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Abstract: This study aims to analyze, develop, and compare methods for assessing the difference between per-
centiles of Weibull distributions. Confidence intervals for the difference between percentiles are constructed to
evaluate the accuracy and reliability of group comparisons. The statistical methods considered include the Gener-
alized Confidence Interval (GCI), Bootstrap, and Bayesian approaches, which are used to construct and compare
confidence intervals for differences between percentiles. The performance of the confidence interval is evaluated
based on coverage probability and average interval width to determine the precision and efficiency of each ap-
proach. The result indicated that the Bayesian highest posterior density (Baye-HPD) interval outperforms others.
Real-world wind speed data, categorized by location, are employed to demonstrate the practical applicability of
the proposed methods.
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1 Introduction for estimating percentiles of the normal distribution
were investigated, [6], including the traditional ap-
proaches, Normal Asymptotic, and Lawless. Us-
ing simulated samples of various sizes drawn from
a standard normal distribution, their findings indi-
cated that the Traditional and Lawless methods out-
performed the Normal Asymptotic method, as they
yielded shorter interval lengths while maintaining su-
perior coverage probabilities (CPs). Confidence in-
tervals (Cls) for percentiles under the normal dis-
tribution were examined, and approaches based on
maximum likelihood estimation and Bayesian infer-
ence were proposed, [7]. More recently, bootstrap-
based Cls for percentiles of the exponential family
were developed, [8]. The results demonstrated that

Weibull distribution is recognized as one of the most
versatile statistical distributions for modeling asym-
metric data. Its flexibility has led to widespread ap-
plications across diverse disciplines, including engi-
neering, industrial reliability analysis, actuarial sci-
ence, and environmental studies, [[11], [2], [3], [4], [9].
Existing literature has largely focused on estimating
the primary parameters of the distribution, namely the
shape and scale parameters, using both point and in-
terval estimation methods. Additional distributional
characteristics, such as the mean, variance, and coef-
ficient of variation, have also been subjects of sub-
stantial investigation.

Despite substantial progress in parameter estima- when the true parameter lies on or near the bound-
tion, research on the percentiles of the Weibull dis- ary of the constrained region, the CPs consistently
tribution remains relatively limited, even though per- exceed the nominal level. Generalized confidence
centiles are essential for risk assessment and informed intervals, fiducial confidence intervals, and approxi-
decision-making. Percentiles such as the median or mate Cls expressible in closed-form equations for in-
the 90th percentile offer robust indicators of cen- terval estimation of the mean and upper percentiles
tral tendency and data concentration, as they are less of a lognormal population in_the presence of zero-
sensitive to extreme observations. Higher-order per- inflated data were proposed, [9]. More recently, Cls
centiles, including the 95th and 99th percentiles, are for both the difference and the ratio of percentiles
particularly important in environmental and public of the zero-inflated Birnbaum—Saunders distribution
health contexts, where they serve as benchmarks for were examined, [[10]. Simple interval estimation pro-
evaluating extreme or hazardous conditions. Fur- cedures based on the Method of Variance Estimates
thermore, examining differences in percentiles across Recovery (MOVER) and Bayesian inference were in-
groups provides valuable insights into spatial or tem- troduced, and the Bayesian approach generally of-
poral variability in phenomena such as wind speed or fered superior performance
PM2.5 concentrations. Due to the limited number of studies on the dif-

Research on percentile estimation has gained in- ference between percentiles of Weibull distributions,
creasing attention in recent years. Several methods this study explores and compares several methods for

E-ISSN: 2224-2880 399 Volume 25, 2026



WSEAS TRANSACTIONS on MATHEMATICS
DOI: 10.37394/23206.2026.25.39

comparing Weibull percentiles between groups. The
main focus is on constructing Cls for the difference
between percentiles in order to assess how reliable
these comparisons are. The methods considered
include the Generalized Confidence Interval (GCI),
bootstrap, and Bayesian approaches. A simulation
study carried out in R programming is used to eval-
uate the performance of these methods based on CP
and average interval width. The methods are then
applied to real wind speed data to demonstrate their
practical usefulness.

