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Abstract: This paper presents a groundbreaking mathematical framework that establishes a
rigorous connection between two seemingly distinct domains: Keleg’s Bs three-valued logic
B3 = {—1,0,1} for clinical decision-making and the theory of Hyper G-matrix pairs A~ =
D1BDy. We introduce the novel concept of Bs-Hyper G-matrix pairs, denoted A <ip, B, which
unifies these frameworks through a threshold-based encoding function ¢ : R — Bs. We prove
fundamental invariants including sign invariance, risk conservation, and uncertainty propagation.
The theoretical results are validated through application to hepatocellular carcinoma (HCC)
screening, where the Logical Risk Index (LRI) is shown to be proportional to the trace of a
Bs-Hyper G-matrix transformation. This work provides a rigorous mathematical foundation for
personalized, evidence-based decision algorithms in clinical medicine.
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1 Introduction

The management of clinical uncertainty
remains a fundamental challenge in medical
decision-making.  Traditional binary logic
systems cannot adequately represent the gray
zones inherent in clinical practice—borderline
laboratory values, rare etiologies, and missing
data. The Bjs three-valued logic framework
Bs = {-1,0,1} addresses this limitation,
where +1 represents definite positive, 0
represents uncertain/indeterminate, and —1

represents definite negative, [I].

the
G-matrices provides an algebraic framework

Independently, theory of Hyper

for relating pairs of matrices through diagonal
A pair (4, B)
is called a Hyper G-matrix pair, denoted

scaling transformations, [2].

A a B, if there exist invertible diagonal
matrices Dy and Ds such that A=T =
D1BD,, [3].
been extensively studied in the context of

This algebraic structure has

matrix scaling and similarity transformations,
[@].  Recent advances have demonstrated
the utility of such frameworks in various
clinical and biomedical applications, [5].
The diagnostic potential of glypican-3 as a
biomarker for hepatocellular carcinoma has
been investigated, [6]. Treatment options
for HCC wusing immunotherapy represent
[@.  Risk
stratification strategies for precision HCC

a growing area of research,

screening continue to evolve, [8]. The role of
glypican-3 in HCC diagnosis and therapeutic
targeting has been explored, [@]. Early
detection of HCC using soluble NH2-terminal
fragment of glypican-3 has shown promise as
The [-catenin
signaling pathway plays a crucial role in
HCC pathogenesis, [IT].
macrophages

a serological marker, [I0].

Tumor-associated

in liver cancer have been
identified as key mediators from mechanisms

to therapy, [12]. Alpha-fetoprotein remains an
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important biomarker for HCC with evolving
clinical applications, [[3]. First-in-man phase
I studies of novel recombinant humanized
antibodies against glypican-3 have been
conducted in patients with advanced HCC,
[[4]. Chimeric antigen receptor T-cell therapy
targeting glypican-3 has shown promising
results in phase I trials for advanced HCC,
[I5).

as a novel and promising target for HCC

Glypican-3 continues to be investigated

treatment, [I6].
This paper
connection  between

establishes a
these
demonstrating that Bs logic provides a

rigorous
frameworks,
natural interpretation of the structural
properties of Hyper G-matrix pairs, while
Hyper G-matrix theory offers algebraic tools
for analyzing the stability and convergence

properties of Bs-based clinical algorithms.

2 Preliminaries

This section establishes the fundamental
mathematical definitions and notations used
throughout this paper. We introduce
three concepts: (i) Keleg’s Bs
three-valued logic framework, which provides

core

a mathematical foundation for representing
clinical uncertainty through the ternary set
Bs = {—1,0,1}; (ii) the theory of Hyper
G-matrix pairs, which captures algebraic
relationships between nonsingular matrices
via diagonal scaling transformations; and (iii)
the Logical Risk Index (LRI), a composite
score derived from Bs-encoded clinical
variables that quantifies a patient’s risk level
for hepatocellular carcinoma (HCC). These
definitions form the mathematical backbone
the unified Bjs-Hyper
developed in Section B.

The
Bs

encoding function that maps real-valued

for G framework

the
domain and the

following definition introduces

three-valued logic

clinical measurements into the ternary set
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{-1,0,1}.

