
Abstract: The authors propose a new approach of the Steiner problem. The Steiner problem consists in
constructing a conic tangent to three sides of a triangle—possibly extended sides-. The method in use
is based on Bézier curves with control mass points. Bézier curves with control mass points generalize
classical rational Bézier curves by introducing control vectors in addition to control points. Here, any
quadratic rational Bézier curves with three control mass points model conic arcs, semi-ellipses, and hy-
perbola branches while preserving rational parameterizations with any homographic parameter change.
This method simplifies the construction and avoids implicit conic equations, solving systems of five linear
equations in five unknowns, or reducing the implicit form of a conic. All conic features can be obtained
by reparametrizations.
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1 Introduction
Polynomial Bézier curves are a fundamen-
tal tool in geometric modeling and computer-
aided design (CAD). Introduced by Pierre
Bézier and Paul de Faget de Casteljau in the
1960s, they provide an intuitive way to de-
fine parametric shapes using a set of control
points [1],[2],[3],[4],[5],[6],[7],[8],[9],[10]. These
curves are widely used in various fields, including
graphic design, robotics, and simulation. When
these curves are of degree 2, they represent
bounded parabolic arcs [11],[12].

Rational Bézier curves of degree 2 extend the
concept of quadratic polynomial Bézier curves
by introducing weights associated with the con-
trol points [13],[14],[15],[16]. These curves can
be viewed as loci of barycenters of weighted
points [17], where the weights are the product
of a nonzero real number with a Bernstein poly-
nomial of degree 2. These Bézier curves allow
for accurate modeling of complex shapes such as
conic arcs [13],[14],[15],[18],[19],[20],[21]. However,
modeling semi-ellipses or hyperbola branches is
not possible using this model [15].

To generalize the notion of barycenter, the
set of mass points—points with nonzero scalar
weights or zero-weight vectors—was introduced
in [22],[23],[24],[25]. This space is an affine space
associated with a vector space whose addition and
scalar multiplication are defined in Appendix A.
This model enables the modeling of semi-ellipses
and branches of hyperbolas.

Let ABC be a non-degenerate triangle. An ex-
tended side of the triangle is the line defined by
one of its sides. Steiner problem [26],[27] consists
in constructing a conic tangent to three sides of
triangle ABC, where some of the sides may be
extended, leading to:

• an ellipse if the conic is tangent to all three
sides of triangle ABC. In the standard case,
the ellipse is tangent to the triangle at the
midpoints of its sides, whereas in the gener-
alized case, the conic is tangent to the three
sides at points that are not known in advance,
see Figure 3(a) in the Appendix, 3(b) in the
Appendix and 3(c) in the Appendix;

• a parabola if it is tangent to one side and to
the two extended sides of triangle ABC, see
Figure 4(a) in the Appendix;

• a hyperbola if it is tangent to one side of trian-
gle ABC and the two other extended sides are
asymptotes of the hyperbola, see Figure 4(b)
in the Appendix.

Regarding Steiner ellipse E , the construction
of five points on E is relatively simple. The next
steps are:

1) determining the implicit equation of E ,
2) reducing this implicit equation,
3) computing the characteristic elements of el-

lipse E .
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A simple and direct definition of an arc of el-
lipse E is allowed by our method, using a rational
Bézier curve with weights 1, 1

2 , and 1.
The construction of Steiner parabola P uses a

point F on the circumcircle of triangle ABC, along
with its reflections across the side of the triangle.
These three reflected points are collinear and lie on
line D , known as Steiner’s line. The parabola P
is then defined by the focus F and the directrix D .
Unlike our method, which uses polynomial Bézier
curves, this approach does not permit for control
over the point of tangency between parabola P
and the triangle’s side.

In the case of the hyperbola, four of its points
can be easily constructed using symmetry proper-
ties. The fifth point is more difficult to determine.
As with the ellipse, the steps involving the implicit
equation and the calculation of characteristic el-
ements require long and unstable computations.
The mass point control structure can be directly
obtained by our method.

In all three cases of proper conics, the charac-
teristic elements of the conic are determined using
homographic reparametrizations [28],[?]. More-
over, using a quadratic parameter change, the
modeling of any conic section by a quartic Bézier
curve with mass point controls is possible [29].

In Section 2, standard constructions of Steiner
conics are recalled. A review of quadratic Bézier
curves is provided in Section 3. The construction
of Steiner conics using quadratic Bézier curves is
detailed in Section 4. Following the conclusion
and future directions, Appendix A recalls the def-
inition of the space P̃  of mass points based on
the usual Euclidean affine plane P with associated
vector space −→P  . Appendix B provides a review of
homographic parameter changes. Appendices C,
D, E, and F contain the proofs of the theorems
and corollaries given in Section 4.

2 Usual constructions of Steiner
conics

Let ABC be a non-degenerate triangle. The seg-
ment [XY ], which is one side of the triangle ABC,
defines an extended side, which is the line (XY ).

2.1 Steiner Ellipse
Let A1 be the midpoint of [BC], B1 the midpoint
of [AC], and C1 the midpoint of [AB].

The Steiner ellipse E is the ellipse passing
through A1, B1, and C1, and tangent at these
points to the lines (BC), (AC), and (AB), re-
spectively. The center Ω of the ellipse E is the
centroid of the points A, B, and C.

Let A2 and B2 be the symmetric points of A1
and B1 with respect to Ω, respectively. The ellipse
E is the conic passing through the points A1, B1,
C1, A2, and B2.

2.2 Generalized Steiner Ellipse
It is possible to generalize the problem
of determining an ellipse tangent to the
three sides of a non-degenerate triangle:
the lines joining each vertex to a point on
the opposite side must be concurrent, see
https://fr.wikipedia.org/wiki/Ellipse_de_Steiner.

Theorem 1 (Generalization of the Steiner Ellipse)
Let ABC be a non-degenerate triangle. Let:

A1 ∈]BC[ B1 ∈]AC[ C1 ∈]AB[

The ellipse passing through A1, tangent to line
(BC), through B1, tangent to (AC), and through
C1, tangent to (AB), exists if and only if the lines
(AA1), (BB1), and (CC1) are concurrent.

2.3 Steiner Parabola
Let F be a point on the circumcircle C of triangle
ABC. Let A1, B1, and C1 be the reflections of
F with respect to the extended sides (BC), (AC),
and (AB), respectively. The points A1, B1, and
C1 are collinear, and this line, denoted D , is called
the Steiner line. Note that the orthocenter H of
triangle ABC also lies on the line D .

The arc
⌢

AB is the arc of C with endpoints A

and B not containing the point C. The arcs
⌢

AC

and
⌢

BC are defined similarly.
The parabola P, with focus F and directrix D ,

is a parabola tangent to one side and two extended
sides. The non-extended side of triangle ABC is
defined by the arc that contains point F . Thus, if

F ∈
⌢

AB, then the non-extended side is [AB].
Unfortunately, controlling the point of tan-

gency between the parabola P and the non-
extended side of triangle ABC is very difficult.