2 Methods

Let X = (Xi,Xo,...,X;) be observations drawn
from a two-parameter Weibull distribution with scale
parameter « and shape parameter 3. The probability
density function (pdf) of this distribution is given in
Eq. (1)

=2 () e[ (2)] o
(1)

fori =1,2,...,n. To estimate the parameters o and
5, the maximum likelihood estimation is applied. The
maximum likelihood estimators (MLEs) can be ob-
tained from, [[L1], they are as follows. The MLE B of
B is solution of the following equation

1S [ me)] @

= - +—» In(z;) =0 (2)
B S (zP) i
and the MLE & of « is given by
&= [Z /| 3)
i=1

For solving the Eq. (ff), the Newton-Raphson it-
erative method can be applied. Let x1, xo,..., x, be
a sample of observations from a Weibull(c, 3) dis-
tribution. Let z; = In(z;),¢ = 1,2,...,n. [12]

showed that the estimator Bu = (%) ( ”8_21) is

asymptotically unbiased estimator, which is the start-
ing value. The following algorithm is used to com-
pute the MLEs:

Algorithm 1
1. Generate x1, x,..., Tn, let z; = In(x;).
2.  Compute s; Yz, Z = s1/n and

s? = Z?:l (zi — 5)2-

ho_ —1
3. Compute 3, = (%) ( e )
4. For [ = 1 to number of iterations.
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5. Compute w; = xf, s = Yo (wi),
s3= 2p(wiz) and sq = 301 (wif).
6. Compute F' = (Bi) +z— (5—3)

S2 )"

(%) + [(s250) = (3] /(5.

8. Compute Bu = Bu + (?)
9. If (F' < error tolerance) return B = Bu

10. End [ loop.
11. Compute & from Eq. (B).

7. Compute f =

Since the MLEs of the Weibull parameters do not
have closed-form expressions, their exact expecta-
tions and variances cannot be obtained analytically.
However, under regularity conditions, the MLEs are
asymptotically normally distributed. Specifically,

(@, ) === N (@, ), I(e, )71

where I (a, 3) denotes the Fisher Information Matrix.
Consequently, the asymptotic covariance matrix

of (&, B) can be approximated by the inverse of the
Fisher Information Matrix, that is,

Var (g) ~1I(a,B)7L.

These asymptotic results provide the basis for
constructing approximate Cls and for applying the
Delta method to functions of the Weibull parameters.

According to Eq. (), the cumulative distribution
function (cdf) expresses the probability that the ran-
dom variable takes a value less than or equal to x;.

Flz) =1 — exp [— (m)ﬁ]

(07

“

One primary motivation for estimating Weibull pa-
rameters is to determine the (100p)th percentile, de-
noted X, which satisfies

P(X < X,) =p. (5)

Following, [[13], setting F'(z) = pin Eq. (H) yields
the percentile

1 /B
Thus, an estimator of A can be expressed as
) LY
A:@Pn<>} | ™
l—=p

Let X1’1, XLQ, ca ,le and X271,X272, ce ,Xg’m
denote two independent random samples drawn from
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Weibull distributions with scale parameters «; and ap
and shape parameters 1 and (2, respectively. Let A;
and Ao represent the percentile for two populations.
Thus, the difference between these percentiles is de-
fined as

N 1 1/81 1 1/82
1—p; 1 —p2

®)

2.1 Generalized confidence interval method
The generalized confidence interval (GCI), intro-
duced by, [[14], is based on the concept of a
generalized pivotal quantity (GPQ). Let X =
(X1,X2,...,X,,) denote a random sample from
a distribution depending on a parameter of inter-
est ¢ and a nuisance parameter vy, and let x =
(1,9, ...,x,) represent the observed sample. The
GPQ R(X; x, p,w) is defined to satisfy two essential
conditions: (i) for a fixed observation z, the distri-
bution of R(X;z,p,w) is free of unknown param-
eters; and (ii) the observed value r(X;x, ¢, w) ob-
tained by substituting X = x does not depend on
any nuisance parameters. Based on this pivotal struc-
ture, a 100(1 — v)% two-sided GCI for ¢ is given by
[Ro(v/2), Rp(1—7/2)], where R, (v/2) denotes the
100(-y/2)th percentile of R, (X; x).