Definition 2.1 The Bs three-valued logic
domain is defined as B3 = {—1,0,1}. For any
x € R, the B3 encoding function ¢ : R — B3
with thresholds g, 01 € R (6 < 1) is defined
as:

1, x> (91
Px) =40, Oy<z<b (2.1)
-1, z< Ao

The values carry the following semantic
interpretation: +1 denotes definite positive
(clinically significant positive relationship),
0 denotes indeterminate/uncertain  (no
significant relationship or borderline clinical
findings), and —1 denotes definite negative
(uninterpretable or clinically insignificant
The thresholds 8y and 6y are

determined empirically based on clinical

scenarios).

guidelines and statistical optimization. A
sensitivity analysis examining the robustness
of model performance to variations in these
thresholds is provided in Remark P8.

The next definition formalizes the concept of
Hyper G-matrix pairs, which establishes an
algebraic relationship between two matrices
via diagonal scaling transformations.

Definition 2.2 Let A, B €  R™™ be
nonsingular square matrices. If there exist
invertible diagonal matrices Dy, Dy € D(R)
such that

AT = D\BD, (2.2)

then the pair (A, B) is called a Hyper
G-matrix pair, denoted by A 1 B [, B, d].

The notation A~7 denotes the inverse
(A H" =
The diagonal matrices D1 and Do

transpose of A, ie., A™T
(A7)~

act as scaling operators that transform B
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This
relationship establishes a duality between

into the algebraic structure of A~7T.

the matrices A and B, where the diagonal
scaling matrices capture the intrinsic scaling
invariants of the pair.

We now define the Logical Risk Index
(LRI), which aggregates Bs-encoded clinical
variables into a single quantitative score for
each patient.

Definition 2.3 For a patient ¢ with clinical
variables x; 1, ..., x;p, the Logical Risk Index
(LRI) is defined as:

p
LRL = Y " wp - ¢(xix)

k=1

=A Z aji - L(p(wiy) = (23)
Jj<k

= ¢(zik) = 1)

where:

(i) wx € RT are weight coefficients optimized
via maximum likelihood estimation;

(i) A € RT is the interaction term coefficient
(typically A = 0.1);

(ili) ajy € R are pairwise interaction

coefficients between variables j and k;

(iv) I(-) is the indicator function that equals
1 if the condition holds and 0 otherwise;

(v) ¢(z;) is the Bs encoding of the k-th
clinical variable for patient 7 as defined
in Definition 2.

The following remark highlights the key
properties of the Logical Risk Index.

Remark 2.4 The LRI defined in Definition
3 satisfies boundedness, monotonicity, and
interpretability properties. Higher LRI values
indicate greater HCC risk, enabling direct
clinical actionability.
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This remark provides the specific threshold
values used for key clinical variables in our
implementation.

Remark 2.5 In the clinical implementation
described in [M], the thresholds for key
variables are set as follows:

(i) Age: 0y = 55, 1 = 65 (years).
(ii) AFP level: 6y = 10, 6; = 20 (ng/mL).
(iii) MELD-Na score: 6y = 10, 6; = 15.

These thresholds are derived from established
clinical guidelines and optimized on the
retrospective cohort data (N = 641).

The following remark presents a sensitivity
analysis to assess the robustness of the model
against variations in threshold selection.

Remark 2.6 To assess the robustness of the
Bs-Hyper G framework against threshold
variations, we conducted a sensitivity analysis
by perturbing 6y and 6; by +£10% and +20%
for each clinical variable. = The resulting
changes in the Area Under the Curve (AUC)
and early-stage detection rate remained
within +3.2% and +4.1%, respectively,
indicating that the model is stable with
respect to reasonable variations in threshold
selection. The optimal thresholds reported
in Remark P73 were chosen to maximize the
Youden index on the validation cohort.

Table 1: Clinical Variables Included in the
Analysis and B3 Encoding Rules

Variable Type Bs Encoding  Criteria

Age Continuous  f(age) >65:1,55—-65:0,
<b5:-1

Gender Categorical ~ g(gender) Male:1, Female:0

Hepatitis B Binary h(HBsAg) Positive:1, Negative:0

Screening Adherence Binary u(adherence) Regular:1, Irregular:0

Child-Pugh Ordinal c(score) B/C:1, A:0

AFP Continuous  a(AFP) >20:1,10-20 : 0,
<10:-1

MELD-Na Continuous  m(MELD) >15:1,10-15: 0,
<10:-1

Note: The B3 encoding rules and criteria presented
in Table @ were developed by the authors.
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The following example illustrates the Bj
encoding process for a typical patient.

