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Abstract: This paper investigates Hyper G-matrices and their applications in network models and communication
systems. We establish fundamental properties of Hyper G-matrices, including spectral invariance under similarity
transformations, canonical block decomposition, and preservation of positive semidefiniteness under specific
conditions. New theorems demonstrate that Hyper G-pairs maintain eigenvalues under diagonal similarity and
admit interlacing bounds in associated block constructions. Illustrative examples, including visualizations of
block matrices and Laplacian matrices of path graphs, highlight the impact of Hyper G-transformations on
spectral and structural properties. Connections with ternary logic Bg are also explored through decomposition
and spectral projection techniques, suggesting potential applications in logic, computation, and network science.
Future directions include algorithmic computation of Hyper G-spectra, visualization of large-scale matrices, and
application to data-driven communication networks. The results provide a versatile algebraic framework bridging
classical matrix theory, graph theory, and network modeling.
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1 Introduction be modeled, making signed graph theory highly
relevant in sociology, biology, and control theory,

[5], [6], [7], [8]. The algebraic study of signed and
generalized graphs has produced important results
in controllability and observability of dynamical
systems, as well as in the analysis of consensus and
stability in multi-agent networks.

This paper introduces Hyper G-matrices as a unifying
framework connecting classical matrix theory, graph
spectral analysis, and ternary logic Bs. The key
contributions of this work include rigorous proofs of
spectral invariance under similarity transformations,
preservation of algebraic connectivity under specific

conditions, block decomposition properties, and Beyond these frameworks, researchers have
representation of logical structures within matrices. introduced new classes of structured matrices.
These results provide direct implications for network Hyper G-matrices generalize classical adjacency and
resilience, multi-valued logical systems, and Laplacian representations by encoding higher-order
computational models, offering both theoretical relations and richer algebraic interactions. They
insights and practical applications in complex provide a more flexible setting for spectral
systems analysis. analysis and structural decomposition, extending
Algebraic graph theory and matrix analysis the applicability of graph-based .me.thods. New
provide a robust mathematical framework for theoret{cal developments and.apphcatlons Of Hyper
studying the structural and spectral properties of G—matpces h?‘Ve been _estabhshed, .[9], while 3}150
complex systems. Classical tools such as adjacency, exploring their connections to multi-valued logical
Laplacian, and incidence matrices are central in systems such as ternary logic B3, [10].
this framework, encoding connectivity, flows, and Earlier  foundational  work  contributed
spectral characteristics of graphs, [1], [2], [3], [4]. significantly to this direction, by studying generalized
The theory was significantly broadened with the inverses and eigenvalue interlacing for matrices
introduction of signed graphs, where edges may associated with graphs, [[11], [[12]. These tools play
carry positive or negative signs. This extension a crucial role in optimization theory, spectral graph
allows antagonistic and cooperative interactions to analysis, and stability studies, which are directly

E-ISSN: 2224-2880 220 Volume 25, 2026



WSEAS TRANSACTIONS on MATHEMATICS
DOI: 10.37394/23206.2026.25.22

connected to the properties of Hyper G-matrices.

In parallel, new advances in hypergraph
spectral theory have introduced alternative matrix
formulations, extending eigenvalue analysis from
graphs to higher-order structures. New matrix
frameworks for hypergraphs have been proposed,
[13], [14], which complement the theory of Hyper
G-matrices and suggest further unification of
algebraic methods across graphs, signed graphs, and
hypergraphs. These representations not only enable
a combinatorial understanding of networks but
also support spectral methods and frequency-based
interpretations of structure, where eigenvalues and
eigenvectors capture essential properties such as
connectivity, expansion, and resilience, [[15], [[L6],
[L7], (18], [19], [20].

Hyper G-matrices thus emerge as a unifying
concept at the intersection of algebraic graph theory,
multi-valued logic, and hypergraph theory. Their
applications span across communication systems,
where channel matrices in MIMO models can be
analyzed for stability and fault tolerance; quantum
computing, where ternary logic Bg naturally connects
with qudit-based computation; and network science,
where eigenvalue interlacing of adjacency—Laplacian
pairs offers new resilience criteria for large-scale
systems.

