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Steiner conics and quadratic Bézier curves with control mass points
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Abstract: The authors propose a new approach of the Steiner problem. The Steiner problem consists in
constructing a conic tangent to three sides of a triangle—possibly extended sides-. The method in use
is based on Bézier curves with control mass points. Bézier curves with control mass points generalize
classical rational Bézier curves by introducing control vectors in addition to control points. Here, any
quadratic rational Bézier curves with three control mass points model conic arcs, semi-ellipses, and hy-
perbola branches while preserving rational parameterizations with any homographic parameter change.
This method simplifies the construction and avoids implicit conic equations, solving systems of five linear
equations in five unknowns, or reducing the implicit form of a conic. All conic features can be obtained
by reparametrizations.
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Let ABC be a non-degenerate triangle. An ex-
tended side of the triangle is the line defined by
one of its sides. Steiner problem [26],[27] consists
in constructing a conic tangent to three sides of
triangle ABC', where some of the sides may be
extended, leading to:

1 Introduction

Polynomial Bézier curves are a fundamen-
tal tool in geometric modeling and computer-
aided design (CAD). Introduced by Pierre
Bézier and Paul de Faget de Casteljau in the
1960s, they provide an intuitive way to de-
fine parametric shapes using a_ set. of control
points (1], [2],[8.041, 6,18, [, 5. 6.0, These
curves are widely used in various fields, including
graphic design, robotics, and simulation. When
these curves are of degree 2, they represent
bounded parabolic arcs [[11],[12].

Rational Bézier curves of degree 2 extend the
concept of quadratic polynomial Bézier curves
by introducing weights associated with the con-
trol points [13],[14],[15],[16]. These curves can « a parabola if it is tangent to one side and to
be viewed as loci of barycenters of weighted the twq extended sides of triangle ABC, see
points [17], where the weights are the product Figure {(a) in the Appendix;
of a nonzero real number with a Bernstein poly-
nomial of degree 2. These Bézier curves allow
for accurate modeling of complex shapes such as

o an ellipse if the conic is tangent to all three
sides of triangle ABC'. In the standard case,
the ellipse is tangent to the triangle at the
midpoints of its sides, whereas in the gener-
alized case, the conic is tangent to the three
sides at points that are not known in advance,
see Figure lg(a) in the Appendix, E](b) in the
Appendix and E(C) in the Appendix;

e ahyperbola if it is tangent to one side of trian-

conic arcs [13],[14],[15],[18],[19],[20],[21]. However,
modeling semi-ellipses or hyperbola branches is
not possible using this model [15].

To generalize the notion of barycenter, the
set of mass points—points with nonzero scalar
weights_or zero-weight vectors—was introduced
n [22],[23],[24],[25]. This space is an affine space
associated with a vector space whose addition a
scalar multiplication are defined in Appendix El
This model enables the modeling of semi-ellipses
and branches of hyperbolas.
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gle ABC' and the two other extended sides are
asymptotes of the hyperbola, see FigureE(b)
in the Appendix.

Regarding Steiner ellipse &, the construction
of five points on & is relatively simple. The next
steps are:

1) determining the implicit equation of &,
2) reducing this implicit equation,

3) computing the characteristic elements of el-
lipse &.
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A simple and direct definition of an arc of el-
lipse & is allowed by our method, using a rational
Bézier curve with weights 1, %, and 1.

The construction of Steiner parabola &2 uses a
point £’ on the circumcircle of triangle ABC, along
with its reflections across the side of the triangle.
These three reflected points are collinear and lie on
line 2, known as Steiner’s line. The parabola &
is then defined by the focus F' and the directrix 2.
Unlike our method, which uses polynomial Bézier
curves, this approach does not permit for control
over the point of tangency between parabola &
and the triangle’s side.

In the case of the hyperbola, four of its points
can be easily constructed using symmetry proper-
ties. The fifth point is more difficult to determine.
As with the ellipse, the steps involving the implicit
equation and the calculation of characteristic el-
ements require long and unstable computations.
The mass point control structure can be directly
obtained by our method.

In all three cases of proper conics, the charac-
teristic elements of the conic are determined using
homographic reparametrizations [2§],[?]. More-
over, using a quadratic parameter change, the
modeling of any conic section by a quartic Bézier
curve with mass point controls is possible [29].

In Section P}, standard constructions of Steiner
conics are recalled. A review of quadratic Bézier
curves is provided in Section B. The construction
of Steiner conics using quadratic Bézier curves is
detailed in Section @ Following the conclusion
and future directions, Appendixng recalls the def-
inition of the space P of mass points based on
the usual Euclidean affine plane P with associated

vector space B Appendix E provides a review of

graphjc parameter changes. Appendices (),
B[j , and [ contain the proofs of the theorems
and corollaries given in SectionE

2 Usual constructions of Steiner

conics

Let ABC' be a non-degenerate triangle. The seg-
ment [XY], which is one side of the triangle ABC,
defines an extended side, which is the line (XY).

2.1 Steiner Ellipse
Let A; be the midpoint of [BC], B; the midpoint
of [AC], and C the midpoint of [AB].

The Steiner ellipse & is the ellipse passing
through A;, Bp, and (4, and tangent at these
points to the lines (BC), (AC), and (AB), re-
spectively. The center ) of the ellipse & is the
centroid of the points A, B, and C.
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Let As and By be the symmetric points of A;
and By with respect to €2, respectively. The ellipse
& is the conic passing through the points A;, By,
Cl, Ag, and BQ.