2.4 Steiner Hyperbola
The extended sides of triangle ABC are [AB) and
[AC). Let D0 be the midpoint of the side [BC].

1) Let ∆F be the interior angle bisector of lines
(AB) and (AC). Let D1 be the reflection of
D0 across the line ∆F .

2) Let D2 (resp. D3) be the reflection of D0
(resp. D1) with respect to the center of the
hyperbola A.
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3) The points D0, D1, D2, and D3 are four points
on the desired hyperbola.

One point of the hyperbola H is still missing.

1) Let D1 be the line through B parallel to (AC).
2) Let D2 be the line through D0 parallel to

(AB).
3) Let E be the intersection of lines (AC) and

D2.
4) Let F be the midpoint of [AE].
5) Let D3 be the line through F parallel to (AB).
6) Let D4 be the intersection of D1 and D3.

The point D4 is the fifth point of the hyperbola,
which allows us to construct the hyperbola H .

3 Rational quadratic Bézier curves
The degree 2 Bernstein polynomials are:

B0(t) = (1 − t)2

B1(t) = 2t(1 − t)
B2(t) = t2

(1)

Definition 1 (Quadratic Rational Bézier Curve)

Let (Pi)0≤i≤2 be three non-collinear control
points and (ωi)0≤i≤2 be three non-zero weights sat-
isfying the condition:

∀t ∈ [0, 1],
2∑

i=0
ωiBi(t) 6= 0 (2)

A point M(t), for t ∈ [0, 1], belongs to the
quadratic rational Bézier curve defined by the con-
trol points (Pi)0≤i≤2 and weights (ωi)0≤i≤2 if, for
a point O in P , M(t) satisfies the equation:

−−−−→
OM(t) = 1

2∑
i=0

ωiBi(t)

2∑
i=0

ωiBi(t)
−−→
OPi (3)

Condition (2) ensures that the quadratic ratio-
nal Bézier curve remains within the affine plane
P . Geometrically, for a fixed t in [0, 1], M(t) is
the barycenter of the weighted points:Pi,

ωiBi(t)
2∑

i=0
ωiBi(t)


i∈{0,1,2}

Definition 2 (Bézier curve in standard form)
Under the hypotheses of Definition 1, if
ω0 = ω2 = 1, the curve is said to be in
standard form and the weight ω1 is denoted by ω.

This model cannot represent half-ellipses or hy-
perbola branches; the definition of Bézier curves
with control mass points is provided in Ap-
pendix A.
Definition 3 (Bézier curve with mass points)

Let (Pi, ωi)i∈{0,1,2} be three control mass
points. Let I (resp. J) be the set of indices with
non-zero (resp. zero) weights. Define the function
ωf on [0, 1] by:

ωf (t) =
∑
i∈I

ωiBi(t) (4)

A mass point (M, ω) or vector (−→u , 0) belongs
to the Bézier curve γ if there exists a real t0 ∈ [0, 1]
such that:
• If ωf (t0) 6= 0, then:

−−→
OM = 1

ωf (t0)
∑
i∈I

ωiBi(t0)
−−→
OPi

+ 1
ωf (t0)

∑
i∈J

Bi(t0)
−→
Pi

ω = ωf (t0)

(5)

• If ωf (t0) = 0, then:
−→u =

∑
i∈I

ωiBi(t0)
−−→
OPi +

∑
i∈J

Bi(t0)
−→
Pi (6)

If J = ∅, Definition 1 is recovered. In equa-
tions (5) and (6), one can distinguish an affine
part defined from points Pi via −−→

OPi, and a vec-
tor part using −→

Pi. In Equation (5), the affine
part corresponds to the barycenter of the weighted
points (Pi, ωiBi(t0))i∈I , translated by the vector∑

i∈J Bi(t0)
−→
Pi.

Let P1 be a weighted point with non-zero
weight ω1, and for k ∈ {0, 2}, let −→

Pk be a control
vector, and ˜(P2−k, ω2−k) a mass point. The line
through P1 with direction vector −→

Pk is an asymp-
tote to the Bézier curve defined by the mass points(−→
Pk, 0

)
, (P1, ω1), and ˜(P2−k, ω2−k).

For quick implementation, without coding the
addition ⊕ and scalar multiplication �, Bézier
curves with control mass points can be plotted us-
ing the following simplification:
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Proposition 1 (Computational Bézier Curve)
Let the function:

χ : R −→ R∗

0 7−→ 1
ω 6= 0 7−→ ω

(7)

Let P̃k =
−−→
OPk if ωk 6= 0 and P̃k =

−→
Pk if ωk = 0.

Then Equation (5) becomes:

M̃ = 1
2∑

k=0
ωkBk(t)

2∑
k=0

χ(ωk)Bk(t)P̃k (8)

where M̃ is a mass point: M̃ =
−−→
OM if

2∑
k=0

ωkBk(t) 6= 0 and M̃ =
−→
M otherwise.

4 Steiner problems and Bézier curves
4.1 Steiner ellipse
Let P0 = A1 with weight 1, P1 = B with weight
ω, and P2 = C1 with weight 1. Let γP be
the standard-form quadratic rational Bézier curve
with control points (P0, 1), (P1, ω), and (P2, 1).
The goal is to find ω such that the Bézier curve
γP is an arc of the Steiner ellipse E .

Let wf (t) be defined by:

wf (t) = B0 (t) + ωB1 (t) + B2 (t) (9)

and for any point O, a point γP (t) of the Bézier
curve is defined by:

−−−−→
OγP (t) =
B0 (t)
wf (t)

−−→
OP0 + B1 (t)

wf (t)
−−→
OP1 + B2 (t)

wf (t)
−−→
OP2

(10)

so that:
−−−−−→
B1γP (t) =
B0 (t)
wf (t)

−−−→
B1P0 + B1 (t)

wf (t)
−−−→
B1P1 + B2 (t)

wf (t)
−−−→
B1P2

(11)

and the value of t is computed such that−−−−−→
B1γP (t) = −→0 . Now, Theorem 2 can be stated.

Theorem 2 (Steiner inellipse)
Let ABC be a non-degenerate triangle. Let A1

be the midpoint of [BC], B1 the midpoint of [AC],
and C1 the midpoint of [AB].

The Steiner inellipse E is the ellipse passing
through A1, B1, and C1, and tangent at these
points to the lines (BC), (AC), and (AB), and

modeled by the standard-form quadratic ratio-
nal Bézier curves γ+ and γ− with control points
(A1, 1),

(
B, 1

2
)
, and (C1, 1) on one hand, and

(A1, 1),
(
B, −1

2
)
, and (C1, 1) on the other.

Proof: See Appendix C.
■
Let A (1, 1), B (3, 5), and C (5, 3). Figure 1

shows the Steiner inellipse E of triangle ABC us-
ing Theorem 2.