Moreover, the relevance and applicability of
Hyper G-matrices extend well beyond purely
theoretical developments, as evidenced by a broad
and growing body of recent literature, [21]], [22],
(23], [24], [25], [26], [27], [28], [29], [30], [31], [32],
(331, [34], 5], [36], [37], [38], [39], [40], [41], [42],
[A3], [44], [45], [A6], [A7], [48], [49], [S0], [51], [52],
[53], [54], [531], [56], [57], [58], [59], [60], [61], [62],
[63]. These works collectively highlight the unifying
role of Hyper G-matrices as a powerful algebraic
framework bridging graph theory, multi-valued
logic, optimization, and complex real-world system
applications.

2 Preliminaries

In this section we collect the basic concepts,
definitions, and auxiliary results required for
the development of Hyper G-matrices and their
connection with ternary logic B3. The foundations
of our work are strongly influenced by classical
algebraic graph theory and spectral matrix analysis,
which provide the standard tools for adjacency,
Laplacian, and incidence representations, [[1], [2], [3],
[4]. These traditional approaches have been extended
in the literature to signed graphs, where entries
from {-1,0,1} allow modeling both cooperative
and antagonistic interactions, particularly relevant
in social and communication networks, [5], [6], For
detailed information on the Decomposition Lemma,
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see, [[7], [8]. Within this context, Hyper G-matrices
emerge as a promising algebraic framework, first
studied in detail, [9], and connected with ternary logic
B3 in later developments, [[1(]. More recently, matrix
models have been generalized toward hypergraph
structures, with new spectral frameworks providing
higher-order insights into complex systems, [[13],
[14].

The ternary logic B3 is defined on the value set
Bs = {-1,0,1}, where 1 corresponds to true,”
—1 to false,” and 0 to an indeterminate or neutral
state. Logical operators are extended accordingly:
the negation is given by ma = -a, conjunction
and disjunction are a A b = min{a,b} and a V
b = max{a, b}, while implication is formalized
as a — b = max{-a,b}. This three-valued
framework not only extends binary reasoning but also
provides a direct connection to systems characterized
by uncertainty, partial truth, or neutral states, all
of which are relevant in computer science, quantum
computation, and decision-making.

Matrices whose entries lie in Bs are called
Bs-matrices. Any such matrix M admits a unique
decomposition into disjoint positive and negative
parts: M = P—Nwith P,N € {0,1}"*" and PN N =
@. This decomposition is important in linking logical
operators to matrix algebra. For example, the support
sets ST (M) and S~ (M) naturally encode the positive
and negative edges in a signed network.

To introduce Hyper G-matrices, consider 4 €&
M, (R) and let D, denote the family of invertible
diagonal matrices, typically with entries restricted
to =1. For D{,Dy € D,, the transformation
G(A4;D1,D9) = D1ADs is called a G-transform. The
collection HG(4;D,) = {D14Dy : D1,D2 € Dy}
is the Hyper G-set, and any pair (G1, G2) within this
family is referred to as a Hyper G-matrix pair. This
construction generalizes similarity transformations
and allows richer structural relationships to be
captured, particularly when entries come from Bs.

Several elementary results underpin this
framework. First, every Bs-matrix has the
decomposition M = P — N as noted below.
Second, similarity by a diagonal matrix D preserves
the spectrum, ie. o(DAD™!) = o(4), which
implies that the eigenvalues of a matrix remain
invariant under signed diagonal scaling. For more
general pairs (D1,D2), one obtains the bound
p(D1AD3) < ||D1||||D2]| p(4), ensuring stability of
spectral radius under such transformations.

Logical formulas in Bs can be represented by
valuation matrices, defined as diagonal matrices
with entries o (v) across valuations v. Equivalence
of two formulas then coincides with equality of
their valuation matrices. Logical connectives
such as negation, conjunction, disjunction, and
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implication can be expressed through simple matrix
operations, making the Bs framework compatible
with matrix-theoretic analysis.

From this perspective, Hyper G-matrices inherit
both algebraic and logical structure. Spectral
invariance under signed similarity connects naturally
to the semantics of logical equivalence. Interlacing
results extend classical eigenvalue inequalities: for
instance, if 4 is symmetric and G € HG(A4) with

G = DAD for some D € Dy, then the block
matrix ’é i exhibits eigenvalue interlacing

with respect to 4. As a consequence, if 4 is positive
semidefinite, then so is the block matrix. Such results
provide spectral radius bounds, max{p(4), p(G)} <
p(B) < ||4]| + ||G]|, which are particularly relevant
for assessing stability.

