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Abstract: This paper presents a rigorous mathematical analysis of a two-species chemotaxis-competition
model on weighted networks, incorporating nonlinear degenerate chemotactic sensitivities and
volume-filling effects. The aim is to understand long-term population dynamics in networked
environments. Using a Lyapunov functional approach, we characterize the asymptotic behavior of
solutions. Under weak competition, coexistence occurs with exponential convergence, while strong
competition leads to the extinction of one species and algebraic convergence to a segregated state. These
theoretical results are validated through numerical simulations that highlight the effects of competition
parameters, network topology, and initial conditions. The proposed numerical scheme demonstrates
convergence with exponential or algebraic decay of relative errors, in agreement with the analytical
results. This study highlights the role of network structure in shaping chemotaxis-driven competitive
dynamics.
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1 Introduction
The study of long-time behavior in
reaction-diffusion systems, particularly
those involving chemotaxis and interspecies
competition, has gained significant attention due
to its relevance in modeling complex biological
and ecological processes. Traditional analysis in
continuous Euclidean domains has been extended
in recent years to networked structures, which
naturally represent environments with spatial
heterogeneity, directionality, and connectivity
constraints, such as neural, vascular, or ecological
transport networks.

In such settings, the underlying network
topology and edge weights play a crucial role
in shaping the dynamics of the system. A
weighted network is a graph where edges are
endowed with weights that influence diffusion
and transmission rates of the interacting species
or chemical signals. These weights introduce
anisotropy and inhomogeneity in space, resulting
in behavior that may diverge significantly from
that observed in standard domains.

Understanding the long-time behavior
of solutions on weighted networks involves
examining whether solutions converge to
steady states, decay, or exhibit more complex
dynamics such as oscillations or segregation. Of
particular interest is the stability of equilibrium
states under various interaction regimes, for

instance, weak versus strong interspecies
competition. From a modeling perspective, the
competition mechanisms considered here extend
classical LotkaVolterra interactions, [1], [2], to
structured spatial networks, complementing
recent generalizations, [3], [4].

Next, a threshold condition, necessary to
prevent overcrowding, has a clear biological
interpretation that was introduced in [5], and
is known as the ”volume-filling effect”. The
presence of this effect, where movement becomes
restricted as densities approach a saturation
threshold, further complicates the analysis
by introducing nonlinear degeneracies in the
diffusion and chemotactic terms.

In two-species chemotactic systems, long-time
analysis typically involves constructing
appropriate Lyapunov functionals to capture the
system’s energy dissipation properties. These
functionals allow one to prove exponential
or algebraic convergence toward equilibrium,
depending on the strength of the interaction
parameters. Moreover, the network structure
affects the speed and nature of convergence:
nodes with high connectivity or large edge
weights can accelerate propagation or segregation
phenomena, while bottlenecks may delay or alter
stabilization. Moreover, numerical simulations
have proven interesting biological dynamics in
multi-species models as in continuous domains.
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This work generalizes the numerical study into
dynamics in networked environments.

The qualitative behavior of multi-species
chemotaxis systems, including global existence,
finite-time blow-up, and asymptotic stability,
has been extensively investigated in continuous
domains, [6], [7], [8], [9], [10], [11], [12], [13].
At the same time, robust and energy-stable
numerical schemes have been developed in
recent years, [14], [15], [16]. The analysis
of such systems on networks requires the
adaptation of classical PDE tools, such as
compactness arguments, entropy estimates, and
Sobolev embeddings, to graph-based function
spaces. Recent advances in PDE analysis on
graphs have highlighted the role of unbounded
Laplacians and network topology in determining
long-time dynamics, [17], [18]. A central
challenge lies in handling the Kirchhoff-type
transmission conditions at the nodes, which
ensure conservation across network junctions.

In this context, the present work contributes
to the growing body of research on network-based
PDEs by rigorously analyzing the asymptotic
behavior of a two-species chemotaxis-competition
system with degenerate volume-filling
mechanisms on weighted networks. The results
reveal how the interplay between nonlinearity,
competition strength, and network geometry
determines the eventual fate of the species
involved, whether coexistence, extinction, or
spatial segregation, and provide both theoretical
guarantees and numerical evidence supporting
these outcomes.

