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1 Introduction
Dentistry, particularly in the field of oral mi-
crobiology, increasingly requires mathematical
modeling of complex biological systems [1]. The
oral cavity harbors an ecosystem consisting of
hundreds of microbial species that interact dy-
namically with each other [2], [3]. Understand-
ing and controlling the behavior of these micro-
bial communities is crucial for the prevention and
treatment of dental caries [4].

Traditional dental approaches often fail to
fully capture the nonlinear and complex nature
of microbial interactions [5]. Therefore, mathe-
matical modeling techniques are needed to better
understand and control the dynamics of the oral
microbiome [6]. Linear algebra provides power-
ful tools for modeling such complex biological
systems [7].

This study demonstrates how the concept of
Hyper G-matrix pairs from linear algebra can be
applied to dental microbiology [8]. Hyper G-
matrix pairs are a powerful tool for mathemat-
ically expressing the relationship between mi-
crobial interaction networks under two different
conditions [9]. This approach enables quantita-
tive assessment of treatment effects on the micro-
bial ecosystem and facilitates the development of
personalized treatment strategies [10].

Recent advances in microbial ecology have
revealed that dental plaque functions as a com-
plex biofilm where species engage in intricate
networks of cooperation and competition [11],
[12]. The biochemical composition of this
biofilm, particularly in response to different car-
bohydrate sources, significantly influences its
cariogenic potential [13]. High-resolution se-
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quencing technologies have further illuminated
the remarkable diversity of oral microbial com-
munities and the strain-specific variations in acid
production that contribute to caries development
[14], [15], [16].

Ecological approaches to oral biofilms em-
phasize the importance of understanding micro-
bial interactions at the community level rather
than focusing solely on individual pathogens
[17], [18]. Mathematical models derived from
time-series inference provide valuable insights
into the dynamics and stability of microbial com-
munities, offering new perspectives for caries
prevention [19]. These models must account for
the complex interplay between acid-producing
and alkali-producing bacteria, as well as the com-
petitive interactions that shape biofilm architec-
ture and function [20], [21].

The application of fluoride remains a cor-
nerstone of caries prevention, with multiple
mechanisms of action that include remineral-
ization enhancement and modulation of micro-
bial metabolism [22]. Concurrently, probi-
otic strategies that leverage competitive exclu-
sion offer promising complementary approaches
[23]. However, the effective implementation of
these interventions requires a sophisticated un-
derstanding of how microbial communities re-
spond to perturbation and how different species
contribute to overall ecosystem stability [24].

Matrix theory applications in biological sys-
tems provide a robust mathematical foundation
for analyzing these complex interactions [25].
Recent developments in HyperG-matrix proper-
ties further enhance our ability to model and pre-
dict microbial community dynamics under vary-
ing clinical conditions [26]. These mathematical
frameworks bridge the gap between abstract the-
ory and practical clinical applications, enabling
more precise quantification of treatment effects
on microbial networks [27]. The integration
of digital twin technology with epidemiological
data and mathematical modeling represents the
next frontier in personalized oral healthcare, of-
fering unprecedented opportunities for predictive
analytics and individualized treatment planning
[28].

Advances in metagenomic characterization
have provided comprehensive maps of the hu-
man oral microbiome, identifying core microbial
communities and their functional potential [29].
Understanding biofilm architecture as an emer-
gent property of bacterial life reveals how struc-
tural organization influences community func-
tion and resilience [30]. The analysis of micro-
bial interaction networks requires careful con-

sideration of correlation methods to avoid spuri-
ous associations and ensure biological relevance
[31].

Molecular studies of oral streptococci have
elucidated specific host-bacterial interactions
that mediate colonization and pathogenesis [32].
Metabolic pathway analyses, particularly of su-
crose utilization systems, demonstrate how nu-
trient availability shapes microbial competition
and virulence expression [33]. Systems biology
approaches that examine modular epistasis in mi-
crobial metabolism provide insights into the ro-
bustness and adaptability of oral microbial com-
munities [34].

Personalized nutrition models based on pre-
dictive analytics of individual physiological re-
sponses offer a framework for adapting caries
prevention strategies to personal microbial and
metabolic profiles [35]. Research on fluoride’s
physiological effects on oral microbes reveals
complex modulatory mechanisms beyond simple
antimicrobial action [36]. Evidence-based eval-
uations of probiotic interventions for caries con-
trol highlight both potential benefits and limita-
tions of microbial manipulation approaches [37].
Metatranscriptomic analyses of active bacterial
composition in caries lesions provide direct ev-
idence of functional gene expression during dis-
ease progression [38].