0 1 2 3 4 5−1−2−3−4−5−6−7−8−9−10−11−12−13−14−15−16−17−18−19−20
0

−1

−2

−3

−4

−5

−6

−7

−8

−9

−10

1

2

3

4

5

r

r

r

qp

qp

qp ut

ut

qp

x

y

A

B

C
I

Ω
C1

A1

B1= γ−
(1

2
)

B1= lim
t→+∞

γ+ (t) = lim
t→−∞

γ+ (t)

γ+
(1

2
)

Figure 1: Steiner inellipse of a triangle ABC
constructed using two quadratic rational Bézier
curves γ+ and γ−. Source: created by the au-
thors.

Steiner inellipse of a triangle ABC constructed
using two quadratic rational Bézier curves.

Note that if γP is a quadratic rational Bézier
curve with control points P0 with weight 1, P1
with weight ω, and P2 with weight 1. Let I be the
midpoint of the segment [P0P2]. If ω ∈ R\{−1, 1},
then:

1) the conic generated by the curve γP has a cen-
ter, denoted by Ω ;

2) the points P1, γP

(1
2
)
, I, Ω, and

M∞ = lim
t→+∞

γP (t) = lim
t→−∞

γP (t)

lie on the median of triangle P0P1P2 issued
from vertex P1.
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4.2 Generalized Steiner Ellipse
Theorem 3 (Generalized Steiner Ellipse)

Let ABC be a non-degenerate triangle. Let
A1 belong to [BC], B1 to [AC], and C1 to [AB],
such that the lines (AA1), (BB1), and (CC1) are
concurrent.

Let:
ω+ =

√
det(

−−→
AC1,

−→
AC) det(

−−→
AA1,

−→
AC)

| det(
−→
AB,

−→
AC)|

ω− = −

√
det(

−−→
AC1,

−→
AC) det(

−−→
AA1,

−→
AC)

| det(
−→
AB,

−→
AC)|

The generalized Steiner ellipse E is the ellipse
passing through A1, B1, and C1, tangent at these
points respectively to (BC), (AC), and (AB), and
modeled by the quadratic rational Bézier curves in
standard form γ+ and γ− with respective control
points (A1, 1), (B, ω+), (C1, 1) on the one hand,
and (A1, 1), (B, ω−), (C1, 1) on the other.

Let:

t+ = − ω+ det(
−→
AB,

−→
AC) − det(

−−→
AA1,

−→
AC)

2
(
det(

−−→
AA2,

−→
AC) − det(

−→
AB,

−→
AC)ω+

)
and:

t− = − ω− det(
−→
AB,

−→
AC) − det(

−−→
AA1,

−→
AC)

2
(
det(

−−→
AA2,

−→
AC) − det(

−→
AB,

−→
AC)ω−

)
which leads to γ+(t+) = γ−(t−) = B1 ∈ [AC].

Proof: See Appendix D.
■
Let A (1, 1), B (3, 5)), and C (5, 3)) on the one

hand, and A1 (4, 4)), B1
(7

3 , 5
3
)
, C1

(5
3 , 7

3
)

on the
other, and A2

(17
6 , 19

6
)
.

The weight is:

ω− = −
√

6
6

and:
t1 = 3 −

√
6

Figure 2 shows the generalized Steiner ellipse
E of a triangle ABC using Theorem 3.

4.3 Steiner parabola
Let ABC be a non-degenerate triangle.
Let tA ∈ ]0, 1[ and define P0 by:

−−→
OP0 = (1 − tA)

−−→
OB + tA

−→
OC

0 1 2 3 4 5−1−2−3−4−5−6−7−8−9−10−11−12−13−14−15−16−17−18−19−20
0

−1

−2

−3

−4

−5

−6

−7

−8

−9

−10

1

2

3

4

5

r

r

r

qp

qp

qp

x

y

γ+

γ−

A

B

C

C1

A1

B1

Figure 2: Generalized Steiner ellipse of a trian-
gle ABC constructed using two rational quadratic
Bézier curves γ+ and γ−. Source: created by the
authors.

and P1 = B. Let P2 be a point on [AB), that is:
−−→
OP2 =

−−→
OB + k2

−→
AB

and let γP be the polynomial Bézier curve with
control points P0, P1, and P2, that is:

−−−−→
OγP (t) = (1 − t)2−−→

OP0 + 2t(1 − t)
−−→
OP1 + t2−−→

OP2

in other words:
−−−−→
BγP (t) = (1 − t)2−−→

BP0 + 2t(1 − t)
−−→
BP1 + t2−−→

BP2

= (1 − t)2tA
−−→
BC + t2k2

−→
AB

The point γP (t) is required to lie on the line
(AC), which allows the statement of Theorem 4.

Theorem 4 (Steiner Parabola)
Let ABC be a non-degenerate triangle. Let tA

be a real number in ]0, 1[ and define P0 by:
−−→
OP0 = (1 − tA)

−−→
OB + tA

−→
OC

Let P1 = B. Let:

k2 = −tA det(
−−→
BC,

−→
AC)

tA det(
−−→
BC,

−→
AC) + det(

−→
AB,

−→
AC)

and let P2 be the point on the ray [AB) defined
by −−→

BP2 = k2
−→
AB. Define:

t0 = tA det(
−−→
BC,

−→
AC) + det(

−→
AB,

−→
AC)

tA det(
−−→
BC,

−→
AC)
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Then the polynomial Bézier curve γP with con-
trol points P0, P1, and P2 is an arc of the Steiner
parabola PS tangent to the lines (AB) at P2,
(BC) at P0, and (AC) at γP (t0).

Proof: Appendix E.
■

Corollary 1 (Steiner Parabola)
Let γP be the Bézier curve from Theorem 4.

Then:

1) The polynomial Bézier curve γQ with control
points Q0 = P0, Q1 = C, and Q2 = γP (t0)
is the arc of the Steiner parabola PS whose
first (resp. last) point lies on the line (BC)
(resp. (AC)).

2) The polynomial Bézier curve γR with control
points R0 = P2, R1 = A, and R2 = Q2 is the
arc of the Steiner parabola PS whose first
(resp. last) point lies on the line (AB) (resp.
(AC)).

3) The rational Bézier curve γS with weighted
control points (R0, 1), (R1, −1), and (R2, 1) is
the arc of the Steiner parabola PS comple-
mentary to γR.

Proof: Appendix E.

1) It suffices to apply the homographic parame-
ter transformation with ah = 0, bh = t0 and
ch = dh = 1 to γP .

2) It suffices to apply the homographic parame-
ter transformation with ah = t0, bh = 1, and
ch = dh = 1 to γP .

3) It suffices to apply the homographic param-
eter transformation with ah = 0, bh = 1,
ch = −1, and dh = 1 to γR.

■
Figure 5 iin the Appendix llustrates the con-

struction of the Steiner parabola with A(3, 4),
B(1, 2), and C(5, 1) using tA = 1

3 , which gives
k2 = 1

2 and t0 = −2.
Figure 6 in the Appendix shows the construc-

tion with tA = 2
3 , which gives k2 = 2 and t0 = −1

2 .