For that, we analyze the following generalized
competing two-species chemotaxis model:

∂tU −∆U +∇ ·
(
χ1(U)∇V

)
= µ1U(1− U − α1W ),

∂tW −∆W +∇ ·
(
χ2(W )∇V

)
= µ2W (1−W − α2 U),

∂tV −∆V = −(αU + βW )V, t > 0, y ∈ Ω
(1)

where Ω is an open bounded domain. The system
is supplemented by the following boundary
conditions on ∂Ω× (0, T ),

∇U · η = 0, ∇W · η = 0, ∇V · η = 0, (2)

where η is the exterior unit normal to ∂Ω. The
initial conditions on Ω are given by,

U(x, 0) = U0(x),W (x, 0) = W0(x), (3)

V (x, 0) = V0(x) .

The details regarding all the variables of system
(1) are provided in Table 1.

Table 1: Variables description. Source: created
by the author.

Variables Description
U , W The density of species 1 and 2
V The concentration of the

chemical
χ1(U), χ2(W ) The chemotactic sensitivity

functions
µ1, µ2 > 0 The growth rate of

populations 1 and 2
α1, α2 > 0 The strength of populations 1

and 2
in competition

α, β > 0 The consumption rate of
chemicals
by populations 1 and 2

Nonlinear and degenerate chemotactic
sensitivities χ1 and χ2 approach zero as the
population densities U and W are close to 0
or a normalized density 1. Hence, we suppose
initially that χ1(0) = χ2(0) = 0 and that the
chemotactic sensitivities χ1 and χ2 vanish when
U ≥ 1 and W ≥ 1.

2 Problem Setting
This section outlines the main assumptions and
mathematical framework necessary to ensure
mathematical well-posedness, proved similarly as
in [19], of the proposed chemotaxis-competition
model on networks.

2.1 Assumptions and Initial Data
To accurately reflect biologically constrained
environments, we impose the following
assumptions on the chemotactic sensitivity
functions:

The functions χ1, χ2 belong to the set (4)

{w ∈ C([0, 1],R+) such that w(0) = w(1) = 0} .
This ensures that the chemotactic response
vanishes both in the absence of individuals and
under crowding conditions.

The initial data are assumed to satisfy the
bounds:

0 ≤ U0 ≤ 1, 0 ≤ W0 ≤ 1, V0 ≥ 0 a.e. in Ω (5)
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and V0 ∈ L∞(Ω) .

2.2 Weighted network Structure
Before formally stating the model on the network
Γ, we introduce the necessary notation and
definitions for the graph structure and function
spaces. Let Γ = (V, E) be a finite, connected,
undirected graph, where:

• V = {v1, · · · , vn} is the set of n vertices
(nodes),

• E = {e1, · · · , em} is the set of m edges, each
associated with a finite, open interval.

Each edge ei ∈ E is normalized to the
interval [0, 1] and admits two orientations,
denoted ei

±. For each oriented edge, we define
homeomorphisms:

h±i : [0, 1] → ei
± such that h+i (0) = h−i (1) and

h+i (1) = h−i (0) .

An arc ai corresponds to an oriented edge, and
we denote:

• I(ai): initial node of ai,

• T (ai): terminal node of ai,

• −ai: arc in the opposite orientation.

For any vertex vi ∈ V , define the local edge
set:

E(vi) = {ei ∈ E , vi is an endpoint of ei}, with

d(vi) = |E(vi)| ,
where d(vi) is the degree of the node vi.

A path C of length k as a sequence
(ai1 , · · · , aik) of arcs such that T (ail) = I(ail+1

),
l = 1, · · · , k − 1. Denote by |C| the length of the
path C and by Ck(x, y) the set of all paths of
length k with x ∈ ai1 , y ∈ aik .

For points x, y ∈ ei, we define the distance
along the edge as:

d(x, y) :=
∣∣∣(h±i )−1(x)− (h±i )

−1(y)
∣∣∣ .

Then, the distance along a path C ∈ Ck(x, y)
is given by:

dC(x, y) := d(x, T (ai1)) + d(y, I(aik)) + |C| − 2 .

Each edge ei ∈ E is assigned a positive weight
κ(ei) satisfying:

0 < κ0 ≤ κ(ei) ≤ κ1, ∀i = 1, · · · ,m .