Figure 1.1 provides a comprehensive visual
representation of the dental ecosystem that forms
the biological foundation for our mathemati-
cal modeling approach. The illustration depicts
not only the anatomical structure of a tooth—
including enamel, dentin, pulp chamber, and
root—but also the dynamic microbial communi-
ties inhabiting its surfaces. Three key bacterial
species are highlighted: Streptococcus mutans
(cariogenic, in red), Lactobacillus acidophilus
(acid-producing, in green), and Streptococcus
salivarius (protective, in blue). Their inter-
species interactions, quantified by the numerical
values on the arrows (e.g., +0.8, −0.7, −0.4), rep-
resent the strength and direction of stimulatory
or inhibitory effects. This clinical scenario, en-
riched by the presence of dental plaque and an
incipital caries lesion, captures the real�world
complexity that our HyperG�matrix framework
aims to translate into a precise mathematical lan-
guage. By encoding these biological interactions
into the matrix A = [aij ], where aij denotes the
influence of species j on species i, we establish
a direct bridge between observable dental micro-
biology and the abstract formalism of linear al-
gebra. Thus, the figure serves as a pivotal link
that grounds subsequent mathematical develop-
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ments in tangible clinical reality, ensuring that
the HyperG-matrix theory remains firmly rooted
in the practical challenges of caries prevention
and treatment.

S. mutans

(Cariogenic)
L. acidophilus

(Acid-producer)

S. salivarius

(Protective)

+0.8

-0.7 -0
.4

Caries Lesion
Dental Plaque

Tooth Anatomy and Microbial Communities

Tooth Layers:

• Enamel (Crown)

• Dentin

• Pulp Chamber

• Root

Key Interactions:

• Microbial networks

• Competition/cooperation

• Environmental influences

• Treatment effects

Mathematical Representation:

Microbial interactions→Matrix A

A = [aij ], where aij = interaction between species i and j

This dental context forms the basis for Hyper G-matrix mathematical modeling

of microbial interactions in caries development and treatment

Figure 1.1: Dental anatomy and microbial com-
munities providing the clinical context for math-
ematical modeling. The figure shows tooth struc-
ture with key microbial species and their interac-
tions, which are quantified in matrixA for Hyper
G-analysis. Prepared by the authors.

2 Hyper G-Matrix Representa-

tions
The mathematical formalism of Hyper G-
matrices provides a powerful framework for an-
alyzing complex biological systems, particularly
in understanding how interventions transform in-
teraction networks. This approach bridges lin-
ear algebra with biological applications, offering
quantitative insights into system dynamics that
are often obscured by traditional analytical meth-
ods. By representing microbial communities as
interaction matrices, we can apply sophisticated
mathematical tools to predict treatment outcomes
and optimize therapeutic strategies.

Definition 1. For matrices A and B, if there ex-
ist diagonal matrices D1 and D2 that satisfy the
condition A−T = D1BD2, then the pair (A,B)
is called a Hyper G-matrix pair [8, 9].

The fundamental condition for Hyper G-
matrix pairs is as follows [8]:

A−T = D1BD2 (2.1)

The schematic representation of Equation
(2.1) is shown in Figure 2.2.

A−T

Condition 1 Network

=

D1

B

D2

×

×

Condition 2 Network

A−T = D1BD2

Hyper G-Matrix Condition

Figure 2.2: Fundamental representation of Hyper
G-matrix pair relationship (Equation (2.1)). Fig-
ure prepared by the authors.

This mathematical structure can be inter-
preted in a clinical setting as follows: A treat-
ment application modifies the microbial interac-
tion network not through a simple scaling trans-
formation but through a transformation that dif-
ferently alters both the susceptibility and influ-
ence capacity of each species [8].

Theorem 1. If matrices A and B form a Hyper
G-matrix pair, then there exists a special rela-
tionship between the eigenvalue structures of ma-
trices A and B [9].

