequality holds:
L
fe(m) > %m — Qe

where ¢. > 0 depends on e.

Vm € R, (47)

Lemma 3.4 Let assumptions (A) be satisfied for
€< 2—1{2 Then, there exists a function ¢ such that

o€ HY(0,T, H(Q), (H'(2))*)NL>(0,T, L*(Q))
is solution of (29)-(33) with

where E is a constant that depends of €.

<FE
L2(0,T,L2() —

)

42 ()| 7]

Proof: The construction of the proof is formed by

730

using Faedo-Galerkin’s method.

Let Y = {p € H*(Q); [, ¢dz = 0} be a closed
subspace of H'.

Then, there exist eigenvalues A1, Ao,..., Ay and
Y1,7v2,--.,YN With corresponding eigenfunctions
Y1, ,yn, which form a Galerkin basis for the
operator —A+1Id:Y — Y* where Y C H((Q).
Consider the space Yy = span({yj}év:l).

Define the orthogonal projection

Py:H=L*Q) — Yy
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with functions:

SON—Z)\

which solves the following approximate problem:

(s #)) + (o) Von, Vo))
= ((xa\p(®)(h —pN),®)) V¢ € Yy,
= Pn(M * (1= 2pn) + f(n)),
xo\p(®)(h — on) = Pn(xa\p(@)(h — ¢N)),

©n(0) = pon. (49)

From (34), (35), and (36), we deduce that the
function (p-(pn)Von,Ve), for all ¢ € Yy, is
locally Lipschitz with respect to the variables
Aj, uniformly in ¢. This implies that there exists
Tn € Ry such that problem (48) admits a unique
solution A1, ..., AN, 71, .., 78 € CH[0,Ty); R).

N

)y; and ’UN—Z’)/] )Yi,
j=1

(48)

UN

Next, we derive a priori estimates to confirm
that ¢n is uniformly bounded in N as follows:
multiply equation (48) by the test function ¢ =
vn. Then, obtain:

(&> ) + ((He(en)Von, Vo))
= ((xa\p(z)(h — ¢N),vN))-

We now compute the function ((¢/y,vn)) as
follows:

(v, vn)) = (P, f2(on)) + (v, M (1 = 20n)))

/fs o) /M* 1—2¢N)poN

= [ Grem+ [ GO (- gnen

:E</Qf€(<pN)—|—/Q/QM(x—y)90N(«’E)(1_‘PN(ZI)))-

(50)
Therefore

(/Qfs(SON)'f’/Q/QM(ZL‘—y)@N(;U)(l_LPN(y))> )
[ [ wetomiont

- / (xenp (@) (h — o), o)

([ sonr+ [ [ drte—meno - o) 0

Besides, we have |f/(m)| < C|m|+ C. Thus, by
using this estimate and applying assumption (A)
along with Young’s inequality, we obtain:
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/0 (xenp (@) (h — o), o)
- / X0 @k = om) Llow)
T /Q | Xno(@ =), M = (1= 26)

< /(h — on)(Clon| +C) + /Q[M « (1— 200)](h — o)

w

< CH‘PNH?J + Cllon|la + C+ 72|l —20n||u|lh — on||la

< CH@NII% + Cllenlla + CHSDNHHHhHH +C

c C
< Cllonli + 5 H@NHH+ +—|\¢N||H+—||h||H+C

< CIWNIIH +E.

Using (47), assumption (A),

inequality, we get:

/fegoN //Ma:— Jon(@)(1 - o ()

soN—qa /[M*(l—sozv)]so

and Young’s

_25

Y

Q;HW\/H%{ —qe —m2llenllulll — enllu

1
> 2*8\\<PNH%1 — ¢ — rallon i — r2lUllon |
1 r9|Q|
>(——ry—90 2 g —
> (=720 lowlhr - 4c - 2

1
> (5 -m=0) lowly — e W0 >0,

(51)
where ¢s. denotes a constant that depends on
both ¢ and e.