2.2 Generalized Steiner Ellipse

It is possible to generalize the problem
of determining an ellipse tangent to the
three sides of a non-degenerate triangle:

the lines joining each vertex to a point on
the opposite side must be concurrent, see
https://fr.wikipedia.org/wiki/Ellipse de Steiner.

Theorem 1 (Generalization of the Steiner Ellipse)
Let ABC' be a non-degenerate triangle. Let:

Al E]BC[ Bl E}AC{ 01 E]AB[

The ellipse passing through A;, tangent to line
(BC), through By, tangent to (AC), and through
(1, tangent to (AB), exists if and only if the lines
(AA1), (BBy), and (CCq) are concurrent.

2.3 Steiner Parabola

Let F' be a point on the circumcircle € of triangle
ABC. Let A, By, and C} be the reflections of
F with respect to the extended sides (BC'), (AC),
and (AB), respectively. The points Ay, Bi, and
(1 are collinear, and this line, denoted 2, is called
the Steiner line. Note that the orthocenter H of
triangle ABC' also lies on the line 2.

The arc AB is the arc of ¥ with endpoints A
and B not containing the point C'. The arcs AC

and BC' are defined similarly.

The parabola &, with focus F' and directrix &,
is a parabola tangent to one side and two extended
sides. The non-extended side of triangle ABC' is
defined by the arc that contains point F'. Thus, if

F €AB, then the non-extended side is [AB].
Unfortunately, controlling the point of tan-

gency between the parabola & and the non-

extended side of triangle ABC' is very difficult.

2.4 Steiner Hyperbola

The extended sides of triangle ABC are [AB) and
[AC). Let Dy be the midpoint of the side [BC]|.

1) Let Ap be the interior angle bisector of lines
(AB) and (AC). Let D; be the reflection of
Dy across the line Ap.

2) Let Dy (resp. Ds) be the reflection of Dy
(resp. D;) with respect to the center of the
hyperbola A.
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3) The points Dy, D1, Do, and Ds are four points
on the desired hyperbola.

One point of the hyperbola 7 is still missing.
1) Let D be the line through B parallel to (AC).

2) Let Dy be the line through Dy parallel to
(AB).

3) Let E be the intersection of lines (AC') and
Ds.

4) Let F' be the midpoint of [AE].
5) Let Ds be the line through F parallel to (AB).
6) Let D4 be the intersection of D; and Ds.

The point Dy is the fifth point of the hyperbola,
which allows us to construct the hyperbola 7.

3 Rational quadratic Bézier curves
The degree 2 Bernstein polynomials are:

Bo(t) = (1—1)
Bi(t) = 2t(1—1) (1)
By(t) = ¢

Definition 1 (Quadratic Rational Bézier Curve)

Let (Pj)y<;<s be three non-collinear control
points and (w;),«,«, be three non-zero weights sat-
isfying the condition:

2

Z wiBi(t) 7£ 0

=0

A point M(t), for t € [0,1], belongs to the
quadratic rational Bézier curve defined by the con-
trol points (P;)g<;<o and weights (w;)y<;<o if, for
a point O in P, M (t) satisfies the equation:

vt € [0,1], (2)

OM(l) = ———— iwiBi(t)(TﬁZ 3)
1=0

Condition (E) ensures that the quadratic ratio-
nal Bézier curve remains within the affine plane
P. Geometrically, for a fixed ¢ in [0, 1], M(t) is
the barycenter of the weighted points:

P,
Z W Bi (t)
=0

i€{0,1,2}
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Definition 2 (Bézier curve in standard form

Under the hypotheses of Definition [l if
wg = wy = 1, the curve is said to be in
standard form and the weight w; is denoted by w.

This model cannot represent half-ellipses or hy-
perbola branches; the definition of Bézier curves
with caontrol mass points is provided in Ap-
pendix(@

Definition 3 (Bézier curve with mass points)

Let (Pivwi)ie{o,l,Q} be three control mass
points. Let I (resp. J) be the set of indices with
non-zero (resp. zero) weights. Define the function
wy on [0,1] by:

wi(t) = Y _wiBi(t) (4)
iel

A mass point (M,w) or vector (,0) belongs
to the Bézier curve + if there exists a real ¢y € [0, 1]
such that:

o If we(ty) # 0, then:

.
OM = wf@o)iezlwiBi(to)ﬁ
1 4 . (5)
+ (,Uf(to)l.EZJBz(tO)ﬁz
w = w(lo)

o If wy(ty) =0, then:

U = Z%Bi(to)aﬁi + Z Bi(tO)FZ

el ieJ

(6)

If J_= (), Definition m is recovered. In equa-
tions (a) and (f]), one can distinguish an affine

part defined from points P; via OF;, and a vec-

tor part using F;. In Equation (B), the affine
part corresponds to the barycenter of the weighted
points (P, w; B;(to)) translated by the vector

_>
Yics Bi(to) Fi.
Let P, be a weighted point with non-zero

%
weight wy, and for k € {0,2}, let P, be a control

vector, and (Ps_k,ws—k) a mass point. The line

il

through P; with direction vector Py is an asymp-
tote to the Bézier curve defined by the mass points