For the Weibull distribution, [[15] showed that the

distributions of g and A1n (£) do not depend on the
scale—shape parameters a and 3. Let &* and 5* de-
note the MLEs obtained from a sample of size n

drawn from a Weibull(1, 1) distribution. Then it fol-
lows that g ~ f3* and B1n (2) ~ 3* In(a*), both of
which are free of unknown parameters and therefore

serve as pivotal quantities. [[L6] further derived the
GPQs for the scale and shape parameters of a Weibull

distribution. Let &g and Bg be the observed MLEs of

& and B . Then the GPQs for the Weibull parameters
are

B, Bo
R = = = =, 9
8 ﬁﬁo B ©)
and . ,
Ro=(5)" a0 = <a1) Yao. (10)

For two independent samples X; and X, the
GPQs for their respective shape parameters /31 and (5,

are R
Ry, = D0, (1)
B
and .
Ry, = P20, (12)
B
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where BLU and 5270 are the observed MLESs, and Bf

and B; denote the corresponding MLEs obtained from
simulated samples drawn from a Weibull(1, 1) distri-
bution. Similarly, the GPQs for the scale parameters

are
R, == a0, (13)
Qg
and
B3
1\ %o |
Ro, = | = Qa2 0- (14)
Qo

Since the pth percentile of Weibull distribution is
defined as Eq. (). The GPQ for A can be obtained
by substituting the GPQs R, and Ry into the func-
tional form of Eq. (). Therefore, the GPQ for each

percentile is
1 1/Rg,
1—p; )} W
(2

which is free of nuisance parameters. A measure of
practical interest is the difference between percentiles
of two Weibull populations. The corresponding GPQ
is naturally obtained by

R,\i = Rai I:ln (

Ry = Ry, — R),, (16)
Consequently, a 100(1 — )% generalized CI for
can be obtained directly from the empirical /2 and
(1 — v/2) quantiles of the simulated distribution of
Ry, which is

CIgci,@ = [Lgci,Ga Ugci,@}' (17)

2.2 Bayesian method with gamma prior
distribution

Consider two samples X; = (X;1,...,X1,) and

Xo = (X21,...,Xo,,) arising from Weibull distri-

butions with parameter vectors (a1, 81) and (ae, 52),

respectively. For Bayesian inference, the posterior

distribution is constructed according to

posterior o prior x likelihood.

Because the Weibull parameters are strictly positive,
Gamma priors are assigned to the scale and shape pa-
rameters of each population: «; ~ Gamma(vg;, 22;)
and f3; ~ Gamma(vy4, 21;), 1=1,2.

Given the sample X, the joint posterior density of
(cu, Bi) is expressed as

(i, Bi | Xi) oc w(aq) w(Bi) L(cv, Bi | Xi), (18)
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where the likelihood function for the ith Weibull sam-
ple is

i . S\ Pl
L(ai, i | @) =] [f‘: (2;)

j=1
(19)
()
exps — [ — .
0%}

Since the posterior distributions do not ad-
mit closed-form solutions, estimation must rely on
Markov Chain Monte Carlo (MCMC) techniques.
In this study, Gibbs sampling, [[17], implemented
through the OpenBUGS software is used to approx-
imate the joint posterior distributions of (v, 3;) for
1 = 1,2. Posterior summaries are obtained based
on Monte Carlo samples after convergence of the
Markov chains. Posterior samples of 6; are gener-
ated directly from the MCMC draws of (o, 3;). The
100(1 — ~)% Bayesian credible interval for 6 is

C[Bayeﬁ = [LBaye,07 UBaye,@ ]7 (20)
where Lpgyep, and Upgyep, denote the equal-tailed
bounds and the highest posterior density (HPD) limits
obtained from the MCMC sample.

The HPD intervals are computed using the
HDInterval package in R, which determines the
shortest interval containing 100(1 — )% of the pos-
terior probability mass. This ensures that all values
inside the interval have higher posterior density than
those outside, thus capturing the most credible region
of the posterior distribution, [[1§].

2.3 Bootstrap method

The bootstrap method is a nonparametric resampling
technique used to approximate the sampling distribu-
tion of a statistic by repeatedly resampling the ob-
served dataset with replacement. Consider two inde-
pendent samples X; = (Xi1,...,X1,) and Xy =
(X21,...,X2,,) drawn from Weibull distributions
with parameter vectors («v, 51) and (ag, 32), respec-
tively. Bootstrap samples X and X;® are generated
by sampling with replacement from X; and X5, each
of size ny and nsy, forb = 1,..., B iterations.

For each bootstrap replicate, the Weibull MLEs
& and B¢? are computed. To assess differences be-
tween the two Weibull populations, Bootstrap repli-
cates of this difference are obtained as

b =X —\b b=1,...,B.

