
1 Introduction
Methods of relaxation used to solve nonlinear sys-
tems and global optimization problems typically in-
volve bounding the non-convexity present in the con-
straint or objective functions from below using linear
or convex functions, see [1], [2], [3]. A discrete relax-
ation approach for optimization problems has some
key conditions that need to be investigated, as out-
lined in [4]:

• Each feasible discrete point in the problem can
be used by the relaxation method.

• The derived function is easier to analyze than
the original problem.

• Rate of convergent to the original function is
obtained.

Various relaxation techniques for global opti-
mization applications have been explored in the lit-
erature, such as those found in [5], [6], [7]. In our
work, we study the constraint problem

min
x∈T

H(x)

where the set of feasible solutions T is defined as

T =

{
gi(x) ≤ 0 for 0 ≤ i ≤ t
x ∈ S

(1)

and S is a simplex domain with real functions H , and
gi given over S.

In [4] and [8], several methods were addressed
for creating lower bounds optimization for polynomi-
als for the problem (1). These methods did not obtain
the convergent rates in multidimensional case. Many
other bounds with applications in different fields are
given in [9], [10], [11], [12].

In this work, we utilize Bernstein control points to
construct an affine bound function that optimally ap-
proximates the original polynomial and rational func-
tions from below. Additionally, positivity analysis
and stability analysis for the Bernstein form, as dis-
cussed in [10], are considered. Our second objective
is to derive an affine bounding that ensures a high
convergennt rate to the origin over triangles, guaran-
teeing that the minimum error bound approaches to
zero. First, we examine various existing methods that
compute lower bounds using the Bernstein approach
and interval domain techniques. Then, we introduce a
novel linear affine lower bound (ALB) that converges
to the original multivariate function at both linear and
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quadratic rates. This method is based on the least
squares of control points, incorporating degree eleva-
tion and the convex hull of the elevated points degree.
Finally, we demonstrate that the proposed bound ef-
fectively estimates the original function, ensures con-
vergence, and preserves the overall shape of the curve
across its domain.

2 Bernstein Approach (BA)
In this section, we present some notations and existent
definitions of BA.

Definition 2.1 Consider l0, . . . , ln be n+ 1 points of
Rn (n ≥ 1). The list L = [l0, . . . , ln] defines the gen-
eral simplex of vertices l0, . . . , ln, where L is a non-
degenerate simplex of Rn. It follows that l0, . . . , ln
are linearly independent.

Let χ0, . . . , χl be the associated barycentric coor-
dinates to L where

∑n
i=0 χi(x) = 1 and x =∑n

i=0 χi(x)li, ∀x ∈ L. We set the multi-index
t = (t0, . . . , tn) ∈ Nn+1 and |t|= t0 + · · ·+ tn.

It is known that any simplex L in Rn can be
linearly transformed to the canonical simplex E =
[e0, e1, . . . , en]. To this end, we present our methods
over E where (e1, . . . , en) is the canonical basis of
Rn and e0 = (0, ..., 0). If x = (x1, ..., xl) ∈ E, then
(χ1, ..., χl) = (x1, ..., xn) and χ0 = 1 −

∑n
i=1 xi.

For s, t ∈ Nn+1 with s ≤ t, we define(
t

s

)
:=

n∏
i=0

(
ti
si

)
.

If M ∈ N so that |t| =M , we use(
M

t

)
:=

M !

t1!...tn!.t0!
.

Remark 2.1 The BA of degree M over L is given as
(D

(M)
t )|t|=M , where

D
(M)
t (χ) =

(
M

t

)
χt.

For x ∈ Rn and xs :=
∏m

i=1 x
si
i , let a (mono-

mial) polynomial function h of degree m be denoted
by

h(x) =
∑
|s|≤m

csx
s.

The Bernstein form of maximum degree m ≤ M for
this monomial polynomial over a simplex is presented

as
h(x) =

∑
|t|=M

ψt(h,M)D
(M)
t ,

where the Bernstein coefficients ψt(h,M) are com-
puted by

ψt(h,M) =
∑
s≤t

(
t
s

)(
M
s

)cs, |t| =M.

Definition 2.2 The grid points associated to l are de-
fined as

lt(M,L) =
t0l0 + · · ·+ tnln

M
∈ Rn (|t| =M).

The control points for the curve of a polynomial are
denoted by

(lt(M,L), ψt(h,M)) ∈ Rn+1 (|t| =M).

Proposition 2.1 [13] The following properties are
obtained.

(i) Linear precision: If h has a degree less than
or equal 1, then

ψt(h,M) = h(lt(M,L)), ∀|t| =M ;

(ii) Interpolation: For (e0, ..., en), we have

ψMei = h(li), 0 ≤ i ≤ n;

(iii) Convex hull: The curve of h over L is con-
vexly optimized by its control points;

(iv) Enclosure:

min
|t|=M

ψt(h,M) ≤ h(x) ≤ max
|t|=M

ψt(h,M), ∀x ∈ L.