> 0, we choose § such that
C > 0. Hence, (3.45) implies:

Since — — 19
2e

(3 —r2-9) =

/fgsoN //M:c Yen (@)1 - on ()

> Cllenllir + C.
(52)

Combining the previous estimations, we find

t t
ku)n%ﬁ/o /Qus(mnwm?scw/o ol

Applying Gronwall’s Lemma to (?7?) yields: %9
len L= (o,rm) < C, (54)

and
‘Ms (o) Vo N‘)LQOTH) <C. (55)
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Moreover, we have that

/ e (on) [ Von 2 > / IV (on) + VM 5 (1 — 20w)°
Q Q
(14 2b)Von

2

zs/ + VM * (1 - 2pn)
Q Ms(‘PN)

zp/ \www/ VM (1 — 2n) 2

Q Q

+C/ [Von|[VM * (1 —2pn)|

Q

Zp/ Vw2 - Crill1 — 20wk
Q

2
2 T2 2
- 21—
5 [ 1Ven = 21— 2enly
> (p— 8)[Vwlly — (€ + Ra)ri(lonlls + 1),

Here, m denotes a positive constant that depends
solely on €. Taking § sufficiently small, we obtain:

/Q e (ox) Vo2 = pllonl = Cllon % — C

()
Substituting () into (3.47), we obtain:
lenllzzory) < E, (56)
and
IVun |2 0m,m) < E. (57)
Furthermore,
ol = | |
A I A
SE/M‘JFE |VM % (1 —2pn)|
Q pe(pn) Q
R R\ | Erj Er3
<5 (FIVenli+ 7 ) + 520 - 20wl + 52
<Elen|} +E+Elen|} +E
<Elen|u+E<E
(58)
which yields from Poincare-Wirtinger inequality

and that

lonllz201,y) = Nl L20,1,v)HoN| < E+E < E.

(59)
Next, to obtain an a priori estimate for ¢y,

we take ¢ = ¢’y as a test function in ,
and employ , and , we obtain the
equivalent formulation:
((Pn#N)) = —((1e(on) Von, Vi)

+ ((xa\p(@)(h = n), o))

< Ellon|lalVenlla +1Ih — enllallenla

< (Bllon |l + Rllenlla + R)ll@nllm

< (C+C+R)llpkll < Clieklln.

Thus,
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leN 20y < C (60)

As a result, from (57) and , we observe that
on, ¢yon and fl(¢n) are bounded sequences
in L2(Q) and L>®(Q2). Then there exists (not
relabeled) subsequences of each such that:

©n — @ weakly in L*(0,T,Y), (61)
en — ¢ weakly in L>(0,T, H), (62)
O — ¢ weakly in L2(0,T,Y*),  (63)
filpn) = f2 weakly in L*(0,T.Y),  (64)
and
vy — v weakly in L?(0,T,Y). (65)

Remark 3.5 Let (1 < p < o0). Consider a
Hilbert space Y C H C Y™ and a sequence {¢n}
where oy : [0, T] = Y. Suppose that

lenlzzory) < B, llenlleory) < E,

where E > 0 is independent of N. Then there 3
a subsequence {pn,} such that

ON, — © in LZ(O,T,H).

Moreover, using Remark 3.5 and owing to (56))
and , we get:

©n — @ strongly in L?(0, T, H) and a.e. in ).

(66)
Now (3.44) and (3.48) imply the following:

Ixo\p () (h — o) 20,70 < E. (67)
Additionally, p. and xo\p(z)(h — @n) are

continuous functions. Then, by applying the
Dominated Convergence Theorem, we get

pe(PN) = pe(p) ace. in 1, (68)

and

Xa\p(2)(h—pn) = xa\p () (h—¢) in L*(0,T, H).
(69)

Hence, using and , we reach:

(o )on — e(p)o weakly in L2(y).  (70)

In fact, suppose ¢ € L?(0,T, H). Then, for {j €
1,...,1} we have:

T T
/ (1= (o) s, &) = / (D0 (o)),
0 0

(71)
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Also, is equivalent to:
T T
/0 (te(pn)9jun, @) —/0 (Ojun, pe(p)®)

T
+/ (Oun — Ojv, e () P)
0

T
T / (Byon, (e(ion) — e(2))9).
0

(72)

Again applying the Dominated Convergence
Theorem, we find

' / @y (eon) us(SO)cb)‘

< 05vnll20,1,m) | (e (pn) — pe(9)) @l 20,7, 1)

< El[(pe(pn) — pe(9)) 9l L2 0,1, 1)
(%)

Hence

/OT(aij — 9jv, Me(@)@’ (Fek)

< 1055 = Ojvll 2o, m) e (D) DIl 20,7, 1)

Now, as N — oo, we have — 0 and (P k| —
0. Thus, we conclude that:

T
/ (te(pN)0juN, ¢) — 0 as N — oo.
0

Lastly, using the fact that f! is continuous, we
find that f!(¢) = f¥. Taking the limit N to oo,
and applying the previous convergence results,
we conclude that ¢ is a solution of (9).