(]?:a 0)7 (Plawl)a and (P27k7w27k>'

For quick implementation, without coding the
addition ¢ and scalar multiplication ©, Bézier
curves with control mass points can be plotted us-
ing the following simplification:
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Proposition 1 (Computational Bézier Curve)
Let the function:

X R —
0 —
w#0 — w

-
1 (7)

LetﬁgzO—P;Eifwk#Oandﬁc:ﬁkifwk:().
(

Then Equation (j) becomes:
— 1 2 —
M= 5——— x(w)B(t)P,  (8)
Zkak(t) k=0
k=0
— — s
where M is a mass point: M = OM if

2

BN —
Z wiBi(t) # 0 and M = M otherwise.
k=0

4 Steiner problems and Bézier curves

4.1 Steiner ellipse
Let Py = A; with weight 1, P, = B with weight
w, and P, = (7 with weight 1. Let ~vp be
the standard-form quadratic rational Bézier curve
with control points (Fp, 1), (Pr,w), and (P, 1).
The goal is to find w such that the Bézier curve
~vp is an arc of the Steiner ellipse &
Let wy (t) be defined by:

wy (t) = Bo(t) +wBi (t) + B2 (t)  (9)
and for any point O, a point vp (t) of the Bézier
curve is defined by:

Ovp (t) =
By(t)=— Bi()=> DBo(t)=—  (10)
G ARG TR

so that:
BI'YP(t;:
Bo(t)=— B ()= By (t)=— 11)
w0 P @ PR L B

and the value of ¢ is computed such that
Bivp (t) = ﬁ Now, Theorem E can be stated.

Theorem 2 (Steiner inellipse)

Let ABC be a non-degenerate triangle. Let A;
be the midpoint of [BC|, B; the midpoint of [AC],
and C; the midpoint of [AB].

The Steiner inellipse & is the ellipse passing
through A;, B, and C;, and tangent at these
points to the lines (BC), (AC), and (AB), and
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modeled by the standard-form quadratic ratio-

nal Bézier curves vy and y_ with control points
(A1,1), (B,1), and (Cy,1) on one hand, and

)2

(A1,1), (B,—3), and (Cy, 1) on the other.

Proof: See Appendix E

[ |

Let A(1,1), B(3,5), and C(5,3). Figure [I
shows the Steiner inellipse & of triangle ABC' us-
ing Theorem P.

Ay
5 N
4 .
3 .
2 .
L . .
Bi=lim vy (t) = lim 7. (7)
x
8 l l l l l >
(Il 1 2 3 4 5
Figure 1: Steiner inellipse of a triangle ABC

constructed using two quadratic rational Bézier
curves v+ and vy_. Source: created by the au-
thors.

Steiner inellipse of a triangle ABC' constructed
using two quadratic rational Bézier curves.

Note that if vp is a quadratic rational Bézier
curve with control points Py with weight 1, P
with weight w, and P, with weight 1. Let I be the
midpoint of the segment [Py Ps]. If w € R\{—1,1},
then:

1) the conic generated by the curve vp has a cen-
ter, denoted by € ;

2) the points Py, vp (3), 1, ©, and

My = lim vp(t) = lim ~p(t)

t—-+oo t——o00

lie on the median of triangle PyP; P, issued
from vertex P;.
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4.2  Generalized Steiner Ellipse
Theorem 3 (Generalized Steiner Ellipse)

Let ABC be a non-degenerate triangle. Let
Ay belong to [BC], By to [AC], and C} to [AB],
such that the lines (AA;), (BBi), and (CCy) are

concurrent.

Let:

_ \/det(z‘l—d, AC) det(AA;, AC)
o \det(ﬁ,ﬁ”
w. = _\/det(z‘l—d,z@)det(m”@)

| det(AB, AC)|

The generalized Steiner ellipse & is the ellipse
passing through A;, By, and C1, tangent at these
points respectively to (BC'), (AC), and (AB), and
modeled by the quadratic rational Bézier curves in
standard form ~, and y_ with respective control
points (A1,1), (B,w4+), (C1,1) on the one hand,
and (A1,1), (B,w_), (C1,1) on the other.

Let:

b Wy det(@,ﬁ) — det(m,/ﬁ)

T 2(det(AA3, AC) — det(AB, AC)w )
and:

t = w—det(ﬁ,ﬁ)—det(m,ﬁ)

 2(det(AA3, AC) — det(AB, AC)w_)

which leads to v4(t4) =7 (t—) = By € [AC].

Proof: See Appendix E

]

Let A(1,1), B(3,5)), an
hand, and 4 (4,4)), By (£,2), C1 (3, %)
other, and Ay (17,12

676/
The weight is:

V6
W = ——
6
and:
t1=3—-6

Figure E shows the generalized Steiner ellipse
& of a triangle ABC using Theorem B.

4.3 Steiner parabola

Let ABC' be a non-degenerate triangle.
Let t4 € ]0,1[ and define Py by:

OFy = (1 — t)OB + t40C

E-ISSN: 2224-2880
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Ay

P

Figure 2: Generalized Steiner ellipse of a trian-
gle ABC constructed using two rational quadratic
Bézier curves v and y_. Source: created by the
authors.

and P, = B. Let P, be a point on [AB), that is:
OP, = OB + kyAD

and let vp be the polynomial Bézier curve with
control points Py, P, and Py, that is:

Ovp(t) = (1 — t)Q(Tﬁo + 2t(1 — t)(Tﬁl + 1207,
in other words:
Byp(t) = (1—t)2BF,+2t(1 — t)BP, + (2BP,
— (1-1)%4BC + t*ksAB

The point yp(t) is required to lie on the line
(AC), which allows the statement of Theorem H.