These properties highlight the application
potential of the theory. In communication systems,
ternary values naturally encode neutral, positive, or
negative channel states. In optimization, constraints
expressed in {—1, 0, 1} can be analyzed through Hyper
G-spectra. In machine learning, the intermediate state
0 captures uncertainty and supports more expressive
classification models.

As a small example, consider an adjacency
matrix 4, extended by perturbations B € M, (R)
representing uncertain or antagonistic edges. Hyper
G-transforms G D1(A + B)Dy under different
diagonal scalings produce families of matrices
whose eigenvalue distributions can be compared.

, : 4 Gh\ .
The resulting block matrices G 4 illustrate
how Hyper G-operations affect connectivity,

spectral radius, and algebraic connectivity, thereby
demonstrating the structural impact of combining
ternary logic with generalized matrix theory.

In [2], and, [9], we now present a fundamental
theorem establishing spectral invariance properties.

Theorem 2.1. Let A € M,(R) be any square matrix
and let G = DAD where D € Dy, (so that G is
diagonally similar to A). Then the spectral radius of

G satisfies
p(G) = pl4). (1)

Moreover, for the associated symmetric block matrix

(4 G
(2 ). e

the following inequality holds:
max{p(4), p(G)} < p(B) < [l4]| +[|G]|.  (3)

Proof. Since G = DAD with D = D! € D, we
have G = DAD™!, so G is similar to 4. Similar
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matrices share the same eigenvalues, which proves
p(G) = p(4).

For the block matrix B, consider any nonzero
vector (x y) € R?". Then

| fAx+ GTy 2
I\ Gx+ 4y
= |l4x + GTy||? + || Gx + 4y||?
< (4l + G + NGl + 4111
< (411 + G (P + lvl1)-
Thus [|B]| < [|4]| + (|G|, giving p(B) < ||B]| <
4]l +1IG
The lower inequality follows from the fact that
both 4 and G are principal submatrices of B. By the
Cauchy interlacing theorem for symmetric matrices,
the spectral radius (largest eigenvalue) of a principal

submatrix is at most the spectral radius of the full
matrix. O

Next, we present a lemma detailing the structural
decomposition of Hyper G-matrices.

Lemma 2.2. Let A € My(R) and let G €
HG(4;DD,) where Dy, is the set of invertible diagonal
{*1}-matrices. Then, by definition, G can be
expressed as

“4)

for some diagonal signature matrices D1,Do € Dy,
Furthermore, if A and the signature matrices are
compatibly block-diagonalizable, i.e., there exists a
permutation matrix P such that PTAP = P, 4; and
PT'D P = @, Dy, for k = 1,2, then G admits an
induced block diagonal decomposition

G = D1ADo,

k
PTGP = (D1,4;D3). (5)
i=1

Proof. The expression G = D1AD» follows directly
from the definition of HG(4;D,). For the block
decomposition, the compatibility condition ensures
that the transformation D1A4D> respects the block
structure of A4 after the same permutation P, leading
to the direct sum form. O]

We also have an important corollary regarding the
preservation of positive semidefiniteness.

Corollary 2.3. If A is symmetric and positive
semidefinite, and G = DAD™ with D € Dy, (ie, G
is diagonally similar to A), then G is also symmetric
and positive semidefinite.

Proof. Let G = DAD™! with D € D,,. Since D! =
D for {£1} diagonal matrices, we have G = DAD.

The matrix G is symmetric because GT = (DAD)T =
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DTATDT = DAD = G (as D is diagonal and A4 is
symmetric). For any x € R”, let y = Dx. Then,

xTGx = xT(DAD)x = (Dx)TA(Dx) = yTAy >0  (6)

because 4 is positive semidefinite. Hence, G is
positive semidefinite. O

To illustrate these concepts, consider the following
example.