4.4 Steiner hyperbola
Let ABC be a non-degenerate triangle. Con-
struct a hyperbola H , tangent to the segment
[BC], with asymptotes given by the lines (AB)
and (AC).

4.4.1 General Case
The point A is the center of the hyperbola H .
Theorem 5 can be stated.

Theorem 5 (Steiner Hyperbola H )
Let u0 ∈ ]0, 1[. The control mass points of the

Bézier curve γP are:

(−→
P0, 0

)
=

(
u0

1 − u0

−→
AB, 0

)
(P1, 1) = (A, 1)(−→
P2, 0

)
=

(1 − u0

u0

−→
AC, 0

) (12)

and γP (u0) is the midpoint of the segment [BC],
and the line (BC) is tangent to γP at γP (u0).
The lines (AB) and (AC) are the asymptotes of
the Steiner hyperbola H .

Proof: Appendix F.
■
The characteristic elements of the hyperbola

H can be easily obtained using homographic pa-
rameter transformations [28],[30].

Let A (2, 4), B (0, 2) and C (4, 1). Figure 7 in
the Appendix shows the construction for u0 = 1

2 ,
yielding −→

P0 =
−→
AB and −→

P2 =
−→
AC, which leads to∥∥∥−→P0

∥∥∥ = 2
√

2 and
∥∥∥−→P2

∥∥∥ =
√

13.

4.4.2 Vectors −→
P0 and −→

P2 with equal norm
Finding u0 for ∥∥∥−→P0

∥∥∥ =
∥∥∥−→P2

∥∥∥
in Theorem 5 leads to Corollary 2 which allows
immediate determination of the hyperbola param-
eters [28],[30].

Corollary 2 (Extremal vectors with equal norm)

From Theorem 5, if
∥∥∥−→
AC

∥∥∥ =
∥∥∥−→
AB

∥∥∥, then u0 =
1
2

else

u0 =

∥∥∥−→
AC

∥∥∥−
√∥∥∥−→

AB
∥∥∥ ∥∥∥−→

AC
∥∥∥∥∥∥−→

AC
∥∥∥−

∥∥∥−→
AB

∥∥∥ (13)

Thus: ∥∥∥−→P0

∥∥∥ =
∥∥∥−→P2

∥∥∥
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Proof: Appendix F.
■
Figure 8 in the Appendix shows the construc-

tion for:

u0 =
√

13 −
√

2
√

26
√

13 − 2
√

2
' 0.530

(see Formula (13)). Then:

1 − u0 =

√
2
√

26 − 2
√

2
√

13 − 2
√

2

which gives:

u0

1 − u0
=

√√
26

2

1 − u0

u0
=

√√
26

3

13

which leads to:

−→
P0 =

√√
26

2
−→
AB

and
−→
P2 =

√√
26

3

13
−→
AC

which leads to
∥∥∥−→P0

∥∥∥ =
√

2
√

26 and
∥∥∥−→P2

∥∥∥ =√
2
√

26.
One can note the following property: Let Ω be

the center of a hyperbola and let ∆0 be a tangent
to this hyperbola intersecting the first asymptote
at M1 and the second asymptote at M2. No matter
the position of the line ∆0, the area of triangle
ΩM1M2 remains constant.

5 Conclusion and future works
We propose a resolution of Steiner problems
using mass points. We show that the constructed
conic can be model by Bézier curve with control
mass points : a vertex and two midpoints with
coefficients 1 and 1

2 . Our method offers reduced
computational time and complexity, finding
directly the parameters of the Steiner conics
unlike usual resolutions: for instance, in the case
of the ellipse, the usual method (or the method
on the litterature) involves determining an affine
transformation that maps the given triangle to an
equilateral one.

In the near future, the use of rational Bézier
curves with complex weights will be considered to
study, among other topics, cusp points, inflection
points, and the modeling of conic inversions,
while maintaining a degree 2 curve—even though
such transformations would require degree 4 when
using real weights.

Display on a computer can be seen as set of
points in a finite plane. The Bézier curve could be
used in this background as finite curves. In partic-
ular, elliptic curves used in cryptography in finite
fields could be modeled with Bézier curves. This
domain had never been explored by the authors .
It gives new opportunities to open a huge domain
of new applications.
In considering Bézier curves with control mass
points, we intend to model handwriting by addi-
tionally incorporating the stroke kinematics, em-
ploying the loops of the Descartes Folium or the
Bernoulli Lemniscate…
Furthermore, we envisage applying this approach
to the modeling of Dupin cyclides within the
Minkowski–Lorentz space.
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Appendices
A Space of mass points
Definition 4 (Space of mass points P̃ )

The space of mass points is:

P̃ = (P × R∗) ∪
(−→P × {0}

)
(14)
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(a) : Steiner ellipse where G is
the centroid of the triangle

ABC.
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(b): Steiner circle of an
equilateral triangle.
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(c) : Generalized Steiner
ellipse.

Figure 3: Steiner problems: cases of an ellipse. In the Figures(a) and (c), the ellipse is computed from the
same triangle ABC. Source: created by the authors.
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(a): Parabola case.
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(b): Hyperbola case.

Figure 4: Steiner parabola and Steiner hyperbola problems. Source: created by the authors.

On the space P̃ , an addition ⊕ and a scalar
multiplication � are defined and then,

(
P̃ , ⊕, �

)
is a vector space [22],[23].

Addition is defined as follows:

Definition 5 (Addition ⊕ in
(
P̃ , ⊕, �

)
)

Let (M, ω) and (N, µ) be two weighted points
with non-zero weights, and a vector (−→u , 0).

• ωµ (ω + µ) 6= 0:

(M, ω) ⊕ (N, µ) =
(

bar
{

(M, ω) , (N, µ)
}

, ω + µ

)
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Figure 5: Steiner parabola of a triangle ABC constructed using rational quadratic Bézier curves with
tA = 1

3 . Source: created by the authors.
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Figure 6: Steiner parabola of a triangle ABC constructed using rational quadratic Bézier curves with
tA = 2

3 . Source: created by the authors.
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Figure 7: Steiner hyperbola branch defined from constraints on the triangle ABC with u0 = 1
2 . Source:

created by the authors.

• ω 6= 0:

(M, ω) ⊕ (N, −ω) =
(
ω

−−→
NM, 0

)
• ω 6= 0:

(M, ω)⊕(−→u , 0) = (M ′, ω) =

T 1
ω

−→u
(M) , ω


where T−→v denotes the translation by vector−→v , that is −−−→

MM ′ = 1
ω

−→u

• (−→u , 0) ⊕ (−→v , 0) = (−→u + −→v , 0).

In particular:
(M, −1) ⊕ (N, 1) = (N, 1) ⊕ (M, −1)

=
(−−→
MN, 0

)
Scalar multiplication is defined as follows:

Definition 6 (Scalar multiplication � in
(
P̃ , ⊕, �

)
)

Let (M, ω) be a weighted point with non-zero
weight and a vector (−→u , 0), and let α be a non-zero
scalar.

