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Abstract: - The classical ambiguity function, an essential time-frequency analytic tool, was developed to
examine the time-frequency properties of non-stationary signals. Key radar waveform characteristics, such as
time-delay resolution, Doppler resolution, and Doppler-tolerance, can be accurately and efficiently analyzed
using this function. This paper investigates the continuity properties of the linear canonical ambiguity function,
which is a generalization of the classical ambiguity function based on the linear canonical transform. It is
demonstrated that the linear canonical ambiguity function yields significant results regarding continuity within
Besov spaces and weighted Besov spaces. Furthermore, this work explores the Besov and weighted Besov
distances between two linear canonical ambiguity functions associated with different functionals and signals.
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1 Introduction

One of the most widely utilized techniques in
signal processing and many other scientific domains
is Fourier analysis. The fractional Fourier transform
(FrFT), a generalization of the classical Fourier
transform (FT), was introduced to the mathematical
literature in the 1980s. First introduced by Wiener in
1929, [1], the FrFT was designed to solve the
quantum mechanical differential equation. Optical
problems can also be interpreted with the FrFT. The
FrFT has been used in many scientific disciplines
such as signal and 1image  processing,
communications, wave propagation. The subject
came into the limelight with the work of Namias in
1980, [2]. Many ideas related to the FT have been
extended to the linear canonical transform (LCT)
domain as a further expansion of the FRFT, which is
demonstrated to have a significant impact on optics
and signal processing. First-order optical systems,
which are theoretically similar to the linear
canonical  transformations  (LCTs), include
transmission through narrow lenses, propagation
across quadratic graded-index media, free space
propagation under the Fresnel approximation, and
their arbitrary combinations. LCT is more adaptable
due to the additional degrees of freedom, and it has
been demonstrated to be an effective tool for filter

E-ISSN: 2732-9941

construction, time-frequency
retrieval, pattern recognition, etc.

The ambiguity function (AF) is a significant
instrument employed in the field of signal
processing for the purpose of delineating
methodologies that facilitate the recovery of
amplitude and phase information from intensity
measurements. In accordance with the traditional
concept of ambiguity function (AF), Pei and Ding
[3] first examine the linear canonical ambiguity
function (LCAF) and derive several significant
characteristics. In the field of optical signal
processing, Zhao et al. [4] have recently looked at
the characteristics and physical significance of the
LCAF. By the paper Che, Li and Xu, [5], was
presented a novel definition for LCAF which differs
to the definitions of AF provided in [3], [4]. The key
characteristics and use of the novel AF in the linear
frequency-modulated signal processing were also
covered.

This study analyzes the continuity of the LCAF,
as introduced in [5], within the framework of both
Besov and weighted Besov settings, focusing on
their respective norm topologies and the influence
of temperate weight functions.

analysis, phase
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1.1 Preliminary

The Linear Canonical Transform (LCT): Let
— . _[a b 2Xx2
@—(a,b,c,d)—[c d]ER

be a matrix parameter satisfying det® = ad — bc =
1. The LCT of a signal h € L*(R) is defined by

fh(t) Ke(t,u)dt, b +0
Lo(h(®))(w) =4 /r .

Vde'™ n(dw), b=0
where Kg(t,u) is so-called the kernel of the LCT
given by

K@(t, U) =

e%(atz—zmﬂiuz)

2mhi
It is clear from the LCT definition that a signal's

LCT is basically a chirp multiplication when
b =0. Consequently, in this study, the
assumption is made that b # 0, [3], [4], [5].

The cross ambiguity function (AF) of functionals
h and f, which are elements of the L?>(R) space, is
defined as follows

Ah, Hu,p) = fRe‘i‘“’ h(v +%)f(v ——) dv,

if h is equal to f, then Ah(u,p) is referred to the
autoambiguity function of h is

ACh, l(w,w) = Le‘i“”h(v+%)h(v——) dv.

It is important to note that the term "ambiguity
functions" is used to refer to both autoambiguity and
cross ambiguity functions, [6].

By substituting the kernel of the FT with the
kernel of the LCT in the AF definition, we may
derive a definition of the linear canonical ambiguity
function (LCAF) from the definition of the AF
associated with the Fourier transform (FT), [3], [4],

[5]:
A®(h, ) (u, 1)

_ fR Ke(w,h (v+3) f (v=3) dv.