Theorem 4 (Steiner Parabola)
Let ABC be a non-degenerate triangle. Let £ 4
be a real number in |0, 1] and define Py by:

OF = (1 — t4)OB + t,0C
Let P, = B. Let:

B —ta det(B?, zﬁ)
* T t4det(BC, AC) + det(AB, AC)
andﬁ> P, be the point on the ray [AB) defined
by BP, = kgzﬁ. Define:
- det(BC, AC) + det(AB, AC)
14 det(BC, AC)

k
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Then the polynomial Bézier curve vp with con-
trol points Py, P;, and P; is an arc of the Steiner
parabola s tangent to the lines (AB) at P,
(BC) at By, and (AC) at yp(to).

Proof: Appendix @
[ ]

Corollary 1 (Steiner Parabola)
Let vp be the Bézier curve from Theorem H.
Then:

1) The polynomial Bézier curve g with control
points Qo = Py, Q1 = C, and Q2 = 7vp(lo)
is the arc of the Steiner parabola &5 whose
first (resp. last) point lies on the line (BC')
(resp. (AC)).

2) The polynomial Bézier curve yr with control
pOil’ltS R() = PQ, Rl = A, and Rg = Qg is the
arc of the Steiner parabola s whose first
(resp. last) point lies on the line (AB) (resp.
(AC)).

3) The rational Bézier curve g with weighted
control points (Rg, 1), (R, —1), and (Rg, 1) is
the arc of the Steiner parabola &g comple-
mentary to yg.

Proof: Appendix E

1) It suffices to apply the homographic parame-
ter transformation with a;, = 0, b, = ty and
Ch:dh:1t0’)/p.

2) Tt suffices to apply the homographic parame-
ter transformation with a, = tg, b, = 1, and
Cthh=1tO’yp.

3) It suffices to apply the homographic param-
eter transformation with a, = 0, b, = 1,
cp=—1,and dp =1 to yg.

[ |

Figure a iin the Appendix llustrates the con-
struction of the Steiner parabola with A(3,4),
B(1,2), and C(5,1) using t4 = which gives
kQ = % an%to = —2.

Figure {j in the Appendix shows the construc-

tion with t4 = §7 which gives ko = 2 and tg = —%.

1
3

4.4 Steiner hyperbola

Let ABC' be a non-degenerate triangle. Con-
struct a hyperbola J#, tangent to the segment
[BC], with asymptotes given by the lines (AB)
and (AC).

E-ISSN: 2224-2880
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4.4.1 General Case
The point. A is the center of the hyperbola 2.
Theorem P can be stated.

Theorem 5 (Steiner Hyperbola #)
Let ugp € ]0,1[. The control mass points of the
Bézier curve vp are:

(70) - (F5780)
(P1,1) = (A1) (12)
(133,0) - (1;07“‘0@,0)

and vp (ug) is the midpoint of the segment [BC],
and the line (BC) is tangent to vp at vp (up).
The lines (AB) and (AC) are the asymptotes of
the Steiner hyperbola 7.

Proof: Appendix B

|

The characteristic elements of the hyperbola
J€ can be easily obtained using homographic pa-
rameter transformations [2§],[30].

Let A(2,4), B(0,2) and C (4,1). Figure H in
the Appendix shows the construction for ug = %7
- -
yigding Py = zﬁ ind Py = 1@, which leads to
|B5|| = 2v2 and | || = v13.

— —
4.4.2 Vectors Py and P, with equal norm
Finding wuq for

7 =[]

in Theorem E leads to Corollary E which allows
immediate determination of the hyperbola param-
eters [28],[30].

Corollary 2 (Extremal vectors with equal norm)

From Theorem 57 if H@H = Hzﬁ ‘, then uy =
3 else
-
4] - 2]
Thus:

7] =[]
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Proof: Appendix E

Figure B in the Appendix shows the construc-
tion for:

Up

——Vqﬁ_v2¢ﬂ§~o5m
T VI3 -2v2

(see Formula (@)) Then:

. \/2v/26 — 2¢/2

T T T A3 o

which gives:

V26

Uuo o

1—uy 2
3

1-— up Vv 26

uw 13

which leads to:
v/ 26
7 - T@

and

j

V26 o

13
which leads to HISSH = m and HF;H =
V/2v/26

One can note the following property: Let 2 be
the center of a hyperbola and let Ag be a tangent
to this hyperbola intersecting the first asymptote
at M7 and the second asymptote at M. No matter
the position of the line Ag, the area of triangle
QM7 M, remains constant.