To demonstrate the practical application of
Hyper G-matrix theory in dentistry, we present
a concrete numerical example involving key oral
microbial species. This example illustrates how
mathematical modeling can quantify treatment
effects on microbial interactions and provide
clinically relevant predictions. The systematic
approach shown here bridges theoretical mathe-
matics with practical dental applications, offer-
ing a template for future clinical studies.

3 Modeling Caries Risk
To demonstrate the practical application of Hy-
per G-matrix theory in dentistry, we present a
concrete numerical example involving key oral
microbial species. This example illustrates how
mathematical modeling can quantify treatment
effects on microbial interactions and provide
clinically relevant predictions. The systematic
approach shown here bridges theoretical mathe-
matics with practical dental applications, offer-
ing a template for future clinical studies.

Example 1. Caries Risk Assessment Using Hy-
per G-Matrices Consider a simplified oral mi-
crobial system consisting of three key species that
play crucial roles in dental caries development
and prevention [11]:

i. Streptococcus mutans (primary cariogenic
bacteria).
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ii. Lactobacillus acidophilus (acid-producing
bacteria).

iii. Streptococcus salivarius (protective bacte-
ria).

We define two interaction matrices represent-
ing different environmental conditions. First, the
control condition matrix A represents microbial
interactions in a high-sugar environment [12]:

A =

[
1.0 0.8 −0.3
0.6 1.0 −0.2
−0.4 −0.5 1.0

]
. (3.1)

Second, the treatment condition matrix B
represents microbial interactions after fluoride
treatment [13]:

B =

 3.3318 −2.0263 9.7164× 10−2

−1.5023 2.1408 0.10919
0.27003 4.0605× 10−2 0.26325

.
(3.2)

This example demonstrates how microbial in-
teractions change between high-sugar conditions
(matrix A) and post-fluoride treatment condi-
tions (matrix B). The Hyper G-transformation
mathematically describes the relationship be-
tween these two states, as visualized in Figure
3.3.

A Network: High-Sugar Environment

S.m.

L.a.

S.s.
0.8

-0.7
-0.4

1.0

1.01.0

B Network: Post-Fluoride

S.m.

L.a.

S.s.
3.33

0.109
0.270

3.33

2.14
0.263

Hyper G-transformation

S.m.: S. mutans

L.a.: L. acidophilus

S.s.: S. salivarius

Interaction patterns transformed

Network structure preserved

Figure 3.3: Hyper G-transformation of microbial
interaction networks (rotated 90°). The figure
illustrates the transformation from condition A
(Equation (3.1)) to condition B (Equation (3.2)).
Figure prepared by the authors.

We now verify the Hyper G-matrix condition
numerically. First, we calculate the transpose in-
verse of matrix A:

(A−1)T =

 1.9824 −1.1454 0.22026
−1.4317 1.9383 0.39648
0.30837 4.4053× 10−2 1.1454


(3.3)

Next, we find the optimal diagonal scaling
matrices D1 and D2 that minimize the difference

between A−T and D1BD2 [9]. The optimization
yields:

D∗
1 =

[
0.595 0 0
0 0.953 0
0 0 1.142

]
, (3.4)

D∗
2 =

[
1.000 0 0
0 0.950 0
0 0 3.810

]
. (3.5)

Now we compute the product:

(D1)
∗B(D2)

∗ =

[
1.982421 −1.145866 0.220204
−1.43198 1.93881 0.39638
0.30842 0.044053 1.145398

]
.

(3.6)

The optimization error is small: ε = ‖A−T −
D1

∗BD2
∗‖F = 0.00075.

The clinical interpretation of the diagonal
matrix elements in Equations (3.4) and (3.5) is
presented in Table 3.1.

Table 3.1: Clinical interpretation of optimal
diagonal matrix elements (Equations (3.4) and
(3.5)). Table prepared by the authors.

Microbial Species D1 Value D2 Value Clinical Interpretation

S. mutans 0.595 1.000 • Susceptibility to interactions
decreases by 40.5%

• Influence capacity on other
species unchanged

L. acidophilus 0.953 0.950 • Both susceptibility and influ-
ence capacity decrease by ap-
proximately 5%

S. salivarius 1.142 3.810 • Susceptibility increases by
14.2%

• Influence capacity increases
3.81 times

The workflow for Hyper G-matrix analysis is
illustrated in Figure 3.4.
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1. Collect Microbial Data

2. Build AMatrix

3. Compute A−T

Hyper G
Condition?

