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1 Introduction

Recently two concepts have been attracted by many
researchers; the Wiener index and the biclique
decomposition number. The reason why these
concepts are getting more and more interesting every
day is because they involved in a lot of applications in
various fields long with some industrial applications.

The Wiener index was first studied in 1947, [1],
who recognized the relationship between the
boiling point of paraffin's and the structure of the
molecule.

Wiener index has come to be one of the most
well-known topological indices in chemistry,
since undirected graphs are typically used to
model molecules. For example, the goal of the
pharmaceutical design process is to create chemical
compounds with particular qualities, and this heavily
depends on the chemical formula in addition to the
molecular structure. This may be easily understood
by looking at the molecular graph, which is the graph
associated with a molecular structure. The atoms
in a chemical molecule get up the vertex set, while
the bonds between atoms get up the edge set. In
this instance, a Wiener index is the total number of
atom pairs that are encoded in a molecule using the
shortest path technique and the length of the shortest
bond using the bond path. More details about Wiener
index and its uses in chemistry, can be found in [2],
(31, [4], [51, [6].

In addition, Wiener index appears in numerous
areas such as communications, plant locations, and
cryptography since it is an indicator for the expected
distance between two randomly selected network
nodes, [[7]. Moreover, the Wiener index or the average
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distance plays crucial role in finding the spanning tree
with the smallest average distance see, for example,
[2].

Finding the Wiener index of some graphs has
been investigated by many authors. The authors
in [8], evaluated the Wiener index of product
graphs, join graphs, and composition graphs. The
study, [9], computed the Wiener and hyper-Wiener
indices of these composite graphs. In [10], the
authors determined the Wiener index of some
other operations such as Mycielskidc construction,
generalized hierarchical product, and ¢-th subdivision
of a graph. Moreover, the Wiener index for some
special families of graphs has been derived in []11]],
[12], [13].

The first appearance of biclique decomposition
number was in 1971 in [[14], to study a data
communication issue in the addressing problem for
loop switching. In particular, the collection of loops
is considered as a graph such that each loop is a vertex
and if the two loops have a mutual transfer point then
the two vertices are connected. The best possible
value of the length of addresses is called the biclique
decomposition number. Furthermore, it is inspired
through applications in numerous other fields such
as combinatorial geometry, [[15], communication
complexity, [[16], and immunology, [[17].

The biclique decomposition number for some
graphs families including complete bipartite graphs
K, ., complete graphs K,, cycles Cp, with m = 4
or m # 4k and several graph products are evaluated,
see for example,[[18], [[19], [20], [21].

This paper determines the Wiener index and the
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biclique decomposition number for some unit graphs.
Studying unit graphs has been attracted by many
researchers. In [22], the authors examined basic unite
graph features like connectedness, chromatic index,
diameter, girth, and planarity. The authors in [23],
discussed the eigensharp property for the unit Graph
G(R1) where Ry = Z, (+) Zp,.

The main focus of this paper is to introduce
and rigorously analyze the Wiener index and
spectrum of the specific unit graphs G(R;) and
G(R2). The closed-form formulas we present
already reveal important structural insights and
highlight novel properties of these algebraically
defined graphs. While we fully acknowledge that
additional comparisons with other graph families,
generalizations to non-commutative rings, or
explorations of higher-order idealizations are indeed
interesting and worthwhile directions. We view them
as promising avenues for future research that build
upon the foundation established here.

In fact, the results presented in this study stand
out from other approaches due to the simplicity and
directness with which eigenvalues can be computed
through our block-matrix decomposition method.
Unlike many existing approaches that rely on more
complex or case-specific techniques, our method
provides a more straightforward framework for
eigenvalue determination. Furthermore, to the best
of our knowledge, this paper is the first to introduce
both the Wiener index and the spectrum of the unit
graphs G(Rz). This novelty ensures that our offers
new perspectives on the interplay between algebraic
graph theory and unit graphs.

In this paper, the unit graphs G(R;) and G(Rz2)
where Ry = Z,(+) Z, and Ry = Zp (+) Zy> are
investigated. We determine the spectrum of G(R;)
and G(R3) and discuss the eigensharp property of
G(R2). We also, evaluate the Wiener index of G(R;)
and G(Rz).