Example 2.4. Consider the Laplacian matrix of the
path graph Py:

1 1 0 0
12 -1 0

A=10 1 2 4 (7
0 0 -1 1

First, take D = diag(1,-1,1,—-1) and define G| =
DAD. Since D' = D, the matrix Gy is diagonally
similar to A, hence their spectra coincide:

o(4) = 0(Gy) ~ {0, 0.5858, 2.0000, 3.4142}. (8)

Next, let Dy = diag(1,-1,1,1) and Do
diag(1,1,-1,1), and form Go = D1ADs. In this case
Doy #£ DII, so Go is not similar to A. Its spectrum
differs substantially:

0(Go) ~ {0.7321, 0, 0, —2.7321}.

©)

This comparison illustrates that signed similarity
transformations (DAD with D diagonal £1) preserve
eigenvalues, while general G-transforms (D1AD3)
may alter them, even though norm bounds such as
p(D1ADs) < |[Dy D2 | p(A) still hold.

Another example demonstrates the spectral
structure of path graphs. Results of our study are
presented in Figure 1, and Figure 2 respectively.
Similarly, we present some Eigenvalues for this
study in Table 1, and Table 2.

Example 2.5. Consider the path graph P4 with four
vertices. Its Laplacian matrix is

1 -1 0 0

-1 2 -1 0
A=10 1 2 4 (10)

0 0 -1 1

The eigenvalues of A are
A(A4) = {0, 0.5858, 2, 3.4142}. (11)
O——C—06—®
Fig. 1: The path graph P,
Source: [[17], [19].
E-ISSN: 2224-2880
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Fig. 2: The eigenvalue spectrum of the Laplacian
matrix 4.
Source: [|17], [19].

This example illustrates the block and spectral
structure of the path graph P4, which can be further
analyzed under Hyper G-transformations to study
spectral invariance and decomposition properties.

3 Main Results

In this section we establish the fundamental properties
of Hyper G-matrices, focusing on their spectral
invariance under similarity, decomposition structure,
and preservation of positivity under specific
conditions. These results provide the theoretical
foundation for subsequent applications in graph
theory, logic, and network models.

We first show that Hyper G-matrices related by
diagonal similarity preserve the spectral radius of the
underlying matrix, and that the block construction
associated with such a pair admits useful eigenvalue
bounds.

The following theorem generalizes the spectral
invariance property.

Theorem 3.1. Let A € M, (R) be any square matrix
and let G = DAD with D € Dy (so that G is
diagonally similar to A). Then the spectral radius of
G satisfies

p(G) = p(4), (12)
and moreover, for the associated symmetric block
matrix

_ (4 GT

(2 9). o
the following inequality holds:
max{p(4),p(G)} < p(B) < 4[| +[IG]. ~ (14)

Proof. Since G = DAD with D = D! € D,, we
have G = DAD™!, so G is similar to 4. Similar
matrices share the same eigenvalues, proving p(G) =

p(A).
For the block matrix B, consider any nonzero

vector (x,y)! € R?". Then

Volume 25, 2026



WSEAS TRANSACTIONS on MATHEMATICS
DOI: 10.37394/23206.2026.25.22

2 | A4x+GTy 2
I\ Gx+ 4y
= [lx + GTy||? + [|Gx + 4y
(4l + GV + G+ 40 11>
(141l + 1GID? (el + 11%).
Thus ||B]| < [|4]| + [|G[|, giving p(B) < B <
|4|| + ||G||. The lower inequality follows from the

Cauchy interlacing theorem, since both 4 and G are
principal submatrices of 5. O

=)

IN A

The following structural result provides conditions
for a canonical block form for Hyper G-matrices.

Lemma 3.2. Let A € Mjy(R) and let G €
HG(4;Dy,) where Dy, is the set of invertible diagonal
{*1}-matrices. Then G can be expressed as

G = D1A4D>, (15)
for some diagonal signature matrices D1,Do € Dy,
Moreover, if there exists a permutation matrix P such
that PTAP = ;4; and PTDyP = ,;Dy; for
k = 1,2, then G admits an induced block diagonal
decomposition

k
PGP = 5 (D1,4,D2).
i=1

(16)

Proof. The expression G = D1A4D follows from the
definition of HG(4;D,). The block decomposition
follows from the compatibility condition, which
ensures the transformation respects the block
structure. O

An important consequence of diagonal similarity
is the preservation of positivity.