Let k be a positive function on R. If there exist
C > 0 and N > 0 such that
k(u+p) < A+ CluDVk(u), u,u€R,
it is referred to as a ‘temperate weight function’. In
this context, the symbol (2 will represent the
collection of all such functions.
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For 1 < p < oo, the space L (R) consists of
all complex-valued measurable functions on R
that satisfy

f IR Pk()dy < .
We define Lp (R) norm of h by

1

kil = IRl = ( [ 1norreray < oo>”
R

Then Lp (R) is complete with the norm ||*|[,, . If
k =1, then the space L} (R) is the Lebesgue
space LP (R).

Besov spaces Bf “I(R) play a pivotal role in
various fields of mathematical analysis and applied
mathematics, primarily due to their fine-tuning
capability in measuring the regularity of functions.
Unlike standard Sobolev spaces, the additional
parameter q allows for a more precise
characterization of functions with localized
irregularities.

Besov spaces serve as a bridge between other
function spaces. They are frequently used in the
study of Fourier multipliers and the boundedness of
operators. Because they can be defined via
Littlewood-Paley theory (frequency decomposition),
they allow analysts to study functions by looking at
their behavior across different frequency scales.

Letp € [1,] and B € (0,1). For q € [1, oo the
Besov space Bf “U(R) is defined as the subspace of

functions h € LP(R) such that the following
semi-norm is finite:

IC: +5) = RO,
(A = ( s )

D

In the limiting case where q = oo, the Besov space
Bf "®(R) consists of all functions h € LP(R) for

which the semi-norm is defined via the essential
supremum:

lR(- +s) —h(O)l,
h] _ge:=su
Mo = 9005
The full norm for these spaces is given by
Ihll5a = All, + [A] g
Here, the LP-modulus of continuity is denoted by
wy(h,s) = [|h(- +s) —h()llp

which is well-defined and bounded by wy(h,s) <
2||hll,, due to the triangle inequality.
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The weighted Besov space BB q(R) can be

characterized as a generalization of the classical
Besov space, where the standard Lebesgue measure
in the LP norm is replaced by the weighted measure
associated with a temperate weight function k.

Specifically, a function h belongs to Bﬁ ’,g if the Li

norm of its finite differences satisfies the Besov-
type integrability condition, [7], [8], [9].

2 Main Results

In this section, we investigate the continuity
properties of the linear canonical ambiguity
function, a generalization of the classical ambiguity
function, within the framework of Besov spaces

Bf “U(R) and weighted Besov spaces B£ }f (R).
Specifically, we focus on the case where p = q =1
over the domain [c, ) c R, ¢ > 0.

Theorem 1. Let f € L'([c, [). The function h —
A®(h,f) defines a continuous operator from

Bf '1([C, oo[) to itself. Moreover
149G C R s

< T5py Ihllgea + G+ DIRIL) 1f,
where K = 2/BcP.
Proof. If h € BP ([c, oo]), then h € L*([c, »[). We
assert that A®(h, f)(-,;) belongs to the space
BP([c,0]). It is known from [10] that the

LCAF can also be represented in the following
form:

A°(h, ) (u, )

1
=5 ezbu(au “)'[h(m +uw)f(m) ebm(au W am

By using this equality and the Young inequality, we
write

[4°Ch, HC W, (1)

1 -
Smf|f(m)|<f|h(m+u)|du> dm

= gy 1l
On the other hand
Wl(A@(hJ f)(' ,u),s)
= ”A@(hv f)( +s, M) - A@(h, f)(i .u)lll

- f[ 1A% P+ 5,0 = 4 0]
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1
= h(m+u
|27Tb| —[[C,OO[ (

+ S)We%m(a(uﬂ)—u)eﬁ(u+5)(a(u+5)—u)dm

— f h(m
[c,00]

+ u)me%m(au_“)eﬁu(‘lu—“)dm

[c,00]

du

[c,00[

+u+s)er
—h(m + u)) dm

1
< |27h| f[clw[f[m[lf(m)l |(h(m +u+s)
—h(m + u))

+ (ebm“SeZb(Z“‘“ ustas®) _ ) h(m + u)| dmdu

|f (m)]

[e,00]