The transfer/reflection coefficient from the arc
ai to the arc aj is defined as:

ε(ai→aj) :=

2κ(ei)
( ∑

l∈E(T (ai))

κ(el)
)−1

if aj ̸= −ai

(transmission)

2κ(ei)
( ∑

l∈E(T (ai))

κ(el)
)−1

−1 if aj = −ai

(reflection)
0 otherwise .

(6)
These coefficients determine how densities are

transmitted or reflected at graph junctions. The
weight of a path C = (ai1 , · · · , aik) is given by :

ε(C) :=

k−1∏
l=1

ε(ail
→ail+1

) . (7)

2.3 Function spaces on the network
We now define the appropriate functional
framework for the analysis of evolution equations
on the network Γ. A function u : Γ → R is
represented as a collection u = (ui)

m
i=1, with each

component ui defined on the normalized edge ei
of length 1. For any y ∈ ei, set ξ = (π±

i )
−1(y) ∈

[0, 1], so that:

ui(y) = ũi(ξ), where ũi = u ◦ π±
i .

The integral of u over the graph is defined as:∫
Γ
u(y) dy :=

m∑
i=1

κ(ei)

∫ 1

0
ũi(ξ) dξ .

The space of square-integrable functions on Γ
is:

L2(Γ) := {u = (ui)
m
i=1; ui ∈ L2(ei)}

= {u; ||u||2L2(Γ) =

m∑
i=1

κ(ei)||ũi||2L2(0,1) < +∞} ,

with scalar product

< u,w >Γ=

m∑
i=1

κ(ei)

∫ 1

0
ũi(ξ)w̃i(ξ) dξ ,

and associated norm ||u||2L2(Γ) =< u, u >Γ .

More generally, we define:

Lp(Γ) = {u; ||u||pLp =

m∑
i=1

κ(ei)||ũi||pLp(0,1) < ∞} ,
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L∞(Γ) = {u; ||u||L∞(Γ) =

max
i=1,··· ,m

κ(ei)||ũi||L∞(0,1) < ∞} .

We also define the space of continuous functions
on the network:

C0(Γ) = {u = (ui)
m
i=1;

ui(vj) = uk(vj), i, k ∈ E(vj), j = 1, · · · , n} ,

and the Sobolev spaces:

H1(Γ) = {u ∈ L2(Γ), ∂yui ∈ L2(Γ)

and ui(vj) = uk(vj), i, k ∈ E(vj), j = 1, · · · , n} ,

∀1 ≤ r < +∞, Hr(Γ) = {u ∈ C0(Γ),

||u||2Hr(Γ) =

m∑
i=1

κ(ei)||ũi||2Hr(0,1) < +∞} ,

W 1,∞(Γ) = {u ∈ C0(Γ), u′ ∈ L∞(Γ)} .

Finally, we denote by (H1(Γ))′ the dual
of H1(Γ) consisting of continuous linear
functionals. A standard compactness result
holds: L2(0, T ;H1(Γ)) ∩ H1(0, T ; (H1(Γ))′)
into C(0, T ;L2(Γ)), is continuous, with the
embedding being continuous, as can be shown
using techniques similar to those employed for
PDEs on standard intervals.

2.4 Discrete Interspecies Model

We now present the interspecies competition
model incorporating volume-filling effects and
nonlinear degenerate convective fluxes on a
network Γ. For all t > 0, y ∈ Γ, i = 1, · · · ,m
and j = 1, · · · , n, the system reads:

∂tUi = ∂yyUi − ∂y(Ui(1− Ui)∂yVi)
+µ1Ui(1− Ui − α1Wi), on [0,+∞[×ei,

∂tWi = ∂yyWi − ∂y(Wi(1−Wi)∂yVi)
+µ2Wi(1−Wi − α2Ui), on [0,+∞[×ei,

∂tVi = ∂yyVi − (αUi + βWi)Vi

on [0,+∞[×ei,
(8)



Ui(0, y) = U0
i (y),Wi(0, y) = W 0

i (y),
Vi(0, y) = V 0

i (y) (initial conditions)

Ui(t, vj) = Uk(t, vj),Wi(t, vj) = Wk(t, vj)
Vi(t, vj) = Vk(t, vj) if i, k ∈ E(vj) (continuity)∑
i∈E(vj)

κ(ei)
(∂Ui

∂n
(t, vj)− Ui(t, vj)(1− Ui(t, vj))

∂Vi

∂n (t, vj)
)
= 0,

∑
i∈E(vj)

κ(ei)
(∂Wi

∂n
(t, vj)−Wi(t, vj)(1−Wi(t, vj))

∂Vi

∂n (t, vj)
)
= 0,

∑
i∈E(vj)

κ(ei)
∂Vi

∂n
(t, vj) = 0 (transmission).