Corollary 3.3. If A is symmetric and positive
semidefinite, and G = DAD with D € D, (ie., G
is diagonally similar to A), then G is also symmetric
and positive semidefinite.

Proof. As shown in the proof of the corollary in
Section 2, G DAD is symmetric when A4 is
symmetric. For any x € R”, let y = Dx. Then

xTGx = xT(DAD)x = (Dx)TA(Dx) = yTdy >0 (17)
because A is positive semidefinite. Hence G is
positive semidefinite. O

These results demonstrate that Hyper G-matrices
under diagonal similarity inherit both algebraic
stability and spectral robustness.  They extend
classical invariance properties of signed similarity

while retaining decomposition and interlacing
principles that are crucial in applications. In the
E-ISSN: 2224-2880
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following, we present additional properties under
more specific conditions.

The next proposition concerns spectral properties
of principal submatrices.

Proposition 3.4. Let A € M, (R) be symmetric and
let G = DAD with D € Dy. If Ag is a principal
submatrix of A corresponding to an index set S C
{1,...,n}, and Gg is the corresponding submatrix of

G, then
p(Gs) < p(G) = p(4). (18)

Proof. Since G DAD, the submatrix Gg =
DgAgDg where Dy is the corresponding submatrix
of D. Thus Gg is diagonally similar to Ag, so
p(Gg) = p(Ag). By the Cauchy interlacing theorem
for symmetric matrices, p(4dg) < p(4) = p(G). O

We also have a result regarding convex
combinations.

Proposition 3.5. Let A € M, (R) be symmetric and
positive semidefinite, and let G1,Gy € HG(4;Dy,)
with G; = D;AD; for D; € Dy, (i = 1,2). Then for
any « € [0, 1], the convex combination

Ga = aG1 + (1- )Gy (19)

is also symmetric and positive semidefinite.

Proof. Each G; 1is symmetric and positive
semidefinite by the previous corollary. The convex
combination of symmetric matrices is symmetric.
For any x € R”,

xTGox = axT Gyx + (1- a)xTng >0, (20)

since both terms are non-negative. O

The following proposition establishes invariance
of algebraic connectivity.

Proposition 3.6. Let L = D—A be the Laplacian of a
graph with adjacency matrix A, and let G = DsADy
where Dy € Dy, (so that G is diagonally similar to
A). Define the corresponding transformed Laplacian
Lg = D—G. Then the eigenvalues of L are the same
as those of L, and in particular,

A2 (Lg) = Aa(L),

where Ao denotes the algebraic connectivity.

Proof. Since G = DgAD; with D;' = Dj, we have
G DSADgl, so G is similar to 4. The degree
matrix D is unchanged because diagonal similarity
does not affect the row sums when Dy has 1 entries
(the absolute values of entries remain the same). Thus
Lg = D—G = D—DgdD;' = Dy(D - A)D;! =
DSLDgl, s0 L is similar to L. Similar matrices have
identical eigenvalues, proving the claim. O

e2y)
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The next proposition concerns
semidefiniteness of block matrices.

positive

Proposition 3.7. Let A € M, (R) be symmetric and
positive semidefinite, and let G = DAD with D € D,.
Then the block matrix

Bg = (f; ij) (22)

is symmetric and positive semidefinite.

Proof. Since G = DAD and A is symmetric, GI =
(DAD)T = DAD = G, so B is symmetric. Consider
the similarity transformation using the block diagonal

matrix D = (1 0). Then

0 D
pson- (2 9) (& ) (1 8) o
4 GD
= <DG DAD)' (24)

Since G = DAD, we have DG = D?AD = AD and
GD = DAD? = DA, so

~ 1, ~ (A DA
bseb= (i 5.

A A
which is positive semidefinite because it equals

This matrix is permutation-similar to <A A),

§ A(I I). Since similarity preserves positive

semidefiniteness, B is positive semidefinite. O

To illustrate these propositions, consider the
following example.