In addition, using Fatou Lemma, we reach:

|

< lim inf ‘
N—o0

BNV

2 ()Y ’
pz (@)| Vol e
Thus, the proof of Lemma 3.4 is complete. O
Now, we multiply (29) by the test function ¢ = @,
and, applying (A), (38) and Young’s inequality,
we obtain:

1d
(6 2e)) = 2 Lol
= _/ e Vipe Ve
Q

+/ ‘:DEXQ\D(h — )
O\D

E-ISSN: 2224-2880

Hussein Fakih, Sami Hammoud,
Salwa Manosur, Ragheb Mghames, Wafa Saoud

_/NEV‘Psfé(%)_/ﬂev@aves
Q Q
+/ wexo\p(h — @)
Q\D
- /Q Ve l? 4+ Crall Vel ool — 20l o

Lo Lo 2
o lleellzz (o) + 51PNz @) = l@ellzz ()

- / IVe[2 + Cra@ Vel g

+Rsl|1 = 20e 7 ) + Elleella) + B

_ /Q Vel? + Cra(3 Vel

+Rs |1 = 2¢ell3 0 + Ellgellizo) + B

<(5-1) /Q Vel + Ryllpel oy + RsV8 > 0,

where Rs is a constant depending on o. This
inequality is equivalent to:

1d
5@”%”%(9) + (1 - 5)HV%H2L2(Q) < Ré”%”i?(n) + Rs.

Let 6 < 1 be fixed. Then:

1d

2dt + HVSDEHLZ

— el 2 < Rl@el7:q) + R
Applying Grownall’s Lemma, we get:

el < o,1,22() T [IVeellL2 07,2 ()) < R, (73)
from which we can deduce that:

”90€HL2(0,T,H1(Q)) < R. (74)

Likewise, choosing the test function ¢ = v, in
(29), we obtain:

( 9057@5 msvvsav'%))

dt{/fs oe) /M*(l—%)m} -
" /Q el Vo ? = /Q @ o
Owing to (A) and (74), we find

< HSOEHLQ(Q)HM * (1= pe)llL2(a)

/[M*(l—saews
Q

< R|1- 250€HL2(Q)

< RO = llpellz2 @) < R,

(76)
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and
/ X (@) (h — e)ve
Q\D
_ / Xenp (@) (h — p) fL+ / Xeno (@) (h — ).
Q\D Q\D

/PESO

4 / X (@) (h — 9o [,
pe€(0,1)

!

< xa\p(%)(h — w:) fe

xe\p (@) (h — @) fL + /

pe>0

+/Q<h—¢g>[M*<1—2¢g>1

Pe + be
(h—pe)In <7
‘/9956(0,1) 1— e +0be

/ (h — ) In(pe + b2)
pe€(0,1)

<

> + Cralll = 2¢¢|| 12

<

—/ (h— o) In(l— e +b:) + R
pe€(0,1)

< (R = [[hll2@)E = (R = [|hllp20))C + R
<R.
(77)
Thanks to and , we have that
§ Vo <R, 78
Jz1ve. ., (78)
and
| 0| < R (79)

Similarly, for ¢., let ¢ = ¢. be the test function
in (29). Then, using (2.30), and (2.67), we obtain:

ol L2 o,m,(rr ())) < R (80)

Hence, owing to Remark 2 and, there
exists a (not relabeled) subsequence ¢ €
HY(0, T, HA(Q), (H(2))))NL=(0, T, L*(2)] such
that:

we — ¢ weakly in L?(0,T, H'(Q)), (81)
@. — ¢ weakly in L>(0,T, L*(Q)), (82)
L — ¢ weakly in L*(0,T, (H'())*), (83)
xo\p(®)(h —¢e) = xa\p(@)(h —¢)  (84)

pointwise a.e in 1, and

@. — @ strongly in L?(0,T, L*(Q)) a.e in 9.
(85)
In addition, we have
6. — 0 =M« (1—2¢)in L*0,T, H'(Q)) (86)

and
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pe(pe) = p(p) ae. in 9. (87)

Thus, by combining (86) and (87), we reach:

pe(pe) VO — (o) VO in L* (). (88)

On the other hand, applying the Dominated
Convergence Theorem, we find

[l e () VO — (@) VOl L2 (0
< (e (pe) = (@) VOell 120y + 11(0) (VO — V)|l 120

e (pe) = (o)l L2 @ [IVO: L2(0)
Hllu(@)lL2@) Ve — VO||2(0) —> 0ase — 0.