• α × ω 6= 0 =⇒ α � (M, ω) = (M, αω),

• α � (−→u , 0) = (α−→u , 0),

• 0 � (M, ω) =
(−→0 , 0

)
,

• 0 � (−→u , 0) =
(−→0 , 0

)
.

For a weighted point, the weight is scaled by
the non-zero scalar α, while a vector is directly
multiplied by α. Let (M, α), with α ∈ R \ {0},
be a weighted point in P̃ . The point M in P is
identified with the weighted point (M, 1). Thus:

== (P, ω) ⊕ −−→
MN

= (P, ω) ⊕ (N, 1) ⊕ (M, −1)
= ω � (P, 1) ⊕ ω �

(
N, 1

ω

)
⊕ ω �

(
M, − 1

ω

)
= ω �

(
(P, 1) ⊕

(
N, 1

ω

)
⊕
(
M, − 1

ω

))
= ω �

(
(P, 1) ⊕ 1

ω

−−→
MN

)
= ω � (P ′, 1)

where the point P ′ is the image of point P by
the translation T 1

ω

−−→
MN

of vector 1
ω

−−→
MN , written
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Figure 8: Steiner hyperbola branch defined from constraints on triangle ABC with u0 such that
∥∥∥−→P0

∥∥∥ =∥∥∥−→P2

∥∥∥. Source: created by the authors.

T 1
ω

−−→
MN

(P ), and finally:

(P, ω) ⊕ −−→
MN = (P ′, ω) =

(
T 1

ω

−−→
MN

(P ) , ω

)
(15)

That is, letting P ′ = T 1
ω

−−→
MN

(P ), Equation (15)
leads to:

−−→
PP ′ =

−−−−−−−−→
PT 1

ω

−−→
MN

(P ) = 1
ω

−−→
MN (16)

Using the formalism of mass points, the addi-
tion of two weighted points is:

(M, ω) ⊕ (N, µ)
= (M, ω) ⊕ (M, µ) ⊕ (M, −µ)︸ ︷︷ ︸

(−→0 ,0)

⊕ (N, µ)

= (M, ω + µ) ⊕ (M, −µ) ⊕ (N, µ)

= (M, ω + µ) ⊕
(
µ

−−→
MN, 0

)

=

T µ

ω + µ

−−→
MN

(M) , ω + µ



(17)

The first lines of Equation (17) illustrates the
associativity of the addition ⊕.

B Homographic parameter change
B.1 Definition and Composition
Theorem 6 (Homographic parameter change)

Let γ be a Bézier curve of degree n, sup-
ported by the curve C , with control mass points
((Pi, ωi))i∈[[0,n]].

Let the real numbers ah, bh, ch, and dh satisfy:∣∣∣∣ ah bh

ch dh

∣∣∣∣ 6= 0 (18)

Let h be the homographic function from R to
R defined by:

h (u) = ah (1 − u) + bh u

ch (1 − u) + dh u
(19)

Then γ ◦ h is the Bézier curve of degree n, sup-
ported by the curve C , with control mass points
((Qi, ϖi))i∈[[0,n]] whose expressions depend on the
degree of the curve.

::::::
Proof:

::::
[28]

■
To replace one arc of a curve by another arc of

the same curve, Table 1 gives the values of ah, bh,
ch and dh depending on h (]0, 1[).
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h (]0, 1[) Expression ah bh ch dh

]−∞, α1[, h (0) = α1
α1 (1 − u) − u

1 − u
α1 −1 1 0

]−∞, α1[, h (1) = α1
(1 − u) − α1 u

−u
1 −α1 0 −1

]αi, αi+1[ αi (1 − u) + αi+1u αi αi+1 1 1

]αq, +∞[, h (0) = αq
αq (1 − u) + u

1 − u
αq 1 1 0

]αq, α1[, h

(1
2

)
= +∞ −αq (1 − u) + α1u

−1 + 2u
−αq α1 −1 1

+∞ ∈ h (]αq, α1[) u0
−αq (1 − u) + α1u

u − u0
−αq α1 −1 1 − u0

u0

Table 1: Intervals and values of ah, bh, ch, and dh in Formula (19). Source: created
by the authors.

B.2 Degree 2 Case
Theorem 7 (Homographic Parameter Change)

Let γ be a Bézier curve with control mass
points (P0, ω0), (P1, ω1), and (P2, ω2) supported
on the conic C.

Let h be defined by Formula (19).
Then γ ◦ h is the Bézier curve, supported on

the conic C, with control mass points (Q0, ϖ0),
(Q1, ϖ1), and (Q2, ϖ2) given in Table 2.

::::::
Proof: [28]
■

C Proof of Theorem 2
⇐⇒

−−−−−→
B1γP (t) = −→0

⇐⇒(1 − t)2−−−→
B1P0 + 2ωt(1 − t)

−−−→
B1P1

+ t2−−−→
B1P2 = −→0

⇐⇒
(−−−→
B1P0 − 2ω

−−−→
B1P1 +

−−−→
B1P2

)
t2

+
(
−2

−−−→
B1P0 + 2ω

−−−→
B1P1

)
t +

−−−→
B1P0 = −→0

⇐⇒
(−−−→
B1A1 − 2ω

−−→
B1B +

−−−→
B1C1

)
t2

+
(
−2

−−−→
B1A1 + 2ω

−−→
B1B

)
t +

−−−→
B1A1 = −→0

⇐⇒
(−−→
B1B − 2ω

−−→
B1B

)
t2 +

−−−→
B1A1

+
(
−2

−−−→
B1A1 + 2ω

−−→
B1B

)
t = −→0

⇐⇒(1 − 2ω)
−−→
B1B t2 +

−−−→
B1A1

+ (−2
−−−→
B1A1 + 2ω

−−→
B1B) t = −→0

which leads to the system: (1 − 2ω)
−−→
B1B t2 + 2ω

−−→
B1B t = −→0

−2
−−−→
B1A1 t +

−−−→
B1A1 = −→0

which is equivalent to: ((1 − 2ω)t + 2ω)
−−→
B1B t = −→0

(−2t + 1)
−−−→
B1A1 = −→0

The second equation gives t = 1
2 . The first

equation becomes:

(1 − 2ω)1
2

+ 2ω = 0

that is:
1
2

− ω + 2ω = 0

which gives:
ω = −1

2
To show that the line (AC) is tangent to the

ellipse generated by γP , a homographic parameter
change with ah = 0, bh = 1

2 and ch = dh = 1 is
applied. Table 2 yields the control points:

(Q0, ϖ0) = 12 � (P0, ω0) = (P0, 1) = (A1, 1)
and:
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

(Q0, ϖ0) = (ch − ah)2 � (P0, ω0) ⊕ 2ah (ch − ah) � (P1, ω1) ⊕ a2
h � (P2, ω2)

(Q1, ϖ1) = (ch − ah) (dh − bh) � (P0, ω0)
⊕ (bhch − 2ahbh + ahdh) � (P1, ω1) ⊕ ahbh � (P2, ω2)

(Q2, ϖ2) = (dh − bh)2 � (P0, ω0) ⊕ 2bh (dh − bh) � (P1, ω1) ⊕ b2
h � (P2, ω2)

(20)

Table 2: Control mass points of Theorem 7. Source:[28].