3 Improved Bound Using BA
First, we extend the bounding approach from [8] to
polynomials defined over simplices. We then intro-
duce a new approach that ensures convergence prop-
erties over a simplex. Before deriving our lower
bound, the following three conditions must be met:

First, the chosen control points must prevent de-
generate cases where they fail to provide a single in-
terpolating hyperplane, as discussed in [8]. Second,
the appropriate lower bound is not necessarily a hy-
perplane. In such cases, the methods are adjusted by
estimating a downward error bound. Third, the de-
sired convergence properties must be achieved. The
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well-known Bernstein constant bound function offers
the fastest convergence over a given domain. How-
ever, constant bounding approaches do not effectively
tighten the continuous curve or surface across the en-
tire domain.

3.1 Minimum Bernstein Constant Bound
A constant bound can be derived for polynomials
from the minimum value of Bernstein coefficients
over L:

AB(L) := min
|s|=m

ψs(h,m).

From the enclosure bound,

AB(L)(x) ≤ h(x), ∀x ∈ L,

defines a lower constant bound for h.

Corollary 1 The minimum error can be bounded as
follows:

min
x∈L

(h(x)−AB(L)(x))

≤ min
|s|=m

∣∣h(ls(m,L))−AB(L)(ls(m,L))
∣∣.

3.2 Linear Programming (LP)
In this approach, a linear function is computed by
passing through the control points ψt and determin-
ing the slopes by solving LP, where the minimum
Bernstein coefficient is defined at a specific index t.
This method provides a more accurate error bound
compared to constant functions, this was shown in
[8]. However, it is computationally slow.

3.3 Linear Systems approach (LS)
Fo deriving this approach, we determine hyperplanes
that pass through the selected controller ψ0 = ψt

so that estimating the lower convex is increasing.
Slopes, solution of LS and a set of substitutions must
be determined. Let AB0(x) := ψt, we choose
from ψ1, ...,ψl a set of tight bounds AB1, ..., ABn.
Ending with ABn, a hyperplane is passing through
a lower edge of the convex hull of ψ0, ...,ψn.
This approach provide a set of independent vectors
{n1, ..., nl}, and computes slopes from ψ0 to ψj in
direction nj , see [4]. This approach is tighter than LP
method but does not achieve convergence rates.

3.4 Minimum Value of Bernstein
Here, the minimum coefficient of Bernstein ψt

needs to be computed with other coefficients val-
ues ψ1, ..., ψl. We define a non-degenerate bounding
S(x) as an interpolating for these values. Then, de-
termine the nonnegative value v,

v = max
|t|=m

{S(lt(m,L))− ψt}. (2)

For the non-zero v, a tight bound is maintained
through the downward step:

ABL(x) = S(x)− v. (3)

This approach often fails to provide estimated er-
ror bound, as demonstrated in [8]. Additionally, it
does not achieve a convergence rate.

3.5 Bounding by Slops
Similar to the above methods, the bound proposed
in [4], derived from control points, is obtained by
solving a linear system of polynomials. However, in
more complex cases, additional challenges arise, and
this bound may not hold if computed using the down-
ward step v as in (2) and (3). In this method, a tight
bound is not always guaranteed, see [8].

3.6 Bounding by Least Squares
By computing least squares function (LSF) for the
control points derived from BA, we will have a tight
bound for polynomials across the entire domain. We
extend this approach to polynomials defined over L.

We refer to the number of coefficients of sim-
plicial Bernstein form of n−variable and degree M
which equals to W :=

(
M+n
n

)
.

Let γ be the solution of a matrix of W number of
control points lt(m,L), then we obtain LSF

S(L)(x) =

n∑
i=1

γixi + γn+1. (4)

By computing v of (4), we calculate the downward
step and derive the lower bounding

ABL(x) = S(L)(x)− v, x ∈ L.

In the following section, the bound converges lin-
early to the original function.
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3.7 Estimated Bound
The degree of BA need to be raised so that the LSF
S(L)(x) can be of higher degree, from which the con-

trol points
(
ls(m +M,L), ψ

(m+M)
s

)
are of degree

M +m. Then, we can estimate the the coefficients of
Bernstein by the corresponding net values:

v(M) := max
|s|=M+m

{ψ(M+m)
s (B(Ł))− ψ(m+M)

s (h)}.

A convergent bound for polynomials (AP) holds:

AB(M)(x) := S(Ł)(x)− v(M).

Finally, we have a bounding that estimates the origi-
nal function well, see Figure 1

AB(M)(x) ≤ h(x), ∀x ∈ Ł.

Fig. 1: A degree three polynomial, the Bernstein
bound is of elevated degree to six and the linear con-
vergent obtained, created by the authors.