Therefore, taking the limit ¢ — 0, we deduce
that ¢ is a solution of (9)-(13).
Besides, we have that

pe(m) =€ ¥Ym < 0 and Ym > 1

and
1+2b
(m) = +€ £ Vm < 0 and Vm > 1.
Hence, for m > 1, we reach:
1+2b 1420
fi(m) = ———(m—1)+fi(m) = =(m—-1)
and
1+ 2b.
fe(m) = (m —1)? + f.(1).
Similarly for m < 0, we have:
14+2b
fs(m) > TamQ + fs(o)-
Now, for m = ¢., we have
2p1(1) /
—1)2<
[ et gt [ i
24(1) /
- € 1 89
S Y (59)
(1) / >
< R—2 1
< 0 (r2 e
and
[
<0
241 (1) / 241(1) /
< 1
= 1 +2b€ (pa<0 ’fE((pE)‘ 1 +2bg (’OE<0 ‘fc‘:( )‘
pe(1) ( / )
< R—-2 =(1 .
<5 s
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pe(1) — 0
1+ 2b.
in both (89) and (90),

/@1(@—1)2 0

and

/ 0> =0.
<0

0<p<1aein 9.

Choosing (1) and f- =0(1) ase = 0

we obtain:

Therefore,

In conclusion, Theorem 3.2 is proved.

3.1 Further regularity
Theorem 3.6 Suppose the assumptions of
Theorem 3.2 are satisfied. Then, there exists a
weak solution to (4)-(8) as in Definition 3.1.
Additionally, pg satisfies:

wo € H*(Q) (91)

and

n-(Vo+u(po) VM (1—2p0)) = 0 on 9. (92)
Then, ¢ € L>=(0,T, H*(12)).

The four lemmas, along with there proofs, are as
follows:

Lemma 3.7 Assume the conditions of Theorem
3.1 are satisfied. Then, there exists ¢ a solution
of (4)-(8) as defined in Definition 3.1 such that

@r € L0, T, (H'(Q))*) N L*(0,T, L*(Q)). (93)

Proof: Firstly, we have ¢:(0) € (HY(Q))*

Consequently, we obtain:

P, = / xo\p(z)(¢ — h)dx for a.e. t € [0,T].
Q

(94)
However, since () is bounded, we have:
;€ L>(0,T) and ||@l[r~0m) < E.  (95)

Denote (H}(Q))* by Hy '(Q). Then, it remains
to show that:

® = p—p, € L°(0,T, Hy 1 (Q))NL*(0, T, L*(Q)).

Consider the realization of the Laplacian with
the boundary conditions Ay H}(Q) —

Hy 1(©). In other words, the proof will proceed

E-ISSN: 2224-2880
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by approximating the time derivative with Ay.
Now, choosing the test function ¢ = A]_Vlcbt and
noting that i, has a zero mean, the variational
formulation of (4) becomes:

(@1, Ay 1))

= —((u(®)Vv, VAN 1)) + ((xa\n(2) (0 — h), Ay ®1)).

Differentiating each term in the variational
formula above with respect to t, we reach the
following computations:

d

T @ellE ) = 2((@ut, @) g2 0

= 2((VAR @y, VAS D)) = —2((Pu, AN D)) 12(02),
which then implies:

1d

5@”‘1%”?{51(9) + ((Pre, Ay @) 12(2) = 0. (96)

Moreover, we have

— ((u(®)(Vv)i, VAR @1))
= —(((Mve)t»VAﬁl‘bt))LZ(Q) - ((V(I)t7vAXI1(I)t))L2((Z)
= —(((LVO)r, VAN ®1)) 120y + [ Pel[72 (-

From this, and using the identity
_((/,L(V’U)t, VA]:[IQIL/)) = ((V(Mvv)t7 A]_\/'lq)t))a
we obtain:

(V(uV0)e, AN @) + ((V0):, VAN @) 2(q)

— (19172 () = O-
(97)
Thus, combining and @, we get:

1d _
5 12 ) + (B, A1) ooy

= —[|®l|72 0y + (V(V0)e, AV Py))
+ (((1VO), VAR @) 12(0)-

Hence,

1d

2dt

= —((Pur, AN 1)) 12() + (1Y), VAL 1))
+ ((V(Ve+ pV0)s, AN 1)) 12(0)-

126112, 1y + 11230y

(98)
Furthermore, differentiating (4) with respect to ¢,
we get:

o1 = Vo + (1V0) + xa\p(w)(wr — he)  (99)
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and

B = /Q e @e—hdz.(100)

Then, Subtracting and ((100)), we deduce the

following equation:

Dyt = Pt — Pyt
=V + (uVO0): + xo\p () (pr — ht)

4 /Q (@) ho),

that is equivalent to:

— (e, AR 1)) r2() + (V(VO + pVO), AV D))
—((xarn (@) (1 — he), AN 1))

(Lo sosin))

As a result, we deduce:

1d B
5 g 1@l o) + 12 (0) = ((1V0), VAR ®1)
— (e p (@) (1 — he), AR DY)

(e ws)
101

It then follows from Young’s inequality that

(((uV0):, VAN 1))

< eV + uVO| L2 IVARN @il 120y

< roolleellL2 @ el g1 0y + r2lletllz @l el -1 ()
< Rlledll2 @19l -1 )

SR+ [[Pe]l 2 @) 19l =1

1 1
< RH‘I)t”HJl(Q) +R (5\|‘I’tlli2<m + 5”4)’5“?{(;1(9))

1
§|‘¢f|‘L2(Q) + EH(I)t”H—l(Q) + RHCI)fHH—l(Q)
(102)
Using the fact that Ay'®, € HH(Q) and

Poincare’s inequality, we find

((XQ\D(QS)(% -

= / XD () (91 — hi) AN @y
Q\D

< e — hellpz(oy AN ®ell L2(0) (103)
< (A [|Pell L2y — ”hf”L?(Q))HAXqu)tHLQ(Q)

hi), AN ®:))

1
ZH(I)tHLQ(Q) +RH(I)75”H L) +EH¢t”H(;1(Q)
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and

((/ xo\p () (et — he), A]Ql@t))
Q\D

< lgr — hellp2 o) |AN el L2 (0
< (19 + 19l 2 () — lhell 2@ IAN Pill 2 ()

< RIOP |02,

1
(104)
Thus, by combining (102, (103), (104]), and

applying Young’s inequality in ((101)), we obtain:

1d 1
3 71 ®eller; ) + §||‘I’t||%2(ﬂ)

< R||®471 ) + Bl @t 0

1 1

< EH<I>tH2  +E

Integrating over (0,t) gives:

1
SIBO2

/ AT,

1
A L

that also implies:

9 1/ 2 ' 2
|\<1>t(t)\|HO_1(m+1/0 @720y < E ; 1@elly51 ) + B

By now applying Gronwall’s Lemma, we have:

1P|l e 0,7, (B (2))) + 1@l 20,7, 22(02)) < E-

Finally, by using (3.5), we obtain the estimate:

el Lo (0,7, (@))) + [leell 20,7, 22(0)) < E-

g

Lemma 3.8 Given that the conditions of
Theorem 3.1 are satisfied, there exists ¢ a
solution to the system (4)-(8) as defined in
Definition 2.1, such that

@ € L®(0,T, L*(Q)) N L2(0, T, H*(Q)). (105)

Proof: We select the test function ¢ = ®; and
differentiate (4) with respect to time. This gives:
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1d
3@ 12|72y = —(1eVO + uV 0 + VOi, VL)) 120

+ ((xa\p (@) (e = he), Po)) L2(a)

- ((/ oo (@) (s —m),@))
o\D 2@

< —R|V®:|72(0) — 1]l 220 IVt 120
2 2
+ Rl Pt 20y + 1Pl 72(0) — ElI®tll 20y + [1Pellz2(0)

<R ( T qunanm)fRuvqnuiz(m
T RIB oy + B e

1
< R|®ill 2y + Ell®l|720) — §||V‘Dt\|i2<n>-

(106)
Then, by integrating (106]) over (0,t), we infer:

/ IV @170
t t 9 1
< R/O ||(I)tHL2(Q)+E/O [Pl 72()+

Additionally, we observe that |[|®(0)[|z>q) is

bounded. Then, using Young’s inequality, we
reach:

()3 +

d t t
GO+ [ 19020y < R [ [@0l3a(0) + 2.

Moreover, by applying Gronwall’s Lemma, we
obtain:

[Pl L= 0,7, 22(0)) + IVl 207,51 (0) < E-

Then, using the fact that Vi, = 0, we get

letll o< (o,r,2()) + el 201,11 () < E.