2 Preliminaries

Throughout the paper, we consider G = (V, E) to
be a finite simple undirected graph with V(G) and
E(G) will denote the vertex set and the edge set of
G respectively. Assume that the distance between
the vertex x and the vertex y in G is denoted by
d(z,y). Also d(x,y) can be considered as the length
of a path between u and v that has a shortest length
in G. The number of edges that connect a vertex x
in G is its degree, which is indicated by deg(x). The
set of vertices adjacent to x is referred to as the set of
neighborhoods of x and is denoted by Ng(z). Also,
ifz,y € V(G) and zy € E(G), we write © ~ .
Let (S, T) be the induced subgraph whose vertex set
is V(S)uV(T).
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The sum of all of d(z,y) among all vertices of
a graph G = (V, E), represented as W (G); is the
graph's Wiener index.

{zyrcv(@)

W(G) = d(z,y).

Complete bipartite subgraphs of a graph are called
bicliques. A collection F¢ of bicliques of a graph G
such that each edge in GG lies in a member of F¢ is
called a biclique covering of a graph G. When the
members of Fg are pairwise edge disjoint, then Fg
is called a biclique decomposition of GG. The biclique
decomposition number bp(G) is the cardinality of a
minimum biclique decomposition of G.

The square matrix of order |V (G)|, with ij-th
entry equals 1 if z;x; is an edge of G and 0 otherwise,
is the adjacency matrix of G, represented by A(G).
For a simple graph G, the adjacency matrix A(G)
is symmetric with real eigenvalues. Assume that
¢+(G) and c_(G) represent the numbers of positive
and negative eigenvalue of the adjacency matrix
A(G). For any non-null graph G, we have c; (G) >
0 and ¢c_ (G) > 0. The study, [14], showed
max {cy (G),c_ (G)} < bp(G) for a graph G. If
bp(G) = max {c; (G),c— (G)}, the graph G is said
to be eigensharp.

The number of linearly independent eigenvectors
that are related to an eigenvalue )\; is known as its
multiplicity. If m; is the multiplicity of the distinct
eigenvalues A; : 1 < ¢ < j of the adjacency matrix
A(G), then the spectrum of G, denoted by o(A(G)),
is

A1
my

sta@n = ().

Assume R to be a finite ring. Let G(R) = (V, E)
denotes the unit graph on a ring R where V' = R.
If the sum of two distinct vertices in R is unit, then
they are adjacent. Throughout the paper, all rings
are considered to be commutative rings with non-zero
unity. The set of all units in R will be denoted by
U(R). For each element u in R, u € U(R) if it has a
multiplicative inverse and therefore, w is said to be a
unit in R.

The ring R(+)S = {(I,t) : | € R,t € S} is
called the idealization of S as an R—module, where
the operations on R(+)S are defined by:

(li,t1) + (I2,t2) = (I1 +l2, 11 + t2)
(l1,t1) - (I2, t2) = (Lila, lita + laty),
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and (1, 0) is the identity under multiplication.

Throughout the paper, we consider the two finite
rings Ry = Z,(+)Z, as the idealization of Z, as a
Zp—module, and Ry = Z,»(+)Z,> as the idealization
of Z,» as a Z,»—module. Note that, by performing a
simple calculations, we can show that (a, b) is a unit
in R;, fori = 1,2, if and only if a is a unit in Z,«, for
a=1,2.

3 The Spectrum of the Unit Graph
G (2, (+) Zp)

In this section, we study the spectrum of the unit
graph G(R;) where Ry = Z,, (+) Z, and p is a prime
number. We point out that in [23], we investigated
the eigensharp property of the graph G(R;) by
computing the negative and positive eigenvalues of
a certain subgraph of G(R;). In the current paper,
we studied the eigenvalues of the graph G(R:)
completely because of their importance and as a
prelude to future studies on various other features.