‘?2:

5 Conclusion and future works

We propose a resolution of Steiner problems
using mass points. We show that the constructed
conic can be model by Bézier curve with control
mass points : a vertex and two midpoints with
coefficients 1 and % Our method offers reduced
computational time and complexity, finding
directly the parameters of the Steiner conics
unlike usual resolutions: for instance, in the case
of the ellipse, the usual method (or the method
on the litterature) involves determining an affine
transformation that maps the given triangle to an
equilateral one.
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In the near future, the use of rational Bézier
curves with complex weights will be considered to
study, among other topics, cusp points, inflection
points, and the modeling of conic inversions,
while maintaining a degree 2 curve—even though
such transformations would require degree 4 when
using real weights.

Display on a computer can be seen as set of
points in a finite plane. The Bézier curve could be
used in this background as finite curves. In partic-
ular, elliptic curves used in cryptography in finite
fields could be modeled with Bézier curves. This
domain had never been explored by the authors .
It gives new opportunities to open a huge domain
of new applications.

In considering Bézier curves with control mass
points, we intend to model handwriting by addi-
tionally incorporating the stroke kinematics, em-
ploying the loops of the Descartes Folium or the
Bernoulli Lemniscate...

Furthermore, we envisage applying this approach
to the modeling of Dupin cyclides within the
Minkowski—Lorentz space.
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Appendices

A Space of mass points

Definition 4 (Space of mass points P )

The space of mass points is:

P=(PxR)U (3 x {0}) (14)
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(a) : Steiner ellipse where G is (b): Steiner circle of an (c) : Generalized Steiner
the centroid of the triangle equilateral triangle. ellipse.
ABC.

Figure 3: Steiner problems: cases of an ellipse. In the Figures(a) and (c), the ellipse is computed from the
same triangle ABC. Source: created by the authors.

B A,
A \Q _______________
C
(a): Parabola case. (b): Hyperbola case.

Figure 4: Steiner parabola and Steiner hyperbola problems. Source: created by the authors.

On the space P, an addition & and a scalar Let (M,w) and (N, i) be two weighted points
multiplication ® are defined and then, (ﬁ, D, @) with non-zero weights, and a vector (,0).
. ~
is a vector space [@],[] .« wpw+ ) #0:

Addition is defined as follows:

Definition 5 (Addition & in (ﬁ, ®, @)) (M,w) & (N, p) = (bar {(M,w) (N, ) } LW+ u)
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Figure 5: Steiner parabola of a triangle ABC' constructed using rational quadratic Bézier curves with
ta = % Source: created by the authors.

P,

RE] —4 +

7 \

Figure 6: Steiner parabola of a triangle ABC' constructed using rational quadratic Bézier curves with
ta = % Source: created by the authors.
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Figure 7: Steiner hyperbola branch defined from constraints on the triangle ABC' with ug = % Source:

created by the authors

e wHO:
(M,w) @ (N, ~w) = (wNI,0)
e w0
w)B(W,0) = (M',w) = w
(M, w)® (W, 0) = (M, w) 71(1}7(]\/-’),

where 77 denotes the translation by vector
7, that is

W:iﬁ
« (7,0)® (V,0)= (U +7,0).

In particular:
(M,—-1)® (N,1) = (N,1)®(M,-1)
- ()
Scalar multiplication is defined as follows:

Definition 6 (Scalar multiplication ® in (75, D, @))
Let (M,w) be a weighted point with non-zero

weight and a vector (7, 0), and let & be a non-zero
scalar.

E-ISSN: 2224-2880

e aXxw# 0= a6 (Muw)=(M,aw),
« a®(,0) = (al,0),

. 0®(M,w):(6>,0),

06 (T,0) = (ﬁ,o).

For a weighted point, the weight is scaled by
the non-zero scalar «, while a vector is directly
multiplied by a. Let (M,«a), with o € R\ {0},
be a weighted point in P. The point M in P is
identified with the weighted point (M, 1). Thus:

—

(P,w)® MN
= woPhswo (N, })ewoe (M -})
= wo(Pha (N ;) e M=)
= wo(Pne
= wOo (P
where the point P’ is the image of point P by
the translation 7,3 of vector %M N, written
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%
Figure 8: Steiner hyperbola branch defined from constraints on triangle ABC with ug such that HPOH =

HF;H Source: created by the authors.

—

an (P), and finally:

e

(Pw) @ MN = (P,w) = <TIW P) ,w) (15)

w

That is, letting P’ = T, 173 (P), Equation (@)
leads to: )

H/ ]. g4
PP = PTy (P) = —MN (16)

Using the formalism of mass points, the addi-
tion of two weighted points is:

(M,w) & (N, p)
= (M,w)® (M, ) ® (M, —p) ®© (N, 1)
(7T.0)
= Mw+p) oM, —p) e (N, p
= (M,er,u)EB(,um,O)

(17)

= |7 M),
p m( ) W+ p
W+ W

The first lines of Equation (@) illustrates the
associativity of the addition .
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B Homographic parameter change

B.1 Definition and Composition
Theorem 6 (Homographic parameter change)

Let ~ be a Bézier curve of degree n, sup-
ported by the curve ¥, with control mass points
((R‘awi))ie[[o,n}]-

Let the real numbers ay, by, cp, and dj, satisfy:

ap
Ch

£0 (18)

bn
dp

_ Let h be the homographic function from R to
R defined by:

v 1-— bl

hw) = L= b
cn (I—u)+dyu

Then o h is the Bézier curve of degree n, sup-

ported by the curve %, with control mass points
((Qi,@i))icqo,n) Whose expressions depend on the

(19)

degree of the curve.