(f |[h(m+u+s)— h(m+ u)|du
[c,00[

+f (ebmasezb(Zuas ps+as?)
[e,00f

[c,00]
masezb(Zuas ps+as?)

du

S—
|27h|

- 1) h(m + u) du> dm
< Gy ) 100G + 21l dim
= 12nb| If 11wy (R, s) + 2] IRl

Hence, we get for g € (0,1)
[A@(h' f) (', M)]Bf’l

d
=f[ [Wl(A@(h,f)(-.u).S)ng

|27Tb| Il [ )+ 2000 5

|27Tb| ||f||1 (fC'w[Wl(h S) 1+B
ds
+ 2||h||1f[ o

1
= %”ﬂh (J; [W1(h )35 1+B + K||h||1>.
c,00

where K = 2/BcP. It follows from the last integral
and (1)
149G 10

= |49 A ¢, +[4%0 HCW] g
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= [4°tkh. o,
ds
+] w9
—|z blIIfII ilIAl,
Al (S oo w2 (s ) 555 + K11 )
< i (Al + 1l s + K1l )

1
=15y W1 (Il g + K+ DIIAL ),

Theorem 2. Let y,p € L*([c,[). If hy, h, €

B%"([c, 0]), then
||A@(h1»z)(v 1) = A%ha,p) ) o

L= plly (all s + (K + DllRally)

+ o ol (Il = Rl g
+ (K + DIy = hylly),

where K = 2/BcP.
Proof. We write

14%Che, )¢, 1) = A%Cha,p) C i) | o
< 14D ) = 4%Chap) C 0

+]|49(hy,p) C, 1) — A9(hy,p) G, #)”Bgl-
It is evident that

A%Chy, ) (u, ) — A®(hy,p) (u, 1)

1 i
- eﬁu(au—#)fhl(m
R

_|2 bl

21h
+u) = p)(m) ep™ @ Wam

= A%hy,y — p)(u, )
and similarly

A%Chy,p)(w, W) — A%Chy,p) (u, W)
= A%hy — ho,p) (W, ).

Then by Theorem 1, we write

14%Che,C, 1) = A%Ch1,P) 0|

= [|a%hz = P C)| oo
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< gy 12— Al (Il s + K + Dl )

and
|4°(hy,p) ¢, 1) — A9Cha,p) G W) || 1

= ||A9(h1 - hz,P)(',li)”BfJ

ol (I1hs = hzll s
+ (K + DAy — hally).

|2T[b|

This completes the proof.

Theorem 3. Let f € L!([c,[) be a fix function
such that

f F )l (L + Clm)Vdm < M < .
[c,00[

Then  A°C, f): By (e, 0]) » B ([e, ), h -
A®(h, f) is continuous and it holds
4 G0l

< ot (Wil + G + D),
where K = 2/BcP.
Proof. If h € B} ([c,0[), then h € L}([c, ). It
is claimed that A®(h, f)(-,u) is an element of
Bf ;(1 ([c, oo[). By using the equality
A®(h, f)(w, 1)

1
=— eZbu(au w f h(m 4+ w)f(m) ebm(au W dm
~ 2nb R

and the Young inequality, we write

[4°C el
- f[ 140 Pl

1 -
S%LLV(mN<L|h(m+u)|k(u)du) dm.

By changing variable m +u =z and using the
inequality k(z — m) < (1 + C|m|)Nk(z), we have
la®, A, (4)

< ! h(2)|k dz ) d
—llelef(mN(LI @D Ik(z = m) z) m
< g | I+ Clm)™

R

(f |h(2)|k(2) dZ) dm

~ |2mb| b| I Hlkflf(m)l(l"'ClmDNdm
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< ——|hll{ k-
< Ty 1M
On the other hand, we write

Wik (A Q(h' f) (" ‘Ll), S)
= |49 )C s, = A%, G,

- f[ 1450 P+ 510
| — A9Ch, £)(u, )|k (W du
1

= h(m+u
|2T[b| J;coo[ (

+5)f(m) ebm(a(u+5) D) —(u+5)(a(u+S) W dm

[e,00]

— h(m

[c,00]

+ 1) f(m) es™ @ M ez (OB g | ke (w) du

[e,0[ 1V [¢,00]
2
masezb(ZuaS us+as?)