Remark 3.1 The error bound can be estimated as

0 ≤ max
x∈Ł

{h(x)−AB(M)(x)}

≤ max
|t|=m+M

{ψt(h,m+M)−AB(M)(lt(m+M))}

≤ max
|s|=m

{ψs(h,m)−AB(0)(ls(m,Ł))}.

3.7.1 CALB Error Bound

We show that the range interval of h converges to the
enclosureAB(M) linearly by elevating the degree. By
BA monotonicity, we have v(m) ≥ v(m+1), for m ≥
0.

Lemma 3.1 The error bounding estimation can be
given as

min
x∈Ł

|h(x)−AB(m+1)(x)| ≤ min
x∈Ł

|h(x)−AB(M)(x)|.

For extending a linear rate of convergent, we re-
call the following definition.

Definition 3.1 Define a simplex L = [l0, ..., ln] of
Rn. For |γ| = n − 2 and 0 ≤ i < j ≤ n, let the
second differences of h be given as

▽2ψγ,i,j(h,m) := ψγ+êi+êj−1
+ ψγ+êi−1+êj

−ψγ+êi−1+êj−1
− ψγ+êi+êj ,

where ê−1 := ên. Then, we have

▽2ψγ,i,j(h,m) := (▽2ψγ,i,j(h,m))|γ|=m−2,0≤i<j≤l.

Define the maximum value as

||▽2ψ(h,m)||∞ := max
|γ|=n−2,0≤i<j≤l

|▽2ψγ,i,j(h,m)|.

Theorem 3.2 [14] Consider h be of maximum de-
gree m < M , we have

max
|t|=M

|h(lt(M,Ł))− ψt(h,m)| ≤ T

M − 1
,

where

T =
n(n+ 2)m(m− 1)

24
|| ▽2 ψ(h,m)||∞. (5)

3.7.2 Convergence Rate

We show the linear rate of convergence by degree el-
evation for AB(M)(x) and F (x) over Ł.

Theorem 3.3 Let h be in Bernstein of degree M and
AB(M) is the improved bounding. For M ≥ 0, we
can estimate

min
x∈Ł

|h(x)−AB(M)(x)| ≤ T

m+M − 1
,

where m +M is the degree of BA and T is given in
(5).

4 Optimal Boundary for Rationals

We extend a continuous linear lower bound for ratio-
nal polynomials Y (x) = p(x)/g(x) over Lwhich op-
timize the original Y from bellow well. We assume
that ψt(g,m) have the same sign and non-zero, then
g(x) ̸= 0. Let the rational Bernstein coefficients of
Y (x) be defined as

ψt(Y,m) =
ψt(p,m)

ψt(g,m)
, |t| = m.

Subsequently, the constant

AB(Ł)(x) := minψt(Y,m)
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is a lower bounding for Y (x) over Ł, see Figure 2.

Fig. 2: The minimum Bernstein coefficient for
lower bounding (lower surface) with Bernstein con-
trols in two dimensions, created by the authors.

The estimation is given in the following lemma.

Lemma 4.1 Let the rational H = p/g be given over
Ł with AB(Ł)(x) ≤ Y (x). Then, the error bound
estimation is given by

min
x∈Ł

(Y (x)−AB(Ł)(x))

≤ min
|s|=m

∣∣Y (ls(m,Ł))−AB(Ł)(ls(m,Ł))
∣∣.

5 Conclusions and Applications
In this work, we examined a constrained optimization
problem for polynomials and rationals over a sim-
plex. We reviewed several existing methods designed
to optimize continuous functions from below; how-
ever, these approaches failed to achieve any rate of
convergence in high-dimensional simplices. To ad-
dress this, we introduced a new bounding for poly-
nomials over simplices, leveraging convex optimiza-
tion principles and the least squares method for BA.
This bound demonstrated high rates of convergence
to the original function. Additionally, we developed
a tight bounding for rational functions and estimated
the error bound by reducing the upper value. These
bounds effectively optimized the original functions
from below while preserving the overall shape of the
curve across the entire domain. Furthermore, this ap-
proach can be extended to applications such as con-
structing mean-risk stochastic minimum cost consen-
sus models with asymmetric adjustment costs [15].
Another potential application of convergent bounds

is in the stability analysis of nonlinear dynamical sys-
tems, particularly when the vector field is defined over
simplices, Ł = l[0] ∪ ... ∪ l[n.

Consider the affine control system

ẋ = FU (x) := G(x) + P (x)U(x),

where the vector field FU : Rl −→ Rn is defined
by the drift G : Rl −→ Rn and U : Rl −→ Rm is
the control with input matrix function P : Rn −→
Rn×m. If there is a pair (U, V ) of polynomials such
that the negative Lie derivative LFU

(V ) is positive in
the monomial and Bernstein forms, then there exists
a stabilizing Bernstein control for FU . This can be
investigated by using our lower bounding over a sim-
plex.
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