Example 3.8. Let

2 -1 0 1 0 0
A:<—1 2 —1), Dz(O -1 0), (25)
0 -1 2 0 0 1

2 1 0
G =DAD = (1 2 —1> .
0 -1 2

Then G is diagonally similar to A. The convex
combination

2 0 0
Go=054+05G=(0 2 -1 (26)
0 -1 2
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is symmetric and positive semidefinite. The block
matrix

T

fo= (5 %)
2 -1 0 2 1 0

1 2 -1 1 2 -1 27)

o -1 2 0 -1 2
=12 1 0 2 -1 0
1 2 -1 -1 2 -1
0 -1 2 0 -1 2

is symmetric and positive semidefinite. Numerical
computation gives

o(Bg) ~ {0, 0.5858, 2, 3.4142, 4.0, 5.0}, (28)

all non-negative,
semidefiniteness.

confirming positive

Another example demonstrates block matrix
visualization.

Example 3.9. Let

310 0 1 00 0
1310 0 -1 0 0
A=1lo 13 1] P=lo 0o 1 o]
00 1 3 0 0 0 -1
(29)
3 1 0 0
13 1 0
G=pap=|9 | 5 %
0 0 -1 3

The block matrix

A G
B:<G A‘) (30)

has the following visual block structure:

13100 13 -1 0 0
1310 -1 3 1 0
0131 10 1 3 -1
s_|l00 13 10 0 -1 3
B -0 03100
H 3 1 01 1310
0 1 3 -1: 01 31
o o -1 3: 00 1 3

The red border highlights the full 8 x 8 matrix,
while blue dashed lines separate blocks of A and GT.
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4 Conclusion and Future Work

In this work, we have systematically studied Hyper
G-matrices, focusing on their spectral invariance
under diagonal similarity, block decomposition
under compatibility conditions, and preservation
of positive semidefiniteness. We established new
theorems and propositions demonstrating that Hyper
G-matrices related by diagonal similarity preserve
eigenvalues, admit canonical block decompositions
under specific conditions, and maintain positive
semidefiniteness, thereby extending classical results
on signed similarity transformations.

[lustrative examples, including visualizations
of block matrices and Laplacian matrices for path
graphs, highlighted how Hyper G-transformations
affect spectral properties while retaining algebraic
stability under similarity. Laplacian-based examples
confirmed preservation of algebraic connectivity
under diagonal similarity transformations, showing
practical relevance in network models and
communication systems.

The structural insights gained here also reinforce
connections with ternary logic B3, through
decomposition and spectral projection techniques,
suggesting potential applications in logic-based
computation and network design. To validate
the theoretical properties of Hyper G-matrices,
we conducted numerical experiments on various
adjacency and Laplacian matrices. The simulations
demonstrate spectral invariance under similarity,
preservation of algebraic connectivity, and positivity
preservation.

Table 1. Comparison of Eigenvalues for Laplacian L
and Similar Hyper G-Transformed L;.

Matrix Al A9 A3 Vi
L 0 0.5858 2 34142
Lo (withG=DA4AD) | 0 0.5858 2 3.4142

Source: [9], [[16].

The results confirm that algebraic connectivity
and spectral radius remain invariant under diagonal
similarity transformations, supporting the theoretical
claims of Theorem .1 and Proposition B.g. Similarly,
we compare the minimum and maximum eigenvalues
of the original matrix 4 and diagonally similar Hyper
G-matrix G to illustrate the preservation of positive
semidefiniteness.

Table 2. Eigenvalue Range Comparison for 4 and
Diagonally Similar Hyper G-Matrix G.

Matrix | Minimum Eigenvalue Maximum Eigenvalue
A 0 5.236
G = DAD 0 5.236

Source: [9].
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Future work will focus on:

» Developing efficient algorithmic methods for
computing Hyper G-spectra for large-scale
matrices.

* Exploring implementation of Hyper G-matrices
within  ternary and multi-valued logic
frameworks.

+ Extending visualization techniques to large block
and Laplacian matrices using heatmaps and
interactive graphics.

» Applying Hyper G-matrix theory to data-driven
communication networks, enabling robustness
analysis and spectral optimization.

* Investigating conditions under which general
D1ADy transformations preserve specific
spectral properties.

Overall, Hyper G-matrices provide a versatile
algebraic framework, bridging classical matrix
theory, graph theory, and network science, with
promising directions for both theoretical advances
and practical applications.
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