The unit graph G(R1) = (V, E) is defined such
that V = {(x,y) : x,y € Z,}, where two distinct
vertices (x1,¥1), (x2,y2) are adjacent with an edge
inE,ifr; +x2 #0 (mod p). LetT = {(0,y) : y €
Zp} and let

S’L:{(Zvy)yezpvz:17277p_1}

be a decomposition for V. Then, the set of vertices T’
generates a null subgraph. For the subgraph (S;,T),
since each vertex in 7" is adjacent with each vertex in
S;, then the subgraph (S;, T ) is a complete bipartite
graph K, ,. For the same 7, any two distinct vertices
in S; are adjacent the subgraph induced by .S; is a
complete graph K,. Now, for two different indices
iand j,if i +j # 0 (mod p), the subgraph (S;, S;)
is a complete bipartite graph K, ,. If j = p — i, the
subgraph (.5;, S;) will be a null graph of size p.

Remark 1 Ifp = 2 then G(Ry) is isomorphic to the

cycle graph Cy. Hence, 0(Cy) = (g % _12 ) :

Let p be an odd prime number. Let ¢ = p’ and s =
p'T1. Let J, denote the all-1 matrix of size ¢ x ¢, 1,
is all-1 matrix of size ¢ x 1 and [V, is all-0 matrix of
size ¢ X q. Also, let 0, be the all-0 matrix of size g x
1. Form=1,2,..., p%l define the partition matrix
F(™) to be the s x 1 matrix where every entry in the
submatrices is 04, with the exception of the (m+1)th
row, which is the submatrix 14, and the (p —m+1)th
row is the submatrix —1,. Furthermore, define the
partition matrix H forr =2.3, ..., % asthe sx1
matrix, with all submatrices being 0, except for the
second and last rows, which are the submatrix 1, and
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the (7 +1)th and (p — r + 1)th rows are the submatrix
—14. For example, if ¢ = 3 and p = 7, then

B 073 7] B 073 7
073 173
17s —17s
F@ = | 0p | and H® = | 075
O7s O7s
L O7s | [ 17 |

Let W, be the adjacency matrix of the complete graph
K, then the adjacency matrix A; for the unit graph
G(Ry) can be written in the form

TNy, Jpy Jp . Jp Iy Jp ]
Jp Wy Jp  Jp .Jdy Ny
Jp Ty W, o . . Ny, T
Jp Iy ey

Jp Wp Np
Ny - Jp I
Jp ' p
Jp Jp  Np Jp o Wy
L N, dy o W,

(1)
Now, we show that the spectrum of G (Z), (+) Z,)

1S
0 p-—1 -1 A1 A2
p—1 3 (p-12 1 1
where A\; and Ay are the roots of the quadratic
equation

2= (p*—2p— L)z +p*(1—p)=0

Step 1. Since the first block of the matrix A
given in (1) is the matrix N, and the other blocks
of the first column are the matrix J,, then it is clear
that the vector with zero entries everywhere except
1 in the first entry and —1 in the ith entry where
t=2,3,...,pisan eigenvector corresponding to the
eigenvalue A = 0. Thus A = 0 is an eigenvalue of
multiplicity at least p — 1.

Step 2. Using the same technique as in [23]], we
can show that

{F™) : M) js a p? x 1 matrix}
where m = 1,2,..., % is a set of eigenvectors
that are linearly independent of the matrix A;

corresponding to the eigenvalue A = p — 1 and

{H" . H) is a p? x 1 matrix}
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where r = 2,3,..., % is a set of eigenvectors
that are linearly independent of the matrix A;
corresponding to the eigenvalue A = —(p + 1).

Step 3. Since A = —1 is an eigenvalue of W,
of multiplicity p — 1, after which it becomes evident
that A S —1 is an eigenvalue of A; with multiplicity
(p—1)=.

Now if we combine the eigenvectors in Steps 1, 2,
and 3, we get p? —2 linearly independent eigenvectors
of Al.

Thus, the characteristic polynomial of A is

PO) =N = (p—1)F (A +p+ 1)
(A — 1)(17—1)2()\2 A +0)

Let A1 and Ao be the eigenvalues of A; that are the
roots of the equation

N 4+bA+c=0.

Then —b = A1 + Ay and ¢ = A\ Xo.

Since the sum of the eigenvalues of A; is equal
to trace(A;) = 0 and the coefficient of A?’~1 in the
characteristic polynomial p()) is the negative of the
trace of A1, we get

M4 de=—b=0-(~S(p-3)p+1)

b3 1p-1)~ (- 17)

=p>—2p—1.