The resulting bootstrap CI 100(1 — )% for 0 is

Clpsg =10%(v/2), 0°(1 —~/2)], (21
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where 0*(b) denotes the empirical pth percentile of
the bootstrap sample {6*1, ..., 0B},

The empirical distribution of #*® is then used to
form the Bootstrap—HPD interval for 6, defined as

Clpsuppo = [Les-uppo; Ups-uppel, (22)
where the HPD limits correspond to the shortest in-
terval containing 100(1 — )% of the bootstrap dis-
tribution of #**. This HPD-based bootstrap approach
ensures that the resulting interval reflects the region of
highest density within the empirical bootstrap distri-
bution, thereby providing an efficient and data-driven
CI for the percentile difference.

3 Simulation Results

This study conducts a Monte Carlo simulation using
the R programming to construct Cls for the differ-
ence between percentiles of two populations. Several
methods are considered, including the generalized CI
(GCI), the Bayesian approach based on Markov chain
Monte Carlo (Baye-MCMC), the Bayesian highest
posterior density (Baye-HPD) interval, the bootstrap
percentile method, and the bootstrap highest density
(BS-HPD) interval. The optimal method is identified
as the one that achieves a CP greater than or equal to
the nominal confidence level of 0.95 while simultane-
ously yielding the shortest average interval width. In
addition, the Monte Carlo standard error (MCSE) was
employed as an additional criterion for evaluation.

The simulation settings are specified as fol-
lows. The scale parameters are fixed and identi-
cal for both populations, with (a1, as) = (2,2).
The shape parameters are set to (f1,32) =
(2,0.5),(2,0.75),(2,1), and (2,2). The proba-
bilities are set as (p1,p2) = 0.5. The sam-
ple size combinations considered are (n,m) =
(20,20), (20, 50), (50, 50), (50, 100), and (100, 100).
For Bayesian method, all hyperparameters of the
Gamma prior are specified as 0.1.

For each scenario, 5,000 replications are gener-
ated, together with 2, 500 pivotal quantities for the
GCI. Moreover, 500 bootstrap resamples are em-
ployed, and 20,000 MCMC samples are generated
for the Bayesian methods using the Gibbs sampler,
with the first 1,000 iterations discarded as burn-in.
To assess the convergence of the MCMC procedure,
convergence diagnostics are performed. The effec-
tive sample sizes (ESS) are computed to evaluate the
amount of independent information contained in the
MCMC samples. The results indicate that the ESS
values are sufficiently large relative to the total num-
ber of generated samples (20,000), suggesting that
the posterior estimates are reliable. In addition, the
Gelman-Rubin diagnostic statistic is calculated to as-
sess the convergence across multiple chains. The
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Gelman-Rubin statistic is equal to 1.01, which is
close to 1, indicating satisfactory convergence of the
MCMC chains. For the bootstrap method, the value
was set to 500, as alternative values were examined
and found to produce similar results. Because in-
creasing the number of bootstrap resamples beyond
500 resulted in negligible changes in the estimated
CPs and interval lengths.

The empirical CPs and average interval widths of
the Cls are presented in Table (Appendix), as well
as Figure 1 and Figure 2 respectively. The results
show that both the GCI and the Bayesian methods
achieve CPs close to the nominal level of 0.95 in many
cases. However, when considered jointly with the av-
erage interval widths, the Baye-HPD method consis-
tently yields shorter intervals than the GCI, and thus
can be regarded as the most prominent method over-
all. In particular, the Baye-HPD method performs
best in the following cases: (51,32) = (2,0.5) for
all sample size combinations; (01, 52) = (2,0.75) for
(n,m) = (20,20) and (50, 50); (81, B2) = (2,1) for
(n,m) (20,20) and (100, 100); and (B1, f2) =
(2,2) for (n,m) = (100, 100).

Although the bootstrap methods produce the short-
est average interval widths, their empirical CPs re-
main noticeably below the nominal confidence level
of 0.95 across most settings. Nevertheless, the CPs
of the bootstrap tend to approach 0.95 as (n, m) in-
crease. To further illustrate the performance of the
proposed methods, the MCSE was additionally con-
sidered and is presented in Table (Appendix). The
results show that the Bayesian-HPD method consis-
tently produces the smallest MCSE, indicating supe-
rior efficiency relative to the other methods.

Methods
/ BAYE-HPD

)
©
&

= BS
~~ BS-HPD
Gel

Coverage probability

o
©
®

50:50 50:100 100:100

Sample sizes

20:50

20:20

Fig. 1: The performance of the proposed ap-
proaches in terms of CP
Source: Created by the authors.