+u+s)eb
—h(m+ u)) dm

1
< |27h| f[cm[f[c,oo[lf(m)l |(h(m +u+s)
—h(m + u))

n (ebmasezb(Zuas us+as?) )h(m

k(uw)du

+u)| k(w)dmdu,

Using the inequality k(u) =k(u+m—m) <
(1 + ClmNk(m + u), we get

Wl,k (A@(hl f) (.l ‘U), S)

Ifm)| (A + CImDY

[c,0[

<

~ |2nb|

<f lh(m +u+s) — h(m+ w)|k(m + u)du
[c, 0]

+ f ‘(ebmasezib(Zuas—us+asz)
[c,00[

— 1) h(m + u)| k(m + u)du) dm

If @) + CImDY (wy (R, 5)

[c,0[

= |27h|
+ 2| |hlly,.) dm

(W1 k(h,s)

T 20lRll, ) f Fem)I
[c,00[
+ ClmD"N dm

" [2mb] bI
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M
< m(WLk(h, s) + 2|lAll )
Hence, we obtain for 8 € (0,1)
[4900 0]

d
J. e nans) 5

<o [ (aths) + 20 )%
_|2T[b| ¢, Wi S Lk si+B

M f (h,s) ds
" |2mb| [c,oo[Wl'k ') G1+B

ds
2l [

[c,00]

B M b ds KR
= 12nb] j[-C’OO[Wl,k( 'S)sl_+/3+ 1Al k ),

where K = 2/BcP. It follows from the last integral
and (4)
4% P

~ 4ok Ne ), +
= et e,
+ W (A9, ) (o), 8)—

[c.00] , Sl+ﬁ

4% HC)

<———llh
2y Ml
M

ds
+ 27D <-f[coo[W1'k(h' 5)51_+ﬁ + Kllh”l,k)

Vell i+ Al + KLkl )

M (
- |2 b|

M

= gy (1llggz + G+ Dl ).

Theorem 4. Suppose y and p are functions in
L*([c, «[) such that

f Lym)| (1 + ClmDNdm < M; < o
[c,00[
and

f lom)| (1 + ClmH)Ndm < M, < co.
[e,00]

If by, hy € B ([c,o0[), then
|4®Chy,2) G, 1) — A@(hz,p)(-,u)llgf,l
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M, + M,

|27b] (MAal e + G + DllAs 1)
1 3

+ 22 (I, = o
|2p[ \'E T 2B

+ (K + DAy = hyllg)
Proof. We write

14%Chs, (1) = 4%Chz,p) G 10|
< 149 )G ) = AP G )y

+ ”A@(hpp) ¢, ) — A%Chy,p) G 1) ”B’f';'
It is evident that

AP(hy, ) (u, 1) — A9(hy,p)(u, 1)
1 i
= % ezbu(au ) th(m
+u) (7= p)(m) er™ @ Wm

= A%hy,x — p)(u, 1)

and similarly

A%(hy,p)(u, p) — A®(hy,p) (u, 1)
= A®(hy — hy,p)(u, ).

Since

f[ 1= P (L + Clml)”

< j[ 1G] 1+ )l
c,00
+ f p(m)| (1 + Clml)Vdm
[c,00[

<M+ M,,

we then write by Theorem 3

149G, () = 4°Cha,P) G )] s
= ||4®Chyx — P) 1) IIBf.l

<P (hallype + K+ Dl
= " l2nb] sl 1Lk

and

14%Che,p) ¢, 1) = A%Chap) C 10| s

= [|a%Chy = h2.p) ()] o

M,

<
|27h|
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This completes the proof.

4 Conclusion

In this paper, we have extended the analysis of time-
frequency representations by investigating the
continuity properties of the linear canonical
ambiguity function (LCAF). Unlike traditional
approaches that focus on Hardy or BMO spaces, our
study establishes that the LCAF serves as a robust
tool within the framework of Besov spaces and
weighted Besov spaces.The findings demonstrate
that the LCAF preserves essential continuity
characteristics when mapped onto these spaces,
providing a more flexible and refined analysis for
non-stationary signals. Furthermore, by deriving the
Besov and weighted Besov distances between
LCAFs associated with different signals and
functionals, we have provided a quantitative
measure for signal discrimination and error analysis
in the linear canonical domain.
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