4. Find D1,D2

5. Predict B

4. Other Methods

6. Clinical Report

Yes No

This Example: Approximate Hyper G-pair with ε = 0.00075
D∗

1 = diag(0.595, 0.953, 1.142), D∗
2 = diag(1.000, 0.950, 3.810)

Figure 3.4: Simple workflow for Hyper G-matrix
analysis. Figure prepared by the authors.

Comparing A−T (Equation (3.3)) with the
calculated D1

∗BD2
∗ (Equation (3.6)):

A−T =

[
1.9824 −1.1454 0.22026
−1.4317 1.9383 0.39648
0.30837 0.044053 1.1454

]

(D1)
∗B(D2)

∗ =

[
1.982421 −1.145866 0.220204
−1.43198 1.93881 0.39638
0.30842 0.044053 1.145398

]
.

(3.7)

The differences are very small:

A−T − (D1)
∗B(D2)

∗ =

−2.1× 10−5 4.66× 10−4 5.6× 10−5

2.8× 10−4 −5.1× 10−4 1.0× 10−4

−5.0× 10−5 0 2× 10−6

 .

(3.8)

The matrix comparison showing excellent
agreement is visualized in Figure 3.5.

A−T (Calculated)

[
1.9824 −1.1454 0.22026
−1.4317 1.9383 0.39648
0.30837 0.044053 1.1454

]
D1

∗BD2
∗ (Optimal)

[
1.982421 −1.145866 0.220204
−1.43198 1.93881 0.39638
0.30842 0.044053 1.145398

]
≈

Differences (×10−5)

[−0.21 46.6 5.6
28.0 −51.0 10.0
−5.0 0 0.02

]

Overall Error: ε = 0.00075Maximum Difference: 5.1× 10−4

Figure 3.5: Matrix comparison shows excellent
agreement with error ε = 0.00075 (Equation
(3.8)). Figure rotated 90° for better presentation.
Prepared by the authors.

This example demonstrates that (A,B) forms
a highly accurate approximate Hyper G-matrix
pair. The very small error (ε = 0.00075) in-
dicates that the Hyper G-model effectively cap-
tures the transformation between pre- and post-
treatment microbial interactions with high preci-
sion.

In contrast to the approximate example in Ex-
ample 1, we now present a mathematical exam-
ple where the Hyper G-matrix condition is sat-
isfied exactly. This demonstrates the ideal case
where the relationship A−T = D1BD2 holds
without approximation error, providing impor-
tant insights into the fundamental properties of
Hyper G-matrices.

Example 2. Exact Hyper G-Matrix Pair Con-
sider an example where the Hyper G-matrix con-
dition holds perfectly. For the following matri-
ces [9]:

We define a symmetric matrix A and its cor-
responding matrix B:

A =

[
2 1 0
1 3 1
0 1 2

]
, (3.9)

B =

[
0.625 −0.250 0.125
−0.250 0.500 −0.250
0.125 −0.250 0.625

]
The diagonal scaling matrices are simple

scalar multiples of the identity matrix:

D1 =

[
2 0 0
0 2 0
0 0 2

]
, (3.10)

D2 =

[
0.5 0 0
0 0.5 0
0 0 0.5

]
.
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We now verify that these matrices satisfy the
Hyper G-matrix condition exactly. First, we cal-
culate the inverse transpose of matrix A. Since
A is symmetric, A−T = A−1:

A−1 =
1

8

[
5 −2 1
−2 4 −2
1 −2 5

]

=

[
0.625 −0.250 0.125
−0.250 0.500 −0.250
0.125 −0.250 0.625

]
.

(3.11)

Next, we compute the product D1BD2. First,
we multiply B and D2:

BD2 =

[
0.625 −0.250 0.125
−0.250 0.500 −0.250
0.125 −0.250 0.625

][
0.5 0 0
0 0.5 0
0 0 0.5

]

=

[
0.3125 −0.125 0.0625
−0.125 0.250 −0.125
0.0625 −0.125 0.3125

]
.

(3.12)

Then we multiply D1 with the result:

D1BD2 =

[
2 0 0
0 2 0
0 0 2

][
0.3125 −0.125 0.0625
−0.125 0.250 −0.125
0.0625 −0.125 0.3125

]

=

[
0.625 −0.250 0.125
−0.250 0.500 −0.250
0.125 −0.250 0.625

]
.