Thus, (105) follows.

Lemma 3.9 Suppose the conditions of Theorem
3.1 are satisfied. Then, the solution ¢ to
the system (4)-(8) as defined in Definition 2.1,
satisfies:

O

Vo € L0, T, L*(Q)). (107)
Proof: We deduce that Vo € HY(0,T, L*(Q)),
owing to (105]). Therefore, we obtain (111). O

Lemma 3.10 Assume that the conditions of
Theorem 3.1 are satisfied. Then, there exists ¢
a solution to the system (4)-(8), as defined in
Definition 2.1, such that:

o € L®(0,T,H*(Q)). (108)
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Proof: Owing to Lemma 3.2 and Lemma 3.3, we

737

have ¢, € L>(0,T,L*(Q)), (1 — 2p)VpVl €
L>(0,T,L?(2)) and pAf € L=(0,T, L*(2)).
From this, we can also conclude that xo\ p(7)(p—
h) € L>(0,T, L*(Q2)). Hence,

((Ap, ¢)) =

such that

((¢,9)) Vo € HY(Q) ae. t € (0,T),
(109)

=+ (1=2p)Vpl + pAb + xo\p(z) (v — h)
(110)
in L>(0,7T, L?(£2)). We thus infer that

@ € L®0,T, H(Q)) N L> (1))

6 € L0, T, H*(2)) N L=(0, T, WhH>(Q))
V6 € L0, T, H (Q)) N L> ().

Moreover, since OS2 is locally Lipschitz, there
exists a unit normal vector n on 0f) such that
n € L>*(09Q). Thus,

@GL‘X’

on (o, T, H 5(89)) N L>®(0,T, L=(09Q)).

(111)
By Lemma 3.3, we have V() = (1 — 2p)Ve €
L>(0,T, L*(?)), from which we deduce:

u(p) € L® (o,T, H%(Q)> . (112)

Given that 0 < ¢ < 1 and 0 < p(m) < 1 for all

€ [0,1], and noting that this can be extended
for all m € R such that 0 < pu(m) < 1, we
conclude:

u() € L0, T, L=(92).
Now, from (111)), (112 and (113]), we infer:

(113)

00 o 1
ue)g € L (O,T,Hz(aﬂ)). (114)
It then follows that:
dp B 00
an = uVeo = u(p) 5, &€ on 090.
Then, by using , we deduce:
690 0o 1
el <0,T,H (69)) . (115)

Remark 3.11 Elliptic Regularity Theorem:
Let Q C R, where | € N. Denote by n the outer
unit normal on 9. Suppose ¢ € L*(Q) and k €
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Hz(09Q). Then, p € H2(Q), if there exists p €
HY(Q), such that p is a weak solution satisfying:
Ap=(inQ,
g—% = Kk on 0f).

Furthermore, there exists E > 0, independent of
¢ and K, such that

lolla2) < E (HPHL2(Q) + ¢lle2(0) + HH”H%(@Q)) )

Lastly, by using Remark 3, we obtain:

9¢
et < B (lelza + 162 + 150,11 0, )

for almost every ¢t € [0.7]. Considering (120]),
(115), and the result ¢ € L>(0,7T,L3(f)), we
arrive at ((108)). O

3.2 The Separation Property

This part focuses on the separation of the solution
¢ of the system (4)-(8) from singularities. First,
we show that p(¢) lies between 0 and 1. After
obtaining some a priori estimates, we prove the
existence of a positive constant g such that ¢ <
oz, t) <1—gqae xe€Q te[lyT]. Thus, we
have following theorem:

Theorem 3.12 Given | < 3, and assuming the
conditions of Theorem 3.1 are verified, then for
all Ty € (0,T), there exists a constant ¢ > 0 such
that:

q < p(z,t) <1 —q for almost every x € Q,t € [To, T).
(116)
Note that if

3¢ >0 such that ¢ < py <1 —q, (117)

then Ty = 0.

We begin by proving that 0 < ®(t) < 1 for all
t € [0,7] in Lemmas 4.1 and 4.2.

Remark 3.13 If 0 < p < 1, then ¢ separates 0
and 1 in the following manner:

0<p(t)= |§12’/Qcp(x.t)da: <1Vte|0,T].