(Q1, ϖ1) = 1
2

� (P0, ω0) ⊕ 1
2

� (P1, ω1)

= 1
2

� (A1, 1) ⊕ 1
2

�
(

B, −1
2

)
=
(

A1,
1
2

)
⊕
(

B, −1
4

)
=
(

bar {
(

A1,
1
2

)
,

(
B, −1

4

)
},

1
4

)
=
(

bar {(A1, 2) , (B, −1)},
1
4

)
that is:

−−−→
A1Q1 = −1

1
−−→
A1B

which shows that Q1 = C (since A1 is the mid-
point of [BC]). Let IB be the midpoint of the
segment [A1C1]. Finally:

(Q2, ϖ2) =
(1

2
)2 � (P0, 1) ⊕ 2 · 1

2 · 1
2 � (P1, −ω)

⊕
(1

2
)2 � (P2, 1)

= (A1, 1
4) ⊕ (B, −ω

2 ) ⊕ (C1, 1
4)

= (IB, 1
2) ⊕ (B, −ω

2 )

By replacing O with B and ω with −ω, Defini-
tion 2 yields:

−−−−−→
BγP (1

2) = 1
1
2 − 1

2ω

(1
4

−−→
BP0 + 1

4
−−→
BP2

)

= 1
1
2 − 1

2ω

(1
4

−−→
BA1 + 1

4
−−→
BC1

)

= 1
1
2 − 1

2ω
· 1

2
−−→
BIB

and γP (1
2) is the barycenter of the points (IB, 1

2)
and (B, −ω

2 ), so:

(Q2, ϖ2) =
(

γP (1
2

), 1 − ω

2

)
=
(

B1,
1 − ω

2

)
and the tangent to the ellipse at γP (1

2) is the line
(B1C) = (AC).

The arc of the ellipse from A1 to C1 passing
through B1 is computed. To get the other part,
the homographic parameter change with ah = 1,
bh = 0, ch = 1, and dh = −1 is applied which gives
the following homographic function:

h : u 7→ 1 − u

(1 − u) − u
= 1 − u

1 − 2u
(21)

which is increasing on [0, 1
2 [ to [1, +∞[ and on

]1
2 , 1] to ] − ∞, 0], see Figure 9.

0 1−1−2−3−4−5−6−7−8−9−10−11−12−13−14−15−16−17−18−19−20
0

−1

−2

−3

−4

−5

−6

−7

−8

−9

−10

1

2

3

4

qp

q p
u

t

t = h (u) = 1 − u

1 − 2u

u = 1
2

Figure 9: Graph of the parameter change function
given by the homographic, Formula (21). Source:
created by the authors.

Then:

(R0, ϱ0) = 12 � (P2, 1) = (C1, 1)

and:

(R1, ϱ1) = (−1) � (P1, −ω) = (P1, ω) = (B, ω)
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and:

(R2, ϱ2) = (−1)2 � (P0, 1) = (P0, 1) = (A1, 1)

■

D Proof of Theorem 3
Let γP be the Bézier curve in standard form with
control points P0 = A1, P1 = B, and P2 = C1 and
weight ω.
−−−−→
OγP (t) = B0(t)

ωf (t)
−−→
OA1 + ω

B1(t)
ωf (t)

−−→
OB + B2(t)

ωf (t)
−−→
OC1

that is,
−−−−→
AγP (t) = B0(t)

ωf (t)
−−→
AA1 + ω

B1(t)
ωf (t)

−→
AB + B2(t)

ωf (t)
−−→
AC1

The point γP (t) belongs to the segment [AC] if
and only if:

det(
−−−−→
AγP (t),

−→
AC) = 0

that is,

det
(

B0(t)
ωf (t)

−−→
AA1 + ω

B1(t)
ωf (t)

−→
AB + B2(t)

ωf (t)
−−→
AC1,

−→
AC

)
= 0

which simplifies to:

det(B0(t)
−−→
AA1 + ωB1(t)

−→
AB + B2(t)

−−→
AC1,

−→
AC) = 0

and further to:

det(B0(t)
−−→
AA1,

−→
AC)

+ ω det(B1(t)
−→
AB,

−→
AC)

+ det(B2(t)
−−→
AC1,

−→
AC) = 0

which becomes:

(1 − t)2 det(
−−→
AA1,

−→
AC)

+ 2ωt(1 − t) det(
−→
AB,

−→
AC)

+ t2 det(
−−→
AC1,

−→
AC) = 0

Expanding and simplifying, this leads to:

det(
−−→
AA1,

−→
AC) t2

+ det(
−−→
AC1,

−→
AC) t2

− 2ω det(
−→
AB,

−→
AC) t2

+ 2ω det(
−→
AB,

−→
AC) t

− 2 det(
−−→
AA1,

−→
AC) t

+ det(
−−→
AA1,

−→
AC) = 0

(22)

For the curve γP to be tangent to the segment
[AC], Equation (22) must have a double root.
Defining:

α0 = det(
−−→
AA1,

−→
AC) + det(

−−→
AC1,

−→
AC)

α1 = −2 det(
−→
AB,

−→
AC)

β0 = 2 det(
−→
AB,

−→
AC)

β1 = −2 det(
−−→
AA1,

−→
AC)

δ0 = det(
−−→
AA1,

−→
AC)

Equation (22) becomes:

(α0 + α1ω)t2 + (ωβ0 + β1)t + δ0 = 0 (23)

with discriminant:
∆′ = (ωβ0 + β1)2 − 4(α0 + α1ω)δ0

= (ωβ0 − 2δ0)2 − 4(α0 + α1ω)δ0

= ω2β2
0 − 4δ0ωβ0 + 4δ2

0 − 4α0δ0 − 4α1ωδ0

= β2
0ω2 − 4(β0 + α1)δ0ω + 4δ2

0 − 4α0δ0

Since β0 = −α1, the discriminant simplifies to:

∆′ = β2
0ω2 + 4(δ0 − α0)δ0

So:
⇐⇒ ∆′ = 0
⇐⇒ β2

0ω2 + 4(δ0 − α0)δ0 = 0
⇐⇒ β2

0ω2 = 4(α0 − δ0)δ0

⇐⇒ ω2 = 4
β2

0
(α0 − δ0)δ0

which yields two opposite solutions:
ω+ = 2

|β0|

√
(α0 − δ0)δ0

ω− = − 2
|β0|

√
(α0 − δ0)δ0

Now,
α0 − δ0 = det(

−−→
AC1,

−→
AC)

which gives:
ω+ =

√
det(

−−→
AC1,

−→
AC) det(

−−→
AA1,

−→
AC)

| det(
−→
AB,

−→
AC)|

ω− = −

√
det(

−−→
AC1,

−→
AC) det(

−−→
AA1,

−→
AC)

| det(
−→
AB,

−→
AC)|

Note that:

α0 = det(
−−→
AA1 +

−−→
AC1,

−→
AC) = 2 det(

−−→
AB2,

−→
AC)
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where B2 is the midpoint of segment [A1C1]. From
Equation (23), the point γP (t0) lies on segment
[AC], with:

t0 = − ωβ0 + β1

2(α0 + α1ω)

i.e.,

t0 = −
ω det

(−→
AB,

−→
AC

)
− det

(−−→
AA1,

−→
AC

)
2(det

(−−→
AB2,

−→
AC

)
− ω det

(−→
AB,

−→
AC

)
)

E Proof of Theorem 4
The following holds:

det
(−−−−→
AγP (t),

−→
AC

)
= 0

which implies:

det
(−→
AB +

−−−−→
BγP (t),

−→
AC

)
= 0

and equivalently:

det
(−→
AB,

−→
AC

)
+ det

(−−−−→
BγP (t),

−→
AC

)
= 0 (24)

Then:
= det

(−−−−→
BγP (t),

−→
AC

)
= det

(
(1 − t)2tA

−−→
BC + t2k2

−→
AB,

−→
AC

)
= (1 − t)2tA det

(−−→
BC,

−→
AC

)
+ t2k2 det

(−→
AB,

−→
AC

)
=
(
tA det

(−−→
BC,

−→
AC

)
+ k2 det

(−→
AB,

−→
AC

))
t2

− 2tA det
(−−→
BC,

−→
AC

)
t + tA det

(−−→
BC,

−→
AC

)
and Equation (24) leads to the following second-
degree equation:

tA det
(−−→
BC,

−→
AC

)
t2

+ k2 det
(−→
AB,

−→
AC

)
t2

− 2tA det
(−−→
BC,

−→
AC

)
t

+ tA det
(−−→
BC,

−→
AC

)
+ det

(−→
AB,

−→
AC

)
= 0

(25)

whose reduced discriminant is:

∆′ =
(
−tA det

(−−→
BC,

−→
AC

))2

− t2
A det

(−−→
BC,

−→
AC

)
det

(−−→
BC,

−→
AC

)
− k2 det

(−→
AB,

−→
AC

)
det

(−→
AB,

−→
AC

)
− t2

A det
(−−→
BC,

−→
AC

)
det

(−−→
BC,

−→
AC

)
− k2 det

(−→
AB,

−→
AC

)
det

(−→
AB,

−→
AC

)

The parabola has only one point of contact
with [AB) if ∆′ = 0, which leads to:(

tA det
(−−→
BC,

−→
AC

))2

= t2
A det

(−−→
BC,

−→
AC

)
det

(−−→
BC,

−→
AC

)
+ k2 det

(−→
AB,

−→
AC

)
det

(−→
AB,

−→
AC

)
+ t2

A det
(−−→
BC,

−→
AC

)
det

(−−→
BC,

−→
AC

)
+ k2 det

(−→
AB,

−→
AC

)
det

(−→
AB,

−→
AC

)
that is:

tA det
(−−→
BC,

−→
AC

)
+ k2 det

(−→
AB,

−→
AC

)
=(

tA det
(−−→
BC,

−→
AC

))2

tA det
(−−→
BC,

−→
AC

)
+ det

(−→
AB,

−→
AC

)
and the solution is:

k2 =
−tA det

(−−→
BC,

−→
AC

)
tA det

(−−→
BC,

−→
AC

)
+ det

(−→
AB,

−→
AC

)
Since Equation (25) has a double root, after

some calculations, this root is:

t0 =
tA det

(−−→
BC,

−→
AC

)
+ det

(−→
AB,

−→
AC

)
tA det

(−−→
BC,

−→
AC

)
and the point of contact between the ray [AC) and
the parabola γP is the point γP (t0).

To prove that the line (AC) is tangent to the
parabola generated by γP , a homographic repa-
rameterization with ah = 0, bh = t0, and ch =
dh = 1 is used. Table 2 gives the control points:

(Q0, ϖ0) = 12 � (P0, 1) = (P0, 1)

and γP (t0) has weight:

(1−t0)2 ·1+2t0(1−t0)·1+t2
0 ·1 = (1−t0 +t0)2 = 1

It remains to determine Q1 with weight ϖ1.
Then:

(Q1, ϖ1) = (1 − t0) � (P0, 1) ⊕ t0 � (P1, 1)
= (P0, 1 − t0) ⊕ (P1, t0)
= (P0, 1 − t0) ⊕ (B, t0)

that is, ϖ1 = 1. It remains to show that Q1 = C.
After simplifications, it yields:

1 − t0 =
− det

(−→
AB,

−→
AC

)
tA det

(−−→
BC,

−→
AC

)
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Thus, Q1 is the barycenter of P0 with weight:

− det
(−→
AB,

−→
AC

)
tA det

(−−→
BC,

−→
AC

)
and B with weight:

tA det
(−−→
BC,

−→
AC

)
+ det

(−→
AB,

−→
AC

)
tA det

(−−→
BC,

−→
AC

)
That is, after multiplying both weights by

tA det
(−−→
BC,

−→
AC

)
, the point Q1 is defined by:

−−→
BQ1 =

− det
(−→
AB,

−→
AC

)
tA det

(−−→
BC,

−→
AC

)−−→
BP0

that is:

−−→
BQ1 =

− det
(−→
AB,

−→
AC

)
tA det

(−−→
BC,

−→
AC

) tA
−−→
BC

so:
−−→
BQ1 =

− det
(−→
AB,

−→
AC

)
det

(−−→
BC,

−→
AC

) −−→
BC

Now:

det
(−→
AB,

−→
AC

)
+ det

(−−→
BC,

−→
AC

)
= det

(−→
AB +

−−→
BC,

−→
AC

)
= det

(−→
AC,

−→
AC

)
= 0

so:
− det

(−→
AB,

−→
AC

)
= det

(−−→
BC,

−→
AC

)
which shows that Q1 = C.