If we compute the diagonal entries of the matrix A?,
we get

trace (A7) = (p* — 1)(p* — p).

=06 -p) - (30917

+ %(p ~ -1+ (- 1)?)
=p* =23 +4p+1
Hence
fm ANy = M +22)” — (A +A9)
2
=%((p2—2p—1)2—(p4—2p3+4p+ 1)
_ 2B

Therefore, A1 and Ay are eigenvalues of A; that are
the roots of the equation

z? — (p* —2p— Dz +p*(1—p) =0
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Note that A\; and A\ are real numbers since
(P* = 2p = 1> +4(p* — p*) > 0.
Hence, we get the spectrum of the matrix A; is
0 p-1 —(p+1) -1 M X
p—1 B (p-1? 11
where A1 and Ao are the roots of the quadratic
equation

a? — (p? —2p — 1)z +p*(1 — p) = 0.

4 The Spectrum of the Unit Graph
G (Zp2 (+) Zp?)

In this section, we study the spectrum of the unit
graph G(Ry) where Ry = Z,» (+) Z2. Moreover,
we show that for any prime p, the graph G (R2) is
an eigensharp. The unit graph G(Rz) consists of the
vertex set V. = {(z,y) : z,y € Zp} of order
p*, where two distinct vertices (x1,%1), (z2,y2) are
adjacent if 1 + o # 0 (mod p). In particular, if
p = 2, then G(R3) is isomorphic to the complete
bipartite graph Kgg which is an eigensharp graph
0 8 =8
14 1 1

Now if p > 2, assume O; to be a subgraph of
G(R2) induced by the set of vertex V (0;) = {(i +
jp7b> OSZSP_LOSJSP_LZ’GZ;??}

since (K3 g) =

p—1
Then V = |J V (O;) . In fact, Oy is an order p* null
=0

=
subgraph. For the subgraph (O, O;), i # 0, every
vertex in Oy is adjacent with every vertex in O; and
SO, (00,02) ~ Kpsps. Ifr = (Z + J1p, bl) and s =
(i + jop, by) are two distinct vertices belong to O; for
acertain ¢ > 1, then r ~ s and so, (O; ,0;) ~ K.

Ifr e Oil’ s € Oiz, 3 75 12,0 <iq,79 < p—1, then
r ~ sifand only if i5 # p — i1.Thus, if is # p — i1,
then (OilaOig) ~ Kp37p3, and (Oi170i2) is a null
subgraph of order p? otherwise.

Thus, the adjacency matrix A of the graph G(R2)
is the matrix of size p* x p* which is given by

[ Ng Jg  Jg . Jg Jag Jg ]
Ja Wq Jqg Jg Jq  Ng
Jd Jd Wd ) Nd Jd
Jg Jg . Jy .

o Js Wy N,
Ng o Ja Ja
Jg ’ Jyq
Ja Ji Ny Ja - Wag Jg
L Ja Ng Ja o Ja Ja W
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where d = p>.

Similar technique as we used to determine the
spectrum of the matrix A in Section 3, we can show
that the spectrum of the unit graph G (Z,2 (+) Z,2) is

( 0 d—1 -1 )\i>
d—1 3 (p—1)d-1) 1)
where i = 1,2 and A\; and )\, are the roots of the
quadratic equation

—(d+1)
p—3

2

z? — (p* — 2p* — D)z + p®(1 —p) = 0.

The ensuing theorem shows that G(Rz) is
an eigensharp graph with bp(G(R2)) equals to
a_(G(R2)).

Theorem 2 The unit graph G(Rs2) associated with
the ring Ry = Zy» (+) Z,» is eigensharp.