(9)
This system (8) governs the dynamics of species
U and W , as well as the chemical signal V ,
across the network composed of m edges. The
conservation of flux at the nodes is rigorously
enforced in (9) through the continuity and
Kirchhoff-type conditions.

3 Asymptotic behavior
This section analyzes the long-term behavior of
our system (8) using Lyapunov functionals and
proves the convergence of the solutions toward
equilibrium states under two main scenarios.

Theorem 3.1. (Asymptotic behavior) Let
(U0,W0, V0) ∈ U satisfying (5). Then,

• the chemical concentration V (t) decays
exponentially to zero as t → +∞.

• In the strict extinction regime α1 =
1 > α2, the solution (U(t),W (t)) converges
algebraically towards (0, 1) ; for some C, t1 >
0, ||U ||L1(Γ) + ||W − 1||2L2(Γ) ≤

C
t+t1

for some

C, t1 > 0 .

• In all other cases, the solution (U(t),W (t))
converges exponentially to the steady state
(U,W ) in L2(Γ).

Proof. Let us start by the case of α1, α2 ∈ (0, 1)
and of strictly positive steady states U , W . For
that, we define the classical entropy functional:

E1 =

∫
Γ
(U − U − U log

(U
U

)
)dy+

WSEAS TRANSACTIONS on MATHEMATICS 
DOI: 10.37394/23206.2026.25.8 Georges Chamoun

E-ISSN: 2224-2880 70 Volume 25, 2026



λ1

∫
Γ
(W −W −W log

(W
W

)
)dy +

l1
2

∫
Γ
V 2dy

= θ1(t) + λ1θ2(t) + l1θ3(t) .

Notice that:

θ1(t) =

∫
Γ
(U − U log(U))− (U − U log(U)) dy

=

∫
Γ

(
H(U)−H(U)

)
dy ,

where H(s) = s − U log(s) for s > 0, H′(U) = 0

and H(U)−H(U) = H′′(ξ)
2 (U−U)2 = U

2ξ2 (U−U)2

hence θ1(t) ≥ 0 due to Taylor Formula.

The derivative of the functional is given as:

dE1

dt
=

∫
Γ
(1− U

U
)
dU

dt
dy + λ1

∫
Γ
(1− W

W
)
dW

dt
dy

+l1

∫
Γ
V
dV

dt
dy

=

m∑
i=1

κ(ei)
[ ∫ 1

0
(1− Ũi

Ũ i
)∂tŨi(t, η)dη

+λ1

∫ 1

0
(1− W̃i

W̃ i
)∂tW̃i(t, η)dη

+l1

∫ 1

0
Ṽi∂tṼi(t, η)dη

]
=

m∑
i=1

κ(ei)
[ ∫ 1

0
(1− Ũi

Ũi

)∂ηηU dη

−
∫ 1

0
(1− Ũi

Ũi

)∂η(χ1(Ũi)∂ηṼi) dη

+µ1

∫ 1

0
(1− Ũi

Ũi

)Ũi(1− Ũi − α1W̃i) dη

+λ1

∫ 1

0
(1− W̃i

W̃i

)∂ηηW dη

−λ1

∫ 1

0
(1− W̃i

Ũi

)∂η(χ2(W̃i)∂ηṼi) dη

+µ2λ1

∫ 1

0
(1− W̃i

W̃i

)W̃i(1− W̃i − α2Ũi) dη

+l1

∫ 1

0
Ṽi∂ηηṼi dη − l1

∫ 1

0
Ṽ 2
i (αŨi + βW̃i) dη

]
.