Lemma 3.14 Assume that ¢ is a weak solution
of the system (2.1)-(2.5) as defined in Definition
2.1 and that (B3) is satisfied. Then, there exist
constants dyg > 0 and ey > 0, independent of t,
such that:

Q1] > e >0, (118)
where Q) = {a’ € Q;p(2',t) > do}.
E-ISSN: 2224-2880
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We
have

@(t)—%:/ot %@(m)dm:/ot((sﬁlal))

:// Mmmm%m:/«mwmw—wny
o Jo\p 0

Consequently, we deduce:

o(t) = B + /0 /Q @ —h. 19

Now, owing to the previous results ¢ €
C([0,T), L?(2)), the function p : t € [0,T]
®(t) € [0,1] is continuous. First, we show that
there exists a constant p > 0, independent of ¢,
that satisfies:

B(t) > pVt €[0,7). (120)
By contradiction, assume that there exists t; €
(0, T] such that t; is the point is the point where
®(t) = 0,t € [0,T]. From this, we deduce that

o(t") = 0 almost everywhere for x € Q. We thus
have that

Applying  Gronwall’s  Lemma, we  get
p(t) > Pyt > 0 for all t € [0,7] (ie., it
is bounded below). However, we also have
®(t') = 0, leading to a contradiction. Therefore,
is proved.

Additionally, let dy = %p. Then, we have:
‘ 1
Q] = P =¢o > 0.

Now, suppose by contradiction that [Q}] < %p. In
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this case, we get:

p <o(t)

= [t fn®
Qt Q\Qt

p
< 1+/ z
/5 o\ 2

< |0l +§/ 1
O\Qf

<3+ SI\0L.
Thus, we arrive that |[Q\Q}] > 1, which
contradicts the assumption Q2] = 1. O

Lemma 3.15 Consider that ¢ is a weak solution
of the system (4)-(8) as defined in Definition 2.1,

and assume that assumption (B) holds. Then,
there exist constants dy > 0 and ey > 0,
independent of t, such that:

Q4] > eg >0, (121)

to which Qf = {2’ € Q;p(2',t) <1 —do}.

Proof: The verification of this lemma is identical

to the verification of Lemma 4.1,. Il
There are two main propositions that are
essential for proving Theorem 5.1.

Proposition 3.16 Suppose the conditions of
theorem 4.0.1 are satisfied. Then, for every Ty €
(0, T) there exists a constant ¢ > 0, depending on
both Ty, and Py, such that:

q < (x,t) for a.e. x € Ut € [Ty, T]. (122)

Moreover, Ty = 0 provided that there exists ¢ > 0
such that:

q < ¢ almost every where in €. (123)

Proof: The verification of Proposition 5.1 involves

proving that:

In(e(s )l <o)

Remark 3.17 Given that %) €
L>(0,T,H*(Q)) N C([0,T],L*(Q)), it follows
that ¢ € C([0,T],H™(2)) for all m < 2, and
p € C([0,T],L>(Q)) if I < 3.

< RVte [To,T]

First, by Remark 5, consider 0 <
©(t) almost everywhere in Q for all ¢ € [0, 7.
Define
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Now, by choosing j = 1, and deriving a
differential inequality of M;(t), we use the test

function ¢ = %. This leads to the following:
d d ;1
=5 [men=-((+2))

_ /} v(é) (Ve + pv6) - /Q Sxep(@)(e —h).

We compute

—h _ _
Xo\p(2)(p )S_w hy—ho_¢_y
v @ v
Then, we obtain
1
- [ Sxew@e-m<E a2
Qe

This can be verified by showing that:

o (1)

()

Afterwards, by applying Young’s inequality, we
compute as follows:
/ Vin(e

d
%Ml(t) < /\Vln
f/Q|V1n g0)| f/yl(lfgo)VIH(ap)VeJrE

1
- [P+ 5 [ Vi + R [ (V0P + B
Q Q Q

<=5 [IVm@P+R [ 907+ 8

|V In(e)[?

and

v+ E

<- 5/|v1 )2 +R/|M* (1-20) +E
1

LG NIEEEE
1

< — §/|V1n | —|—E/|gp| + R+ FE
1

<- 5/|v1n )2 + E.