Proof. Assume O; to be a subgraph of G(R3) induced
by the set of vertices V (0;) = {(i + jp,b);0 < i <
p—1,0<j<p-1be Zp}. Actually,thevertex

set of G(R2) can be considered as V' = U V(0;)

where Op ~ Nps and fori > 1, O; ~ K . We
denote each vertex of V (O;) as {ai 0<t< p3}
Then for ¢ > 1, the set of edges in O; can be covered
by p®—1 bicliques, which are the stars B; ({a}} , Q}),
1 <t < pP—1and Q! = {a}%:t<k‘}.
Moreover, assume X, = V (O,) UV (Op—,) and
Y, = V(OO) U V(OT—H) U---uVv (Op—(r-i-l))
where 1 < r < |E|. Let B(X,,Y;) be the biclique
subgraph induced by the set of vertex of X, and Y,
respectively. In fact, B (X,,Y;) ~ K| \x,,|v,| forms a
biclique decomposition for all the edges that incident
with a vertex in X, and another in Y.
Now, consider the set ¢ where

Fo ={(Bi{a}}.Q}),

where 1 < i < p—1,1 < t < p?—1,
p

and 1 < r < |B|. Since Fg can provide
cover for every edge in E(G(Rz)), then Fg is
a biclique decomposition of G(Rz2) of cardinality

p—1)(*-1) + (”T_l> Now, from Section
3, we can show that c; ((G(Rz)) = Z& and
(G(R) = (-1 -1) + (552) and s0
(

bp(G(R2)) = (p—1)(p*—-1) + (%) Thus
G(R2) is an eigensharp graph. m

B(X;,Y;)},

C_
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5 The Wiener Index for G (Z,(+) Z,)
This section determines the Wiener index for the unit
graph G(R;) where Ry = Z,(+) Z,. According
to Remark [l], the unit graph G(R;) when p = 2 is
isomorphic to the cycle graph Cy and so, the Wiener
index is equal to 8. In the following theorem, we
determine the Wiener index for the graph G(R;)
when p > 3.

Theorem 3 The Wiener index of G(R1) is equal to
p(;vfl)Q(pH)2 .

Proof. Consider V' to be the vertex set of G(R;). Let
H; = {(i,a) : a € Z,} be a subset of V' with p

p—1
verticesand 0 < i < p— 1. Then V = |J H; with

i=0
H,NH; =¢fori# jIfr € Hiand s € H,_;,
then d(r,s) > 1. More precisely, let k € H;, for
some j # i, then r — k —— s is the shortest
path from r to s and hence d(r, s) = 2. Otherwise,
ifr € H;and s € Hj in whichi 4 j # 0 (mod p),
then d(r,s) = 1. Therefore, for every r,s € V the
determination of d(r, s) depends on the sets H; from
which the two vertices are to be selected. Mainly, to
determine the Wiener index for G(R1), we study the
following cases:

Case 1: Assume that r, s € Hp, then d(r,s) = 2

and hence

> d(r,s):2<g>:px(p—1).

r,s€Hy

Case 2: Assume that r € Hy and s € H; for some
i > 0, then d(r, s) = 1 and hence

> (p—1)p°
reHoy,s€H;

Case 3: Ifr, s € H; forsome i > 0, then d(r, s) =
1 and so

Z d(r,s) = (p—

r,s€H;
0<i<p—1

d(?’, 3) =

Case 4: Assume that
r=(i,dy) € Hi,s = (j,d2) € H;j

for some ¢, 7 > 0 and j > ¢, then
d(r,s):{ 1,ifj#p—1

2,ifj=p—i °
Now, let us describe the H;-subsets as follows:

Hy={(1,b):be Z,}

Volume 25, 2026



WSEAS TRANSACTIONS on MATHEMATICS
DOI: 10.37394/23206.2026.25.9

H, 1={(p—1,b):be Z}.

Hy, = {(k,b) 1 b€ Z,}

and

Hy = {(1.b) : b € Z,)

where k = 2,3,...,[5]andj = [E],...,p— 2. If
r € H; and s € H; in which j = p — ¢, then

S dlrs) =2 (p;l) 2.

reH;,scH,

j=p—i

Otherwise, assume that r € H;, s € H; such that
J#Fp—i

Suppose that 1 < i < |E| and ¢ = p — 1. Hence,
we have

Z d(r,s) =

L<i<| ] L<i<|]

Now, suppose that Pﬂ <4 < g, then we have

[2]<i<p—1

- - [3)