Proof: [2§]

|

To replace one arc of a curve by another arc of
the same curve, Table [I| gives the values of ap, by,
¢y, and dj, depending on A (]0, 1]).
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h(]0,1[) Expression anp by, ch d,
1— ) —
]_007 al[v h (O) = “ ( ui) h aq -1 1 0
1—u
1— ) —
|—oo,an[, h(1) =y U-w=au 1 | —a1 | O -1
—u
lo, i | a; (1 —u) + ajpiu a; |y |1 1
1
lag, +00, h(0) = ay ag(1=u)+u Qg 1 1 0
1—u
1 —ag (1 —u) +oqu
lag, a1, h <2> = 400 1 T % —ag | o | —1 1
—a (1 — 1—
+00 € h(Jag, i) UuQ % ( u) +oqu —og | ap | —1 all
U — Ug U

by the authors.

Table 1: Intervals and values of ay, by, ¢, and dp, in Formula (@) Source: created

B.2 Degree 2 Case

Theorem 7 (Homographic Parameter Change)
Let v be a Bézier curve with control mass
points (Py,wp), (P1,w1), and (Pa,ws) supported

on the conic C.
Let h be defined by Formula (@)

BB —
<:>(1 — QW)Bl tQ + B1A1

Then ~ o h is the Bézier curve, supported on {

the conic C, with control mass pointa (Qo, o),

(Q1,w@1), and (Q2,w2) given in Table

Proof: [28]
|
C  Proof of Theorem @
Bl’}/p(t = 6>

—_— —_—
(1 —-1)2B1 Py +2wt(1 —t)B P,

—
+ £BP=10

< B1P0 —2wB1 P + Blpz) t2

_oB. B+ 2B P,) t + B Py = K

—2B1A; + 2(,0313) t+ B1A; = 6>

Bﬁ - 2wﬁ) t? + B1A;

(
(
(BlA{ — 2B B+ 310{) £
(
(
(—ZBl—Al> + ZwBﬁ) t= 6>

E-ISSN: 2224-2880

The second equation gives t =

|

+ (—2BiA; + 2wBiB) t = 0
which leads to the system:

(1—2w)BIB {2+ 2B B t
“2B Ay ¢+ BiA,

which is equivalent to:

(1 —2w)t+ Qw)BTB)t
(~2t + 1)BiA;

equation becomes:

that is:

1
(1-20)5 +2w=0

which gives:

1
- — 2w=20
5 w + 2w
- 1
YTy

[N

i
i

i
[

The first

To show that the line (AC) is tangent to the
ellipse generated by vp, a homographic parameter

change with a
applied. Table

2

:O,bh:landch:dhzlis
yields the control points:

(Qo,@0) = 17 ® (Py,wp) = (P, 1) = (A1, 1)

and:

458
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(Qo, o) (cn — an)?
(Qu,@1) = (cn—an)(dn—0bn) ©

@ (bnen — 2apbp + apdp) ©
(Q2,w2) = (dh—bn)’ @

© (Po,wo) ® 2ap (ch — an) © (Pr,wr) ® aj © (P2, ws)
(Fo,wo)

(Pr,w1) @ apbp © (P2, ws)

(Po,cwo) @ 2bn (dy — bp) ©

Table 2: Control mass points of Theorem H Source:[28].

(Pl,w1) D b% ® (Pg,wg)

(@u1) = 3 © (Pon) ® 3 © (Proian)
= o0 <B,—;>
- (an3)e (5 3)
) (52
- (bar{(Al,Q),(B,—m},D
that is:

y -1
Ai@Qr = TAIB

which shows that Q1 = C (since A; is the mid-
point of [BCJ). Let Ip be the midpoint of the
segment [A;C4]. Finally:

Q) = ()0 (R, ) @2 530 (P, —w)
® (3)°© (P, 1)
= (Al’ %) 2] (B, _%) D (Cl) i)
= (IBv %) D (B7_%)
By replacing O with B and w with —w, Defini-
tion E yields:
- 1 l— 1—
Byp(z) = ( BPy + BPQ)
1_1,\4 4
2 72
1 l—0 1=—=
= <BA1 + BCl>
1_1,\4 4
2 72
1 1
= bl
2 — ¥

and yp(3) is the barycenter of the points (Ip, 3)
and (B, %), so:
1. 1-w 1—-w
(Q2,2) = (7P(2)7 5 ) = <Bh 5 )
and the tangent to the ellipse at ’}/p(%> is the line
(B1C) = (AC).

E-ISSN: 2224-2880
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The arc of the ellipse from A; to C passing
through B; is computed. To get the other part,
the homographic parameter change with ap = 1,
b, =0, cp, =1, and dp, = —1 is applied which gives
the following homographic function:

1—u
1—2u

h:u— L—u =
(1—u)—u

(21)

which is increasing on [0, 3

sl b
]3,1] to ] = 00, 0], see Figure

o [1,4o00[ and on

Figure 9: Graph of the parameter chapge function
given by the homographic, Formula (ﬁ) Source:
created by the authors

Then:
(Ro, 00) = 120 (Py,1) = (Cy, 1)
and:
(R1,01) = (1) © (P, —w) = (Pr,w) = (B,w)
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and:

(Ra, 02) = (—1)?
[ ]

D Proof of Theorem

Let vp be the Bézier curve in standard form with
control points Py = Ay, P, = B, and P, = C; and
weight w.