(3.13)

Comparing Equation (3.11) with Equation
(3.13), we see they are identical:

A−T = D1BD2 =

[
0.625 −0.250 0.125
−0.250 0.500 −0.250
0.125 −0.250 0.625

]
.

Therefore (A,B) is an exact Hyper G-matrix
pair, as visualized in Figure 3.6. This per-
fect match demonstrates the ideal mathematical
structure of Hyper G-matrices when the scaling
relationships are precisely defined.

A−T =

D1

B

D2

×

×
X

VERIFIED HYPER G-MATRIX PAIR

A−T = D1BD2 (Exact equality)

Figure 3.6: Example exactly satisfying Hyper G-
matrix condition (Equations (3.9)–(3.13)). Fig-
ure prepared by the authors.

The mathematical structure of this exact Hy-
per G-matrix pair has clear clinical implications,
as summarized in Table 3.2.

Several important observations emerge from
Example 2:

i. Exact Equality: In this example A−T and
D1BD2 are exactly equal [9], demonstrating
perfect mathematical correspondence.

ii. Simple Diagonal Structure: D1 and D2 are
constant factors (Equation (3.10)), indicat-
ing the treatment has uniform effects on all
microbial species.

iii. Symmetric Structure: Both A and B
are symmetric matrices (Equation (3.9)),
suggesting reciprocal interactions between
species.

iv. Clinical Meaning: This structure represents
an ideal clinical scenario where fluoride
treatment affects all microbial species in a
similar, predictable manner [11].

Table 3.2: Clinical interpretation of the exact Hy-
per G-matrix pair (Equations (3.9) and (3.10)).
Table prepared by the authors.

Matrix Property Clinical Meaning

D1 = 2I Susceptibility of each microbial species doubled

D2 = 0.5I Influence capacity of each microbial species halved

A → B transformation D1
−1A−TD2

−1 relationship

Exact Hyper G condition Treatment effect mathematically precise for all
species

This example leads to an importantmathemat-
ical insight, formalized as Theorem 2.

Theorem 2. LetA and B be n×n invertible ma-
trices, and let D1 and D2 be n× n diagonal ma-
trices. If the following conditions are satisfied:

i. B = kA for some nonzero scalar k ∈ R,
k 6= 0.

ii. D1D2 =
1
k In.
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iii. D1A = AD1 and D2A = AD2 (commutativ-
ity condition).

then (A,B) is a Hyper G-matrix pair, and
specifically:

A−T = A. (3.14)

Proof. We need to show that under the given
conditions, A−T = D1BD2.

Starting from the right-hand side:

D1BD2 = D1(kA)D2 (by condition 1).

Since scalar multiplication commutes with
matrix multiplication:

= kD1AD2.

Using the commutativity condition (3), we
have D1A = AD1, so:

= kAD1D2.

Now applying condition 2, D1D2 =
1
k I:

= kA

(
1

k
I

)
= A.

Thus we have shown:

D1BD2 = A.

Now we need to show that A−T = A. Since
we’ve established that D1BD2 = A, and by the
definition of Hyper G-matrix pairs we require
A−T = D1BD2, it follows that:

A−T = A.

This implies thatAmust be an orthogonal ma-
trix (A−T = A ⇒ AT = A−1), or more specif-
ically, A is symmetric and orthogonal, meaning
A2 = I.

Corollary 1. IfA is a diagonal matrix, then con-
ditions 3 are automatically satisfied for any diag-
onal matrices D1 and D2.

Proof. Diagonal matrices always commute with
each other. IfA is diagonal, then for any diagonal
matrices D1 and D2:

D1A = AD1 and D2A = AD2

since multiplication of diagonal matrices corre-
sponds to element-wise multiplication of their di-
agonal entries.

Example 3. Consider diagonal matrices:

A =

[
a11 0 0
0 a22 0
0 0 a33

]
, D1 =

[
d1 0 0
0 d2 0
0 0 d3

]
,

D2 =

[
e1 0 0
0 e2 0
0 0 e3

]
.

Let B = kA and choose D1, D2 such that diei =
1
k for i = 1, 2, 3. Then (A,B) is a Hyper G-
matrix pair.