Using that

µ1

∫ 1

0
(1− Ũi

Ũi

)Ũi(1−Ũi−α1W̃i) = µ1

∫ 1

0
(Ũi−Ũi)

−µ1

∫ 1

0
Ũi(Ũi − Ũi)− α1µ1

∫ 1

0
(Ũi − Ũi)W̃i

−µ1

∫ 1

0
(Ũi − Ũi)

2 − α1µ1

∫ 1

0
(Ũi − Ũi)(W̃i − W̃i)

and since (Ũi, W̃i) is an equilibrium solution
then:

dE1

dt
=

m∑
i=1

κ(ei)
[
− Ũi

∫ 1

0

|∂ηŨi|2

Ũ2
i

dη

+Ũi

∫ 1

0

1− Ũi

Ũi

∂ηŨi∂ηṼi dη

−µ1

∫ 1

0

(Ũi − Ũi)
2 dη − α1µ1

∫ 1

0

(Ũi − Ũi)(W̃i − W̃i) dη

−λ1W̃i

∫ 1

0

|∂ηW̃i|2

W̃ 2
i

dη + λ1W̃i

∫ 1

0

1− W̃i

W̃i

∂ηW̃i∂ηṼi dη

−µ1λ1

∫ 1

0

(W̃i − W̃i)
2 dη

−α2µ2λ1

∫ 1

0

(Ũi − Ũi)(W̃i − W̃i) dη

−l1

∫ 1

0

|∂ηṼi|2 dη − l1

∫ 1

0

Ṽ 2
i (αŨi + βW̃i) dη

]
.

Therefore, using that Ũi ≤ 1, W̃i ≤ 1, Young inequality
and the positivity of the last integral:

dE1

dt
≤

m∑
i=1

κ(ei)
[
− Ũi

2

∫ 1

0

|∂ηŨi|2

Ũ2
i

dη

−W̃i

2

∫ 1

0

|∂ηW̃i|2

W̃ 2
i

dη

+(
Ũi

2
+ λ1

W̃i

2
− l1)

∫ 1

0

|∂ηṼi|2 dη

−µ1

∫ 1

0

(Ũi − Ũi)
2 dη − µ1λ1

∫ 1

0

(W̃i − W̃i)
2 dη

−(α1µ1 + α2µ2λ1)

∫ 1

0

(Ũi − Ũi)(W̃i − W̃i) dη
]
.

To prove the negativity of the derivative of the entropy
function, we must deal with the last term in the previous
inequality. Hence, we can choose λ1 = α1µ1

α2µ2
> 0 to obtain:

−µ1

∫ 1

0

(Ũi − Ũi)
2 dη − µ1λ1

∫ 1

0

(W̃i − W̃i)
2 dη

−(α1µ1 + α2µ2λ1)

∫ 1

0

(Ũi − Ũi)(W̃i − W̃i) dη

≤ −ε1

∫ 1

0

(Ũi − Ũi)
2 dη

WSEAS TRANSACTIONS on MATHEMATICS 
DOI: 10.37394/23206.2026.25.8 Georges Chamoun

E-ISSN: 2224-2880 71 Volume 25, 2026



−
(α1µ1

α2
− 4α2

1µ
2
1

4(µ1 − ε1)

)∫ 1

0

(W̃i − W̃i)
2 dη .

It is sufficient to choose 0 < ε1 < µ1(1 − α1α2) < µ1 in

our case. Consequently and for l1 > Ũi
2

+ λ1
W̃i
2

> 0, one
has:

dE1

dt
≤

m∑
i=1

κ(ei)
[
− ε1

∫ 1

0

(Ũi − Ũi)
2 dη

−α1µ1

( 1

α2
− α1µ1

µ1 − ε1

)∫ 1

0

(W̃i − W̃i)
2 dη

]
≤ −σ1

(
||U − U ||2L2(Γ) + ||W −W ||2L2(Γ)

)
,

where σ1 = min(ε1, α1µ1

(
1
α2

− α1µ1
µ1−ε1

)
) > 0.

Next, we integrate with respect to t, then:∫ +∞

0

(
||U − U ||2L2(Γ) + ||W −W ||2L2(Γ)

)
≤ E1(0)− E1(∞)

σ
.