4 Applications

This study aims to propose CI procedures for the dif-
ference between percentiles of the Weibull distribu-
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/

50:50 50:100 100:100

Sample sizes

Fig. 2: The performance of the proposed ap-
proaches in terms of average interval width
Source: Created by the authors.

tions. To illustrate the proposed methods, wind speed
data from Songkhla and Chumphon provinces, lo-
cated in southern Thailand, are analyzed. Southern
Thailand is a coastal region that is frequently exposed
to strong winds associated with tropical storms, and it
also experiences heavy rainfall and flooding on an an-
nual basis. Higher wind speeds are associated with a
greater potential for damage in affected areas. Addi-
tionally, another dataset was used to examine the dif-
ferences in wind speed between surface areas as well
as sea and coastal areas. The data were obtained from
the Thai Meteorological Department, and the corre-
sponding summary statistics are presented as follows.

4.1 Wind speed data from Chumphon and
Songkhla provinces

Based on the data in Table [l the estimated difference
in percentiles, denoted by 6, is equal to 0.7033.The
suitability of the distributional assumption for both
datasets was assessed using the Akaike Informa-
tion Criterion (AIC). As shown in Table P, the
Weibull distribution yields the smallest AIC values
for both datasets, indicating the best fit among the
competing models. Based on the given data, the
Anderson—Darling (AD) and Kolmogorov—Smirnov
(KS) goodness-of-fit tests were used to examine the
distributional assumption. The p-values of the AD
and KS statistics for Chumphon Province are 0.811
and 0.804, respectively, while those for Songkhla
Province are 0.682 and 0.484, respectively. In addi-
tion, the Q-Q plots presented in Figure 3 and Figure
4 further demonstrate that the Weibull distribution
provides an adequate fit to the observed data. Table
presents the 95% CI estimates for § obtained using all
five methods, which are consistent with and provide
further support for the simulation results.
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Chumphon

Sample quantiles

05

T T T T T T I l
05 10 15 20 25 30 35 40

Theoretical quantiles
Fig. 3: Weibull Q—-Q plot of wind speed measure-
ments in Chumphon Province, comparing empirical

quantiles with theoretical Weibull quantiles
Source: Created by the authors.

Songkhla

Sample quantiles

Theoretical quantiles

Fig. 4: Weibull Q—Q plot of wind speed measure-
ments in Songkhla Province, comparing empirical
quantiles with theoretical Weibull quantiles

Source: Created by the authors.

Table 1: Summary statistics and estimated Weibull
parameters for wind speed data from Chumphon and
Songkhla provinces

Province n Q J5}
Chumphon 60 2.3964 3.1376
Songkhla 60 1.6187 2.9376

Source: Created by the authors.
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Table 2: Akaike Information Criterion (AIC) val-
ues for several distributions fitted to wind speed data
Chumphon and Songkhla provinces

Distribution Chumphon  Songkhla
Weibull 139.7312  97.63504
Gamma 145.5709  98.16047
Log-normal  153.1028  100.36597
Exponential  213.5767  165.75717
Cauchy 157.6972  131.49684

Source: Created by the authors.

Table 3: (Example 1) 95% CI estimates for ¢ obtained
using all methods

Methods Lower Upper Length
GCI 0.2804 1.0931 0.8127
Baye-MCMC 0.4330 0.9661 0.5331
Baye-HPD 0.4383 0.9703 0.5320
BS -0.1830 0.7331 0.9161
BS-HPD -0.2087 0.6209 0.8296

Source: Created by the authors.

4.2 Wind speed data from Surface area and
Sea and coastal area

Example 2 presents wind speed data from surface
and coastal areas. The summary statistics are re-
ported in Table . The estimated difference in per-
centiles is —1.7961. The Weibull Q—Q plots, shown
in Figure 5 and Figure 6, along with the Anderson—
Darling and Kolmogorov—Smirnov goodness-of-fit
tests, were used to assess the distributional assump-
tion. The p-values of the AD and KS tests for Surface
area are 0.181 and 0.271, respectively, while those
for Songkhla Province are 0.101 and 0.058, respec-
tively. These results indicate no evidence to reject the
Weibull distribution for both datasets. In addition, the
AIC values (Table ) provide further support that the
Weibull distribution offers an adequate fit to the ob-
served data. Table [§ presents the 95% CI estimates
for # obtained using all five methods. The results are
consistent with the simulation findings, particularly
for small sample sizes, and further confirm the relia-
bility of the proposed approaches.