(125)

Remark 3.18 Let Q C R!, where | € N be a
bounded domain. Suppose p € H () and ' C
with || > 0. Then, there exists a constant E >
0, dependent on 2 and Q’, such that:

1
— Vol r:
’Q/| Q/IO || IOHL

p [R—
‘ 12() ’Q”

Consider dy , Q} and ey as defined in Lemma 4.1.
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By remark 6, (2.11) and (4.3), we obtain:

[ v = Bt |

> Bloif* [ J e =g [ [ ln(sa)]
vE| [ ‘91“2 </ 1n(w)>2]

> B|0S ( [ = g [ o) [ ﬁ 1n(<ﬂ)>

>E<</1 ) +%/ﬂ|1n(w)| Qﬁln(d@)

BE(Mi(t)) EMl( )
E(Mi(1))* ~

In(p)

1
- In
] Jo )

> ®))

> (
(126)

Now, combining (126) and (127), we deduce:

D ary ) <

di = g(Ml(t))2 + % +E < —Ei(M(1))" + B2.

According to [30], we can show that for all Tj €
[0,T7], there exists A; dependent on @, and Ty
and independent of My, such that:

Ml(t) <A Vte [To,T] (127)

Likewise, we derive a differential inequality for
M;.
J

%Mj(t) = % (/ﬂ(ln(go)));
- [ (¢ E2)) (55) (/ﬂ(—lnw))j)jll
=M /Q v (%) (Ve + uVo)

-0 [ xanp(a)e -

Owing to Holder’s inequality with conjugates j
and jJTp we obtain the last term:

M = /Q (—In(g))’ !

1 i

<([1)(] <—1n<so>><“>ﬂ);l

< |Qpmi .
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Then, using (4.10), we get:

. —In(p))i 1
-7 [ o) - =)
< EMI™! /Q(— In(g))’ ™! (128)
< EMI7 M)

<EMJTQP M < E,
where F is independent of j.

Next, by using (128) and [I6], we can show
the below differential inequality:

d
dt

where A; is as in , from which we deduce
that V T € (0,7, the followmg holds:

1 )
—M; < Eg.*z(]\/fj)2 + Eqs A1 My + Esj,

sup M;(t) < Ri(T);j® Vj € [1,400),
t>T

where Ry(T) is independent of the initial values
M;(0) and j, and is decreasing on (0,400).
Additionally, TRy(T) increases as T becomes
large. Lastly, by [16], we conclude that for all
To > 0, there exists R > 0 such that:

M;(t) < RVt > Ty,

where R depends on Ty and .
Taking the limit as j — oo, we deduce:

(o )l L) < R VE € [To, T].
g

Proposition 3.19 Assume that the conditions
of Theorem 4.1 are satisfied. Then, for every Ty €
(0,T), there exists a constant ¢ > 0, dependent on
both Ty and @y, such that:

oz, t) <1—qaexecQandte [Ty, T]. (129)
Furthermore, if there exists q such that

o <1—q, (130)
then Ty = 0.

Proof: The proof of Proposition 4.2 follows

similarly to that of Proposition 4.1, differing only
in the substitution ® =1 — ¢. O
As a result, by combining Propositions 4.1 and
4.2, we deduce the proof of Theorem 4.1.

Volume 24, 2025



WSEAS TRANSACTIONS on MATHEMATICS
DOI: 10.37394/23206.2025.24.72

4 Conclusion

The objectives of this paper were to study the
existence, uniqueness, regularity, and separation
properties of the nonlocal Cahn-Hilliard equation
with a fidelity term and singular nonlinearities.
Uniqueness of the solution was established
by assuming the existence of two solutions,
multiplying equations (??7)—(??) by a test
function ¢ € H'(¥), and analyzing the difference
with respect to the initial state. From these
computations and the equality of the initial
conditions, we concluded that the solution is
unique.

Existence of a weak solution was proved
by approximating the singular logarithmic
nonlinearities with more regular functions. Using
the Faedo-Galerkin method, we derived a
priori estimates for the approximate solutions,
established their existence, and passed to the
limit to obtain a solution to the original problem.
Regularity was demonstrated through four key
lemmas, which were instrumental in proving that
¢ € L*>(0,T; H?(2)) in the main theorem.

We also proved the separation property,
showing that (t) remains bounded between 0
and 1, and established the existence of a global
(in time) unique solution.

An interesting challenge in the nonlocal
Cahn-Hilliard model is the development of
numerical simulations to evaluate its efficiency
compared to the classical model. In particular,
the question arises: “What advantages does
the nonlocal Cahn-Hilliard model offer over the
classical one in practical applications?” In future
work, we aim to address this by developing a
convergent numerical scheme for the proposed
model and performing simulations to highlight
the potential benefits of the nonlocal approach.
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