Remark 1. The commutativity condition (3) in
Theorem 2 is crucial. Without it, the theorem
fails as shown by the counterexample in Example
1. This condition is naturally satisfied in many
practical applications where:

i. All matrices are diagonal (common in scal-
ing transformations).

ii. A is a scalar multiple of the identity matrix.

iii. D1 and D2 are chosen appropriately based
on the structure of A.

Remark 2. The conclusion A−T = A (Equa-
tion (3.14)) implies that A must be an orthogo-
nal matrix. In the context of dental applications,
this represents an idealized situation where the
microbial interaction network has special sym-
metry properties.

Example 4. Let A =

[
2 1 0
1 3 1
0 1 2

]
, B =[

1 0.5 0
0.5 1.5 0.5
0 0.5 1

]
, D1 = 2I, D2 =

0.5I, k = 0.5.
Let us verify the conditions of Theorem 2:

i. B = 0.5A.

ii. D1D2 = (2I)(0.5I) = I = 1
0.5I.

iii. D1A = 2IA = 2A = A(2I) = AD1 Simi-
larly for D2.

Thus all conditions are satisfied, and indeed we
found that A−T = A in this case.

This special case represents ideal treatment
scenarios where interventions modify all micro-
bial interactions at the same rate, providing a
benchmark for more complex real-world situa-
tions [9], [13].
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4 Simulated Clinical Scenarios
To demonstrate the practical utility of Hyper G-
matrix analysis in various clinical contexts, we
present three simulated scenarios representing
common dental interventions. These simulations
illustrate how different treatments manifest in the
D1 and D2 matrices, providing interpretable bio-
logical insights.

We generated synthetic interaction matrices
based on established microbial ecology princi-
ples [5], [6]. For each scenario:

i. Represents microbial interactions in a high-
caries-risk oral environment.

ii. Generated by applying clinically plausible
transformations to A.

iii. Computed D1
∗ and D2

∗ using the optimiza-
tion algorithm described in Example 1.

iv. Derived from the diagonal values following
the framework in Table 3.1.

This scenario simulates the effects of pro-
fessional fluoride varnish treatment, which en-
hances remineralization and alters microbial
metabolism.

Afluoride =

[
1.0 0.8 −0.3
0.6 1.0 −0.2
−0.4 −0.5 1.0

]
,

Bfluoride =

[
0.8 0.5 −0.4
0.4 0.9 −0.3
−0.2 −0.3 1.2

]
.

(4.1)

Optimization yields:

D∗
1 =

[
0.85 0 0
0 0.92 0
0 0 1.25

]
,

D∗
2 =

[
1.10 0 0
0 0.95 0
0 0 2.80

]
.

(4.2)

The following itemized summary presents the
relative changes in susceptibility and influence
for each microbial species inferred from the di-
agonal scaling matrices.

• S. mutans: Reduced susceptibility (15%),
slightly enhanced influence (10%).

• L. acidophilus: Minimal changes in both
susceptibility and influence.

• S. salivarius: Increased susceptibility
(25%), greatly enhanced influence (180%).

This scenario models the effects of antimicro-
bial chlorhexidine rinse, which broadly reduces
microbial activity and adhesion.

ACHX =

[
1.0 0.7 −0.2
0.5 1.0 −0.1
−0.3 −0.4 1.0

]
,

BCHX =

[
0.45 0.3 −0.1
0.2 0.55 −0.05
−0.1 −0.2 0.75

]
.

(4.3)

Optimization yields:

D∗
1 =

[
0.45 0 0
0 0.55 0
0 0 0.70

]
,

D∗
2 =

[
0.60 0 0
0 0.65 0
0 0 0.75

]
.

(4.4)

The following list summarizes the percentage re-
ductions in susceptibility and influence observed
across the microbial species.

• S. mutans: Dramatically reduced suscepti-
bility (55%) and influence (40%).

• L. acidophilus: Substantially reduced sus-
ceptibility (45%) and influence (35%).

• S. salivarius: Moderately reduced suscepti-
bility (30%) and influence (25%).

This scenario represents probiotic interven-
tion with L. reuteri or similar strains that com-
petitively exclude pathogens.

Aprobiotic =

[
1.0 0.9 −0.4
0.7 1.0 −0.3
−0.5 −0.6 1.0

]
,

Bprobiotic =

[
0.9 0.6 −0.5
1.4 1.6 −0.1
−0.3 −0.4 1.8

]
.