Table 4: Summary statistics and estimated Weibull
parameters for wind speed data from Surface area and
Sea and coastal area

Area n Q J5}
Surface 24 2.5736 2.7015
Sea and coastal 36 4.3482 5.0395

Source: Created by the authors.

Volume 25, 2026



WSEAS TRANSACTIONS on MATHEMATICS
DOI: 10.37394/23206.2026.25.39

Table 5: Akaike Information Criterion (AIC) values
for several distributions fitted to wind speed data from
Surface area and Sea and coastal area

Distribution Surface Sea and coastal
area area
Weibull 67.4324 105.1392
Gamma 68.3245 118.2662
Log-normal 69.5641 124.4380
Exponential 89.5692 173.4727
Cauchy 68.7864 108.9670

Source: Created by the authors.

Table 6: (Example 2) 95% CI estimates for 6 obtained
using all methods

Methods Lower  Upper Length
GCI -2.3150 -1.2715 1.0435
Baye-MCMC -2.3350 -1.3190 1.0160
Baye-HPD -2.3360 -1.3217 1.0183
BS -2.3244  -1.2402 1.0842
BS-HPD -2.2944  -1.2300 1.0644
Source: Created by the authors.
Surface
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@ o«
3
2 i
L o |
g o
m —
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=

| | 1 | | | 1
15 20 25 30 35 40

Theoretical quantiles

Fig. 5: Weibull Q—Q plot of wind speed measure-
ments in Surface area, comparing empirical quantiles
with theoretical Weibull quantiles

Source: Created by the authors.

S Discussion and Conclusion

Confidence intervals for the difference between per-
centiles were estimated using the GCI method, the
Bayesian approach, the bootstrap approach, and the
HPD approach based on the Bayesian as well as the
bootstrap. The performance of the CI is evaluated
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Sea and coastal
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Theoretical quantiles

Fig. 6: Weibull Q—Q plot of wind speed measure-
ments in Sea and coastal area, comparing empirical
quantiles with theoretical Weibull quantiles

Source: Created by the authors.

based on CP and average interval width to determine
the precision and efficiency of each approach. Find-
ings from the results indicated that the Baye-HPD
interval was the most effective. However, the GCI
method and the Baye-MCMC can be the alternative
methods. In many cases, both methods attained CPs
close to 0.95. However, in terms of average interval
width, they yielded wider intervals compared to the
Bayesian-HPD method.

The effect of sample size is also evident in the sim-
ulation results. As the sample size increases, the aver-
age interval widths decrease across all methods. Al-
though the bootstrap-based methods tend to produce
the shortest intervals, their CPs are generally below
0.95 for small to moderate sample sizes. This be-
havior may be attributed to the skewness of Weibull.
In such settings, standard bootstrap intervals may not
adequately correct for bias. More advanced boot-
strap techniques, such as the bias-corrected and ac-
celerated method, could potentially improve cover-
age performance and represent a promising direction
for future research. Furthermore, numerical stability
may become a concern in scenarios with small sample
sizes and challenging parameter configurations. Un-
der such conditions, the estimation of Weibull param-
eters may exhibit increased variability, which can af-
fect the reliability of resulting interval estimates.
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Table A.1: Coverage probabilities (average interval widths in parentheses) of 95% Cls for the differences between