As we have, E1 is positive and decreasing then E1(∞) ≥ 0.
Hence,∫ +∞

0

(
||U − U ||2L2(Γ) + ||W −W ||2L2(Γ)

)
< ∞ .

Using a classical Lemma of Barbalat, one has

||U − U ||2L2(Γ) + ||W −W ||2L2(Γ) → 0, as t → +∞ .

We turn now into the second case α1 = 1 > α2 where
U = 0 and W = 1. For that, we define the following
classical entropy functional:

E2 =

∫
Γ

U dy + λ2

∫
Γ

(W − 1− log(W ))dy

+
l2
2

∫
Γ

V 2dy =

m∑
i=1

κ(ei)
[ ∫ 1

0

Ũi dη

+λ2

∫ 1

0

(W̃i − 1− log(W̃i))dη +
l2
2

∫ 1

0

Ṽ 2
i dη

]
= θ1(t) + λ2θ2(t) + l2θ3(t) .

Therefore using the same guidelines and that −α1 ≤ −1,
one has

dE2

dt
=

m∑
i=1

κ(ei)
[ ∫ 1

0

∂tŨi dη

+λ2

∫ 1

0

(1− 1

W̃i

)∂tW̃i dη + l2

∫ 1

0

Ṽi∂tṼi dη
]

≤
m∑
i=1

κ(ei)
[
− µ1

∫ 1

0

Ũ2
i dη

−(µ1 + λ2α2µ2)

∫ 1

0

Ũi(W̃i − 1) dη

−λ2µ2

∫ 1

0

(W̃i − 1)2 dη + (
λ2

2
− l2)

∫ 1

0

|∂ηṼi|2 dη
]
.

Take λ2 = µ1
α2µ2

> 0, 0 < ε2 < µ1(1 − α2) < µ1 and

l2 > λ2
2

to obtain:

dE2

dt
≤ −ε2

∫
Γ

U2 dη

−
(µ1

α2
− µ2

1

µ1 − ε2

)∫
Γ

(W − 1)2 dη

≤ −σ2

(
||U ||2L2(Γ) + ||W − 1||2L2(Γ)

)
,

where σ2 = min(ε2, µ1

(
1
α2

− µ1
µ1−ε2

)
) > 0. Consequently,

||U ||2L2(Γ) + ||W − 1||2L2(Γ) → 0, as t → +∞ .

Exponential decay of V . We fix t0 > 1;

1

2

d

dt
||V ||2L2(Γ) ≤ −αU + βW

2
||V ||2L2(Γ) ,

because the convergence implies

U

2
≤ U ≤ 3U

2
and

W

2
≤ W ≤ 3W

2
. (10)

Thus,

||V ||2L2(Γ) ≤ ||V0||2L2(Γ)e
−(αU+βW )t, ∀t ≥ t0 .

Then, we can easily deduce that, in all cases, V → 0, as
t → +∞. Moreover, we can say that V stabilizes to zero
exponentially.

Exponential decay of U and W in the case α1 and α2 in
(0, 1). For U ≤ ξ ≤ U and using (10), we have:

1

2U

∫
Γ

(U − U)2 dy ≤
∫
Γ

(
H(U)−H(U)

)
dy

=

∫
Γ

U

2ξ2
(U − U)2 dy ≤ 2

U

∫
Γ

(U − U)2 dy .

Then,
dE1

dt
≤ −σ1F1 ≤ −σ1C1E1

+
l1
2
σ1C1||V0||2L2(Γ)e

− (αU+βW )
2

t ,

where C1 = max{ 2

U
, 2λ1

W
} > 0. Consequently, for P =

l1
2
σ1C1||V0||2L2(Γ), one has:

dE1

dt
+ σ1C1E1 ≤ Pe−(αU+βW )t .

The solution of the homogeneous equation is E
(1)
1 =

Ce−σ1C1t and the particular one for the nonhomogeneous

equation is E
(2)
1 = P

σ1C1−(αU+βW )
e(−(αU+βW ))t using the

variation of constant method. We need that C1 >
(αU+βW )

σ1
to ensure the positivity of E

(2)
1 . Thus, the final

choice is C1 = max{ 2

U
, 2λ1

W
, (αU+βW )

σ1
} > 0. Hence,

E1(t) ≤ C2e
−min{σ1C1,αU+βW} t ,

where C2 is an arbitrary positive constant. One can easily
say now that U and W stabilize to U and W exponentially.