OVP(tE =

O (P, 1) = (Po,1) = (A1, 1)

Bo(t) — Bl (t) BQ (t) —
wf(t)OAl—Hu f(t)@—’— oCy

[AC], Equation (R2) must have a double root.
Defining:

ap det(m, fﬁ) + det(ZC—H), B)

g —2 det(zﬁ,@)

By = 2det(AB,AC)

163} -2 det(A—A;,z@)

5o = det(AA;, AC)

Lionel Garnier, Lucie Druoton, Jean-Paul Bécar

For the curve VEto be tangent to the segment

that is,

S

Bo(t)—s  Bi(t)
AR AB +

The point vp(t) belongs to the segment [AC] if

p(t) =

and only if:

det(Ayp(1), AC) =

that is,

o (B0 0

whi

AB + BQEQE,T@) —0
wy

we®) T g (t)

ich simplifies to:

det(Bo(t)AA, + wBi(t)AB + By(t)AC,, ACY) =

and further to:

whi

det(Bo(t)AA,, AC)
+  wdet(By(t 1@ f@
4 det(Ba()AC,, AC) = 0
ich becomes:
(1— )2 det(AA;, AC)
4 2wt(1 — ) det(AB, AC)

4 2det(AC,, AC) = 0

Expanding and simplifying, this leads to:

det(A—Al),ﬁ)tZ
+ det(A_Cl),/Vf)tQ
— 2wdet(ﬂ§,ﬁ) t2
+ 2wdet(AB, AC) t
~ 2det(AA;, AC) ¢
+ det(AA;, AC) =0

(22)
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Equation (@) becomes:
(ao + alw)tz + (wﬁo + ﬂl)t +00=0 (23)

with discriminant:

A = (who+ B1)? — 4 + aqw)dy
= (whBo — 200)% — 4(ap + a1w)do
= w?B2 — 46owpBo + 463 — dagdy — dawdy
= BRw? —4(Bo + a1)dow + 452 — dapdy
Since By = —aq, the discriminant simplifies to:
= Bow® + 4(o — )0
So:
A'=0
< [2w? +4(8o — ag)dp = 0

<~ 53&)2 = 4(&0 — 60)50

= w? =5 % (ag — 80)do

which yields two opposite solutions:

2 T
Wy = W (O[Q — (50)(5()
2
w_ = —m (ao — (50)50
Now, N
ap — (50 = det(AC’l, 1@)

which gives:

\det(ACT, AC) det(AA;, AC)

T | det( zﬁ AC )|
\/det(ACT, AC) det(AA}, AC)
wW_ fry
| det(AB, AC)|
Note that:

ap = det(A_Ai + f—la,@) = 2det(A_Bg>7fﬁ)
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where By is@w midpoint of segment [A;C4]. From
)

Equation (R3), the point yp(tg) lies on segment
[AC], with:

= wfo + P

0 2(ap + ayw)
ie.,

wdet (/@,1@) — det (A—Al),ﬁ)
2(det (ABQ,@) —wdet (1@, @))

E Proof of Theorem @
The following holds:

det (Ayp (t ,1@) -
which implies:
det (ﬁ + Bp (8, 1@) =
and equivalently:
det (4B, AC) + det (Byp (1), AC) =

Then:

det (Byp (1 ,TC)
= det ((1- 12t ABC + 2k AD, ﬁ)
= (1 — t)%t det (ﬁ,ﬁ) 4 12k, det (ﬂi@)
— (tA det (@, @) + ko det (ﬁ, @)) 2
— 2t 4 det (ﬁ, 14—5) t 4 tadet (1@,/@)

and Equation (@) leads to the following second-
degree equation:

to = —

(24)

tadet B?,/@ 12
+  kodet zﬁ,@ 12
~ 2t,det (BC, A ;t (25)

+ ta4 det B?,B
+ det (4 ,@):0

whose reduced discriminant is:

A = (—tAdet B?,zﬁ))
~ £det (B ,B) det (B?*,TG)
— kydet ﬁ,ﬁ) t(@,ﬁ)
— 12 det @,@)dt(@,ﬁ)
— hydet ﬂ%,ﬁ)dt(fé,@)
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The parabola has only one point of contact
with [AB) if A" = 0, which leads to:
(tA det (ﬁ,ﬁ)f
2 det (BC, ﬁ) det (@, /@)
ky det E,B) det (A, /ﬁ)
2 det (BC, ,@) det (ﬁf, Td”)
ko det ﬁ,ﬁ) det (ﬁ, @)

+ o+

that is:
t4 det (@, f@) + Ky det (ﬁ 7)
(tA det (B?, z@))
t 4 det (B-ﬁ, /@) + det (E, ﬁ)

and the solution is:

—tydet (B?, z@)
t 4 det (ﬁ, A_é) + det (E?, ITC)

Since Equation (@) has a double root, after
some calculations, this root is:

tadet (B? R) + det (ﬁ 1@)
o= t4 det (@ ﬁ)

and the point of contact between the ray [AC) and
the parabola p is the point yp(to).

To prove that the line (AC) is tangent to the
parabola generated by vp, a homographic repa-

ko =

rameterization with =0, by, = tg, and ¢, =
dp = 1 is used. Table P gives the control points:
(Qo,@0) = 120 (P, 1) = (P, 1)

and yp(tg) has weight:

(1—tg)?