percentiles of Weibull distributions
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(n,m) (81, B2) GCI Baye-MCMC Baye-HPD BS BS-HPD
(20,20) (2,0.50)  0.9520 (2.6044)  0.9470 (2.5924) 0.9510 (2.4581) 0.9360 (2.4702) 0.9320 (2.3073)
(2,0.75)  0.9520 (2.0648)  0.9470 (2.0349)  0.9520 (1.9933)  0.9350 (1.9602)  0.9350 (1.8867)
@0 0.9550 (1.7774)  0.9520 (1.7416)  0.9530 (1.7258)  0.9430 (1.6742)  0.9390 (1.6298)
2,2) 0.9550 (1.2506)  0.9490 (1.2151)  0.9460 (1.2120)  0.9350 (1.1744)  0.9320 (1.1501)
(20,50) (2,0.50)  0.9570 (1.6281) 0.9510 (1.6166)  0.9580 (1.5952) 0.9410 (1.5857)  0.9440 (1.5331)
(2,0.75)  0.9490 (1.4313)  0.9460 (1.4125)  0.9450 (1.4058)  0.9370 (1.3895)  0.9330 (1.3565)
@, 0.9380 (1.2683)  0.9350 (1.2476)  0.9320 (1.2442)  0.9310 (1.2251)  0.9240 (1.1992)
2,2) 0.9530 (1.0469)  0.9470 (1.0215)  0.9480 (1.0188)  0.9400 (0.9926)  0.9310 (0.9717)
(50,50) (2,0.50)  0.9530 (1.4627) 0.9520 (1.4662) 0.9530 (1.4334) 0.9450 (1.4441) 0.9470 (1.3868)
(2,0.75)  0.9580 (1.2300)  0.9560 (1.2257)  0.9610 (1.2149)  0.9470 (1.2101)  0.9450 (1.1782)
@, 0.9380 (1.0770)  0.9390 (1.0695)  0.9360 (1.0647)  0.9300 (1.0558)  0.9210 (1.0329)
2,2) 0.9370 (0.7768)  0.9370 (0.7686)  0.9340 (0.7668)  0.9270 (0.7610)  0.9140 (0.7451)
(50,100)  (2,0.50) 0.9557 (1.0730) 0.9460 (1.0714)  0.9552 (1.0621) 0.9340 (1.0698)  0.9330 (1.0391)
(2,0.75)  0.9330 (0.9420)  0.9360 (0.9383)  0.9390 (0.9346)  0.9320(0.9312)  0.9260 (0.9107)
@0 0.9460 (0.8466)  0.9440 (0.8416)  0.9420 (0.8393)  0.9410 (0.8350)  0.9320 (0.8176)
2,2) 0.9500 (0.6713)  0.9450 (0.6647)  0.9440 (0.6632)  0.9430 (0.6584)  0.9330 (0.6447)
(100,100)  (2,0.50)  0.9530 (0.9998)  0.9530 (1.0006)  0.9570 (0.9878)  0.9500 (0.9962)  0.9470 (0.9647)
(2,0.75)  0.9480 (0.8542)  0.9490 (0.8531)  0.9460 (0.8487)  0.9420 (0.8474)  0.9330 (0.8278)
@, 0.9510 (0.7517)  0.9500 (0.7483)  0.9500 (0.7459)  0.9490 (0.7440)  0.9410 (0.7284)
2,2) 0.9560 (0.5453)  0.9540 (0.5420)  0.9560 (0.5408)  0.9500 (0.5408)  0.9500 (0.5296)

Source: Created by the authors.

Table A.2: Monte Carlo standard errors (MCSE) of the CPs based on 5000 simulation runs

(n,m) (B1,82) GCI  Baye-MCMC Baye-HPD BS  BS-HPD
(20,20) (2,0.50) 0.0030 0.0032 0.0030 0.0035  0.0036
(2,0.75) 0.0030 0.0032 0.0030 0.0035  0.0035
2,1) 0.0029 0.0030 0.0030 0.0033  0.0034
2,2) 0.0029 0.0031 0.0032 0.0035 0.0036
(20,50) (2,0.50) 0.0029 0.0030 0.0028 0.0033  0.0033
(2,0.75) 0.0031 0.0032 0.0032 0.0034  0.0036
2,1) 0.0034 0.0035 0.0036 0.0036  0.0037
2,2) 0.0030 0.0032 0.0031 0.0034  0.0036
(50,50) (2,0.50) 0.0030 0.0030 0.0030 0.0032  0.0032
(2,0.75) 0.0028 0.0029 0.0027 0.0032  0.0032
2,1) 0.0034 0.0034 0.0035 0.0036  0.0038
2,2) 0.0034 0.0034 0.0035 0.0037  0.0040
(50,100)  (2,0.50) 0.0029 0.0032 0.0029 0.0035  0.0036
(2,0.75) 0.0036 0.0035 0.0034 0.0036  0.0037
2,1) 0.0032 0.0033 0.0033 0.0033  0.0036
2,2) 0.0031 0.0032 0.0033 0.0033  0.0036
(100,100) (2,0.50) 0.0030 0.0030 0.0029 0.0031  0.0032
(2,0.75) 0.0031 0.0031 0.0032 0.0033  0.0036
2,1) 0.0030 0.0031 0.0031 0.0031  0.0033
2,2) 0.0029 0.0030 0.0029 0.0031 0.0031

Source: Created by the authors.
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