Algebraic decay of U and W in the case of α1 = 1 >
α2. In the neighborhood of 1, one has |W − 1− logW | ≤
|W − 1| since the ratio limit at 1 is zero. Then, using the
Cauchy-Schwarz inequality:

E2(t) ≤ P1(||U ||L2(Γ) + ||W − 1||L2(Γ)) + P2e
−βt ,
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with P1 = max{1, λ2}|Γ|
1
2 and P2 = l2

2
||V0||2L2(Γ). Using

that
√
a+

√
b ≤

√
2(a+ b), ∀, a, b ≥ 0, then

E2(t) ≤
√
2P1(F2(t))

1
2 + P2e

−βt ,

where F2(t) =
(
||U ||2L2(Γ) + ||W − 1||2L2(Γ)

)
. Hence,

E2
2(t) ≤ 4P 2

1 F2(t) + 2P 2
2 e

−2βt ,

because (a+ b)2 ≤ 2a2 + 2b2. Consequently,

dE2

dt
≤ −σ2F2(t) ≤ − σ2

4P 2
1

E2
2(t) +

σ2P
2
2

2P 2
1

which is not a linear dissipation inequality. Using (10),
classical algebraic computations and ODE comparison
argument as in [20], we can deduce that: ∀t ≥ t1 ≥ t0,

||U ||L1(Γ) + ||W − 1||2L2(Γ) ≤ E2(t) ≤
C

t+ t1
,

and therefore the algebraic polynomial convergence of
(U,W ) towards (0, 1).

Corollary 3.2. The L2(Γ) solution’s decay
established in the previous Theorem implies the
corresponding L∞(Γ) solution’s decay.

Proof. This result is a straightforward result from
the following embedding inequalities on a finite
metric graph Γ:

||U ||L∞(Γ) ≤ ε||∂xU ||L2(Γ)+(CG+
4C3

G

27ε2
)||U ||L1(Γ)

and

||U ||L∞(Γ) ≤ ε||∂xU ||L2(Γ) + CG(1 +
1

ε
)||U ||L2(Γ),

where CG is a constant depending on the graph.

4 Numerical simulations and error
analysis

This section introduces many numerical
simulations, performed on FORTRAN, that
highlight the impact of the competition
parameters, the network structure, and the
nonlinear chemotactic sensitivities on the
species’ distribution over time. Moreover, we
measure and visualize the accuracy of our
numerical scheme via relative error decay in
various norms.

Fig. 1: Mesh (a) Initial conditions (b,c).
Source: created by the author.

Fig. 2: Time evolution of the density of species
U in the competition regime. Source: created by
the author.

4.1 Simulation Setup
The competition parameters are chosen in
accordance with the thresholds identified in
Theorem 3.1. In particular, values satisfying
α1 ≥ 1 > α2 are used to illustrate the extinction
regime, while α1, α2 ∈ (0, 1) correspond to the
coexistence regime predicted analytically.

Initial conditions for species densities U(x, 0),
W (x, 0) are randomly introduced. The system is
solved numerically with a time discretization step
∆t = 0.0005 and coefficients α = 0.06, β = 0.08,
µ1 = µ2 = 1. Figure 1 displays the network Γ
with 56 edges and the random initial distribution
of the species. The numerical method is based on
a recent combined finite volume-nonconforming
finite element (FV-NCFE) discretization, which
preserves the positivity of the solution and
ensures the stability of the scheme.

4.2 Time Evolution and Dynamics
Figure 2, Figure 3 show the evolution of
species densities in the strong-competition
regime. One observes the extinction of
species U and the dominance of W , in
agreement with the theoretical convergence
to the extinction state (U,W ) = (0, 1).
Figure 4 shows, for the coexistence regime,
both species persist and stabilize toward
steady profiles. The simulations capture this
steady coexistence, corroborating the analytical
prediction of exponential convergence to an
equilibrium.
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Fig. 3: Time evolution of the density of species
W in the competition regime. Source: created by
the author.

Fig. 4: Spatial distribution of the densities of
species U (left) and W (right) at time t = 4s in
the coexistence regime. Source: created by the
author.