(4.5)

Optimization yields:

(D1)
∗ =

[
0.80 0 0
0 1.40 0
0 0 1.30

]
,

(D2)
∗ =

[
0.90 0 0
0 1.60 0
0 0 1.80

]
.

(4.6)

The following itemized results summarize the
relative increases and decreases in susceptibility
and influence for each microbial species.
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• S. mutans: Moderately reduced susceptibil-
ity (20%) and influence (10%).

• L. acidophilus: Enhanced susceptibility
(40%) and influence (60%).

• S. salivarius: Increased susceptibility (30%)
and influence (80%).

The following table presents a comparative
summary of simulated clinical scenarios in terms
of approximation error, convergence behavior,
and maximal diagonal scaling effects.

Table 4.3: Comparative analysis of simulated
clinical scenarios

Scenario Error (ε) Convergence Iterations Max D1 Change Max D2 Change

Fluoride Varnish 0.00082 9 +25% +180%
Chlorhexidine 0.00115 11 -55% -40%
Probiotic Therapy 0.00095 8 +40% +80%

These simulations demonstrate several impor-
tant features of Hyper G-matrix analysis:

i. Different interventions produce distinct
D1/D2 patterns, as quantified by Equa-
tions (4.2), (4.4), and (4.6):

• Selective enhancement of protective
species (Fluoride Varnish).

• Broad suppression of all species
(Chlorhexidine).

• Targeted enhancement of beneficial
species (Probiotic Therapy).

ii. The diagonal values in D1 and D2 provide
quantitative measures of treatment effects:

• Reduced susceptibility to network in-
fluences (e.g., S. mutans in Equa-
tion (4.2)).

• Increased susceptibility (e.g., S. sali-
varius in Equation (4.6)).

• Reduced influence on other species
(e.g., all species in Equation (4.4)).

• Enhanced influence (e.g., S. salivarius
in Equation (4.2)).

iii. The method can:

• Compare relative effectiveness of dif-
ferent treatments, as shown in Ta-
ble 4.3.

• Predict species-specific responses to
interventions using the patterns in
Equations (4.1)–(4.6).

• Guide personalized treatment selection
based on baseline microbial profiles.

Remark 3. These simulations, while synthetic,
are based on biologically plausible interaction
patterns derived from the dental microbiology
literature [2, 3, 5]. They demonstrate the po-
tential of Hyper G-matrix analysis to provide
quantitative insights into treatment mechanisms
through the scaling matrices D1 and D2 (Equa-
tions (4.2)–(4.6)). The comparative metrics in
Table 4.3 further highlight the method’s utility
for evaluating treatment efficacy. Future valida-
tion with clinical data is needed to establish the
method’s predictive accuracy.

5 Conclusion
This study demonstrates the applicability of Hy-
per G-matrix pair theory to dental microbiology
[8]. The presented numerical examples (Exam-
ple 1 and Example 2) show how the condition
A−T = D1BD2 (Equation (2.1)) can be used to
model the transformation ofmicrobial interaction
networks. The obtained D1

∗ and D2
∗ matrices

(Equations (3.4) and (3.5)) numerically express
the specific effects of fluoride treatment on dif-
ferent microbial species.

This approach offers new perspectives in den-
tistry for:

i. Personalized treatment planning

ii. Mathematical prediction of treatment effec-
tiveness

iii. Microbial balance optimization

The main advantages that the Hyper G-matrix
approach can provide to dentistry are:

i. Supporting dentists in data-driven decision-
making processes for treatment selection [5]

ii. Mathematical prediction of possible effects
of specific treatments on microbial balance
[9], [10]

iii. Optimization of treatment strategies accord-
ing to differences in each patient’s microbial
profile [11]

iv. Deeper understanding of the specific effects
of treatments on microbial interaction net-
works [12]

Future studies should focus onmodelingmore
complex microbial communities, comparing dif-
ferent treatment modalities, and validating this
mathematical approach with clinical outcomes.
Hyper G-matrix pairs can play an important role
in developing personalized and predictable treat-
ment approaches in dentistry [8], [10] [28].
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Remark 4. The application of Hyper G-matrices
in dental microbiology represents a promising
interdisciplinary approach that bridges mathe-
matics and clinical dentistry. Further research
should explore the integration of this approach
with other mathematical models and clinical as-
sessment tools.
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