■

F Proof of Theorem 5 and of
Corollary 2

F.1 Proof of Theorem 5
Let λ and µ be two strictly positive real num-
bers. A branch of the hyperbola H is modeled
by a Bézier curve whose control mass points are−→
P0 = λ

−→
AB with weight 0, P1 = A with weight 1,

and −→
P2 = µ

−→
AC with weight 0. The vector −→

P0 is
obtained for t = 0, the vector −→

P2 is obtained for

t = 1, and for t ∈ ]0, 1[, the point M(t) on the
Bézier curve is defined, for any point O, by:

−−−−→
OM(t) = (1 − t)2

2t(1 − t)
λ

−→
AB

+ 2t(1 − t)
2t(1 − t)

−−→
OP1

+ t2

2t(1 − t)
µ

−→
AC

which simplifies to:

−−−−→
AM(t) = 1 − t

2t
λ

−→
AB + t

2(1 − t)
µ

−→
AC

Let u0 ∈ ]0, 1[. The parameters λ and µ are
computed such that the line (BC) is tangent to
the Bézier curve γP at M(u0). To achieve this,
the Bézier curve γQ is constructed by performing
a homographic parameter change on γP , according
to Theorem 7, such that:

−→
Q0 =

−→
P0

Q1 = B

Q2 ∈ [BC]

The homographic parameter changes are ah =
0, bh = u0, ch = dh = 1, that is:

h(u) = 0 × (1 − u) + u0u

1 × (1 − u) + 1 × u
= u0u

and then:
(Q0, ϖ0) = (P0, ω0)

Using Formula (20), computations leads to:

(Q1, ϖ1) = (1 − u0) � (
−→
P0, 0) ⊕ u0 � (P1, 1)

=
(
(1 − u0)λ

−→
AB, 0

)
⊕ (A, u0)

= (AB, u0)

where:
−−→
AAB = (1 − u0)λ

u0

−→
AB

and AB = B if and only if:

(1 − u0)λ
u0

= 1 ⇔ λ = u0

1 − u0

thus: −→
P0 = u0

1 − u0

−→
AB

Similarly, it holds that:
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(Q2, ϖ2) = (1 − u0)2 � (
−→
P0, 0)

⊕ 2 u0(1 − u0) � (P1, 1)

⊕ u2
0 � (

−→
P2, 0)

= (1 − u0)2 �
(

u0

1 − u0

−→
AB, 0

)
⊕ (A, 2 u0(1 − u0))

⊕ u2
0 � (µ

−→
AC, 0)

= (u0(1 − u0)
−→
AB, 0)

⊕ (A, 2 u0(1 − u0))

⊕ (µu2
0
−→
AC, 0)

= (u0(1 − u0)
−→
AB + µu2

0
−→
AC, 0)

⊕ (A, 2 u0(1 − u0))
= (AC , 2 u0(1 − u0))

where:

−−→
AAC = u0(1 − u0)

2 u0(1 − u0)
−→
AB + µu2

0
2 u0(1 − u0)

−→
AC

which simplifies to:

−−→
AAC = 1

2
−→
AB + µu0

2(1 − u0)
−→
AC

and the point AC belongs to the segment [BC] if
and only if:

µu0

2(1 − u0)
= 1

2
⇐⇒ µ = 1 − u0

u0

hence:
−→
P2 = 1 − u0

u0

−→
AC

and M(u0) is the midpoint of the segment [BC].
■

F.2 Proof of Corollary 2
Formula (12), leads to:

u0

1 − u0

∥∥∥−→
AB

∥∥∥ = 1 − u0

u0

∥∥∥−→
AC

∥∥∥
The relation

∥∥∥−→
AC

∥∥∥ =
∥∥∥−→
AB

∥∥∥ implies:

u0

1 − u0
= 1 − u0

u0
⇐⇒ u2

0 = (1 − u0)2

⇐⇒ u0 = 1
2

The relation
∥∥∥−→
AC

∥∥∥ 6=
∥∥∥−→
AB

∥∥∥, leads to:

u2
0

∥∥∥−→
AB

∥∥∥ = (1 − u0)2
∥∥∥−→
AC

∥∥∥
=
(
1 − 2u0 + u2

0
) ∥∥∥−→

AC
∥∥∥

which leads to the quadratic equation:

u2
0

(∥∥∥−→
AC

∥∥∥−
∥∥∥−→
AB

∥∥∥)− 2u0

∥∥∥−→
AC

∥∥∥+
∥∥∥−→
AC

∥∥∥ = 0

The reduced discriminant is:

∆′ =
∥∥∥−→
AC

∥∥∥2
−
(∥∥∥−→

AC
∥∥∥−

∥∥∥−→
AB

∥∥∥) ∥∥∥−→
AC

∥∥∥
=
∥∥∥−→
AC

∥∥∥2
−
(∥∥∥−→

AC
∥∥∥2

−
∥∥∥−→
AB

∥∥∥ ∥∥∥−→
AC

∥∥∥)
=
∥∥∥−→
AB

∥∥∥ ∥∥∥−→
AC

∥∥∥
and the solutions are:

u0,a =

∥∥∥−→
AC

∥∥∥+
√∥∥∥−→

AB
∥∥∥ ∥∥∥−→

AC
∥∥∥∥∥∥−→

AC
∥∥∥−

∥∥∥−→
AB

∥∥∥
u0,b =

∥∥∥−→
AC

∥∥∥−
√∥∥∥−→

AB
∥∥∥ ∥∥∥−→

AC
∥∥∥∥∥∥−→

AC
∥∥∥−

∥∥∥−→
AB

∥∥∥
1) If

∥∥∥−→
AC

∥∥∥−
∥∥∥−→
AB

∥∥∥ < 0, then u0,a < 0 and u0,b >

0 and:

⇐⇒ u0,b < 1

⇐⇒
∥∥∥−→
AC

∥∥∥−
√∥∥∥−→

AB
∥∥∥ ∥∥∥−→

AC
∥∥∥ >

∥∥∥−→
AC

∥∥∥−
∥∥∥−→
AB

∥∥∥
⇐⇒

√∥∥∥−→
AB

∥∥∥ ∥∥∥−→
AC

∥∥∥ <
∥∥∥−→
AB

∥∥∥
which is always true.

2) If
∥∥∥−→
AC

∥∥∥−
∥∥∥−→
AB

∥∥∥ > 0, then u0,a > 0 and u0,b >

0 and:

⇐⇒ u0,a < 1

⇐⇒
∥∥∥−→
AC

∥∥∥+
√∥∥∥−→

AB
∥∥∥ ∥∥∥−→

AC
∥∥∥ <

∥∥∥−→
AC

∥∥∥−
∥∥∥−→
AB

∥∥∥
⇐⇒

√∥∥∥−→
AB

∥∥∥ ∥∥∥−→
AC

∥∥∥ < −
∥∥∥−→
AB

∥∥∥
which is false.

⇐⇒ u0,b < 1

⇐⇒
∥∥∥−→
AC

∥∥∥−
√∥∥∥−→

AB
∥∥∥ ∥∥∥−→

AC
∥∥∥ <

∥∥∥−→
AC

∥∥∥−
∥∥∥−→
AB

∥∥∥
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⇐⇒ −
√∥∥∥−→

AB
∥∥∥ ∥∥∥−→

AC
∥∥∥ < −

∥∥∥−→
AB

∥∥∥
⇐⇒

√∥∥∥−→
AB

∥∥∥ ∥∥∥−→
AC

∥∥∥ >
∥∥∥−→
AB

∥∥∥
⇐⇒

∥∥∥−→
AB

∥∥∥ ∥∥∥−→
AC

∥∥∥ >
∥∥∥−→
AB

∥∥∥2

⇐⇒
∥∥∥−→
AC

∥∥∥ >
∥∥∥−→
AB

∥∥∥
⇐⇒

∥∥∥−→
AC

∥∥∥−
∥∥∥−→
AB

∥∥∥ > 0

In both cases, the solution is u0,b.
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