4.3 Relative Error Decay
To assess the accuracy and convergence of our
numerical solver, we compute the relative errors
in both L2(Γ) and L∞(Γ) norms for the densities
U , W , and the chemical concentration V . Figure
5, Figure 6 illustrate the temporal evolution of
the relative L2-errors for both species, clearly
displaying a decreasing curve. In Figure 7, we
analyze the decay of the error across different
parameter regimes. Specifically, Figure 8 shows
the exponential decay of both L2 and L∞-errors
for species U in the strong competition case.
Figure 9 shows a similar behavior for species
W , with errors tending to zero exponentially.
Figure 10 confirms an algebraic decay of errors
in the case where α1 = 1 > α2 = 0.1, which
matches the slower convergence rate predicted
analytically.

In addition to the qualitative validation
of the model, the convergence behaviour
of the proposed scheme is quantitatively
assessed through a mesh refinement study.
In the context of networks, h denotes the
maximal edge subdivision length, and mesh
refinement corresponds to uniformly increasing
the number of segments per edge. Numerical
solutions are computed on successively

Fig. 5: Evolution in time of the L2-relative
errors for U . The edge error values are observed
to decay towards zero as time increases. Source:
created by the author.

Fig. 6: Evolution in time of the L2-relative
errors for W . Source: created by the author.

Fig. 7: Edge-wise distribution of the relative
L2(Γ) error on the labeled network. (a),
Temporal evolution of the global error functional
over multiple time steps (b), Comparison
between exponential and algebraic decay regimes
(c). Source: created by the author.
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Fig. 8: Exponential decay of L2(Γ) and L∞(Γ)
errors of ||U || and their logs- Case α1 = 4 > 1 >
α2 = 0.1 . Source: created by the author.

Fig. 9: Exponential decay of L2(Γ) and L∞(Γ)
errors of ||W − 1|| and their logs- Case α1 = 4 >
1 > α2 = 0.1. Source: created by the author.

Fig. 10: Algebraic decay of L2(Γ) and L∞(Γ)
errors of ||U || and ||W − 1||- Case α1 = 1 > α2 =
0.1. Source: created by the author.

Fig. 11: (a) Labeled weighted network used
in the numerical simulations. (b) Extracted
subnetwork employed for the analysis of node
strength influence on the stabilization behaviour.
Source: created by the author.

refined discretizations (h,∆t), (h/2,∆t/2)
and (h/4,∆t/4). Let Un

h denote the discrete
solution at time tn. The relative L2-error
between successive approximations is defined

as Eh(tn) =
∥Un

h/2−Un
h ∥L2(Γ)

∥Un
h/2∥L2(Γ)

. The experimental

order of convergence (EOC) is then estimated

by p ≈ log(Eh/Eh/2)
log(2) . The obtained results

indicate a consistent first-order convergence rate
of the scheme with respect to space and time
discretization parameters.

4.4 Node Analysis and Influence
Higher node strength correlates with increased
connectivity and, in some cases, with faster
information or species propagation through the
network. Indeed, Figure 11 shows how to label
any subnetwork for the analysis of node strength.
Moreover, Table 2 highlights the strengths of
selected nodes in the network computed based
on the aggregate edge weights.

Table 2: Strength (weighted degree) of selected
nodes in the networks. Source: created by the
author.

Nodes v1 v5 v10
Strength 1.82 2.80 4.54

To sum up, the numerical simulations strongly
support the analytical predictions. These
simulations not only validate the theoretical
framework but also provide insights into the
dynamics over complex networked domains,
underscoring the role of network topology in
interspecies interaction models.
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4.5 Quantitative validation of
entropy-based decay rates.

In the case of α1 = 1 > α2 = 0.1, we
have proved theoretically that the entropy-based
estimate predicts an algebraic decay of the form
F (t) ≤ C(t+ t1)

−1. To validate this convergence
rate, we define the discrete error functional
Fh(t) = ∥Uh(t)∥L1(Γ) + ∥Wh(t) − 1∥2L2(Γ) and

then we extract the numerical decay order from
the slope of the log-log representation. Using
the data represented in Figure 10, pnum =
− d

d(log t) logFh(t) ≈ 1, in agreement with the

theoretical prediction.
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