It remains to determine ()7 with weight ;.
Then:

(Qr,m1) = (1 —t0) © (Fo, 1) @ to © (P1, 1)
= (PQ, 1 — to) @ (Phto)
= (Po,1 —to) © (B, t0)

that is, @y = 1. It remains to show that @1 = C.
After simplifications, it yields:

—det (z@,z@)
LT e (56, 10)

A2t (1—tg)-14+82-1 = (1—tg+to)* =1
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Thus, ()1 is the barycenter of Py with weight:

—det (E,z@)
t 4 det (@,ﬁ)

and B with weight:

t4 det (ﬁ, f?f) + det (E,@)
t 4 det (B?,z@)

That is, after multiplying both weights by
t 4 det (@ 1@) the point ()1 is defined by:

—y  —det (B, fﬁ) —
B = t 4 det (@, ﬁ) bl

that is:
— B — dCt (1@,1@)
B = £ 4 det (ﬁ,@) t4BC

_ . —det(AB,AC
b = det (J(B_c)”,@))@
Now:
det (1@,@) + det (ﬁ, f@)
= det (ﬁﬂ@, 1@)
—  det (ﬁ, /@)
= 0

—det (z@,ﬁ) = det (B?,zﬁ)

which shows that Q1 = C
[ |

F  Proof of Theorem B and of
Corollary E

F.1 Proof of Theorem

Let A and p be two strictly positive real num-
bers. A branch of the hyperbola 47 is modeled
by a Bézier curve whose control mass points are

PO = )\f@ with weight 0, P, = A with Welg@; 1,
and Pg = ,uﬁ with weight 0. The vector Py is
obtained for t = 0, the vector P, is obtained for
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t =1, and for ¢ € ]0,1], the point M(t) on the
Bézier curve is defined, for any point O, by:

(1—t 1B

M) = AA
OM( A1 —1)
2(1 — ) —

— OP,

+ 2t(1—t)0 !

+ 72 =7 Mz@

which simplifies to:
AM i

Let up € ]0,1]. The parameters A and p are
computed such that the line (BC) is tangent to
the Bézier curve yp at M(ug). To achieve this,
the Bézier curve 7q is constructed by performing
a homographic parameter change on vp, according

)\E + u/ﬁ

1—t

to Theorem [, such that:
— -
Qo = P
Q1 = B
Qe € [BC]

The homographic parameter changes are ap =
0, by, = ug, cp, = dp = 1, that is:
0x (1—u)+ upu
Ix(l—u)+1xu

h(u) =

= Ugu

and then:
(Qo, ™o) = (Fy,wo)

Using Formula (@), computations leads to:

%

(Q1, 1) = (1 —up) ® (Po,0) ®ug ® (P1,1)
= ((1 - u) AR 0) & (A, up)
= (A, up)

where: . \

YA CilOLYy:
Ug
and Ap = B if and only if:
(1—UO))\:1<:>)\: Uuop
U 1-— Uuop
thus: _ "
B=-—"_ 1B

N 1-— Uup
Similarly, it holds that:
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(Qa,2) = (1 —up)? @ (B, 0)
D QUQ(l — U()) ® (Pl, 1)

S ud e (F; 0)
(1 UO ( bl E 0)
(A,2U0<1 ’U,()))

@ ud ® (uﬁ, 0)

= (UQ 1 UO 1@ 0
A 2’LL0(1 ’LLQ))

@ (
& (n3AC,0)

(uo(1 — uozﬁ—Fuugm,O)
(

(

& |

A 2U0<1 UO))
AC QUO(l UO))
where:
m _ up(1 — up) pul

which simplifies to:

A—Ac>:%E+ Mo

2(1 — UQ)

and the point Ac belongs to the segment [BC| if

and only if:

hence:

1—
7= "0
Ug

and M (ug) is the midpoint of the segment [BC].

F.2  Proof of Corollary E

Formula (@)7 leads to:

e EE R e
— UQ (')

The relation H@H = Hﬁ“ implies:

Uo 1—U() 2
1— g . ug = ( )
1
<:>UO:§

The relation H@H # H@H, leads to:

E-ISSN: 2224-2880
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48] = 1 — w37
— (1 — 2ug + u2) HﬁH
which leads to the quadratic equation:
(A€ - [4B) - 200 3] + 2| = 0
The reduced discriminant is:
= 4] - (<] - JaB]) [ ac
2 2
= || - (laci - |aB] |
= [75] ||

and the solutions are:

4] + [[42] |4c]

T TR T
R
SR

1) If ’1@“—”@“ < 0, then ug, < 0 and ugp >
0 and:

N————

< Upp < 1

= || - y/|az] |ac] > || - |4

|42 4c] < 42|

which is always true.

2) If H@H—HEH > 0, then ug, > 0 and ugp >

U, < 1

= [|4¢] + |42 4] < [}ac] - |22

|42 4] < - |42

which is false.

Uy < 1

= |4¢] - /||45] | 4c] < ac] - |42
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= —/|48] | 4] < -|}43|

= /|48 |4c] > | 4|

—

= |

= |

In both cases, the solution is ug .

AB

Ac
Ac

3] > 22|

> [[4E]
- [42] >0
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