¢ -0
¢ o[-

So, from the previous cases, we conclude that

Z d(r,s)

reH;,seH; 1<i< ng
0<i<j<p-—-1
j#Fp—i
+ Z d(r,s)
[2]<i<p-1
= —piq(g—2)
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Hence, the Winner index for the graph G(R;) is

equal to
W(G(Ry) = Y drs)+ > drs)
r,s€Hy reHy,seH;
+ Z d(r,s)
r,s_GHi
+ ) d(rs)+ Y d(rs)
reH;,scH; reH;,scH;
j=p—i j#Ep—i
= pp—-1)+2p°(p—1)
1 1
+ op=1 50 (= 1) (p—3)
_ - @+1)?
5 .
|

6 The Wiener Index of

G (sz (—I—) sz)
Assume Ry = Z,2 (+) Zp2. In the next theorem, we
determine the value of wiener index of G (Rz) . Note
that if p = 2, the graph G(R3) is isomorphic to the
complete bipartite graph Kgg and hence its Wiener
index is equal to 176, see, [24].

Theorem 4 The Wiener index of G (Rz) is equal to
%p3 (p2— 1) (p3+p2+p+ 1).

Proof. Let V = {(a,b) : a,b € Z,2} be the vertex set
of G (Ry) with an order p*. Let A; = {((i + jp),b)
j € Zp,b € Zp} with0 < i,j < p— 1be a subset

of V with an order p?. Then F = {4; : 0 < i <
p—1} forms a disjoint decomposition for V. Consider
u = ((i1 + j1p),b) and v = ((i2 + j2p),d) in V. The
sum u + v is a unit in Ry if and only if iy + i5 #
0. Therefore, we get d(u,v) = 1 for each pair with
distinct vertices, v and v, in V' unless, if i = p — 47.
In fact, if io = p — 41, then u — k — v is the
shortest path from u to v where k = (ig+p, 1) € A;,
for some iy ¢ {i1,p — i1}. Thus d(u,v) = 2. We
note that the identification of sets A;, from which two
different vertices v and v are selected, has a major role
in calculating d(u, v). We consider all possible cases
to determine the Winner index of the graph G(R2).

Case 1: If u,v € Ag, then d(u,v) = 2. Hence,

> d(u,v) =2(7%)

u,wEAg

Case 2: If u,v € A; where1 < i < p — 1, then
d(u,v) =1 and so

3 d(u,v)=(p—-1) <p23>.

u,WEA;

Volume 25, 2026



WSEAS TRANSACTIONS on MATHEMATICS
DOI: 10.37394/23206.2026.25.9

Case 3: If u € Apandv € A where 1 < j <
p — 1, we have d(u,v) = 1. Therefore

> d(u,v) = (p—1)p".
u€A,VEA;

Case 4: Suppose that u € A; and v € A; with
i < jandj =p—i. Then d(u,v) = 2 and hence

Z d(u,v) = 2(]9;1)]96.

u€A; , vEA;

Case 5: Suppose that u € A; and v € A; with
0 < i < jandj # p—i. Then we have the following
subcases with d(u,v) = 1 in all of cases.

1) Assume 1 <17 < L%J , then,

5]
> d(u,0) =p"y ((p—2) 1))
u€ Aj,veA; i=1
1<is g

p—2
S duww)=p Y (p-1)—i)
u€ Aj,ve A, i=[2]
[fl<i<p—2
Thus,
12)
S dwe) =5 ((p—2) k)
u€A;,vEA; k=1
p—2
+p° (p—1)—k))
SH

where 0 <i<j<p-—1landj#p—i.
Therefore, we get that the Wiener index of G(R2)
is equal to:

W (G (Ry) = ) _ d(u,v)

u,veV
p3 6
=(p+1)<2> +2(p—1)p
1 6
+ 5P (p—1)(p—3)
1
=5 (" =1) (PP 4P +p+1)
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7 Conclusion

In this paper, we investigated the Unit graph
constructed on the rings Ry = Z,(+)Z, and
Ry = Zp(+)Zy2. We first examined the spectra
of G(R;) and G(R3), followed by an analysis of
the eigensharp property of G(Rz2). Furthermore,
since the Wiener index serves as a fundamental
tool for characterizing molecular graphs and linking
molecular structure to their physical and chemical
properties, we have determined the Wiener indices
W(G(R;1)) and W(G(Rz)) of these unit graphs.
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