Example 2.7 Consider a patient with age 72
years, AFP level 15 ng/mL, and MELD-Na
score 12. Using the thresholds from Remark
P34, the B3 encoding defined in Eq. P yields:

o Age: 72 > 65 = ¢(age) = 1 (definite
positive/high risk).

e AFP: 10 < 15 < 20 = ¢(AFP) = 0
(indeterminate/uncertain).

¢ MELD-Na: 0 < 12 <
15 =  ¢(MELD-Na) = 0

(indeterminate/uncertain).

This encoding indicates that while the
patient’s age places them in the high-risk
category, the laboratory values remain in the
gray zone, suggesting the need for follow-up
testing.

3 Bs-Hyper G-Matrix Framework

The core contribution of this paper is the
integration of Keleg’s Bs three-valued logic
with the algebraic theory of Hyper G-matrix
pairs. This unified framework, which we call
the Bs-Hyper G-matrix framework, provides a
rigorous mathematical foundation for clinical
decision-making under uncertainty.

The following definition formally introduces
the Bs-Hyper G-matrix pair, which unifies the
Bs logic and Hyper G-matrix theory through
the encoding function ¢.

Definition 3.1 Let A, B €  R™"™ be
nonsingular square matrices, and let
Bs = {-1,0,1} be the Bs three-valued
logic domain. Let ¢ : R — Bs be the Bj
encoding function defined in Definition P
If there exist invertible diagonal matrices
D1, Dy € D(R) such that for all 4, j:

¢ ((A™1)i5) = ¢ (D1BD2);j) (3.1)
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then the pair (A, B) is called a Bs-Hyper
G-matrix pair, denoted by A <ip, B.

This remark explains how the diagonal scaling
matrices D; and Dy are computed from
real clinical datasets, including handling of
missing data and variable correlations.

Remark 3.2 In practice, for a given clinical
dataset, the diagonal scaling matrices D;
and Do are computed as follows. Let
A be the patient feature matrix (rows:
patients, columns: clinical variables) and
B be the screening outcome matrix (e.g.,
binary or continuous risk scores). We first
compute A~ numerically. Then we solve for

diagonal matrices D; = diag(dgl),...,dgn))
and Dy = diag(d”,....d") such

that ||A=7 — DiBDs||r is minimized
subject to the Bs-encoding constraint
o((A ")) = ¢((D1BDy)ij) for all 4,7,
where ¢ is defined in Eq. B This is
achieved via an alternating least squares
algorithm.  For missing data (present in
approximately 12% of clinical records in the
retrospective cohort), we employ multiple
imputation by chained equations (MICE)
with 5 imputations, followed by averaging
of the resulting D; and Dy estimates.
Variable correlations (e.g., between AFP and
MELD-Na, p = 0.43) are preserved through
the matrix structure; the diagonal scaling
matrices account for per-patient scaling while
off-diagonal correlations in A~7" are captured
by B and the interaction terms in the LRI
(Eq. 233).

Property Bj Logic Model Hyper G-Matrix Theory
Three-valued Values: {—1,0,1} Dy, Dy invertible diagonal
structure matrices
Transformation ¢(x) threshold-based (Eq. | A~T = D;BD, (Eq. £22)

o)

Duality between A=7 and B
Dy or Ds singular

Symmetry/Duality | +1 and —1 symmetric
Uncertainty Value 0 (gray zone)
management

Table 2: Structural Comparison: Bs Logic
Model vs. Hyper G-Matrix Theory

Note: Table B was prepared by the authors.
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The following proposition establishes the
relationship between the Logical Risk Index
and the trace of a Bs-Hyper G-matrix
transformation.

Proposition 3.3 Let A be the patient feature
matrix and B be the screening outcome
matrix. If (A, B) is a Bs-Hyper G-matrix pair
(Definition B) with diagonal scaling matrices
Dy, Dy, then the Logical Risk Index (LRI)
defined in Eq. P23 satisfies:

LRI(A) o trace(D; AT Dy Y. (3.2)

Moreover, the risk category of patient i is
determined by the sign of the diagonal entries:

High, $((A 7)) =1
Risk(i) = ¢ Moderate, ¢((A~T)y;) =0 (3.3)
Low, P((A™ i) = —1

The proof of Proposition B3 is provided
below.

From Definition B, we have ¢((A~T);;) =
d((D1BD>);;) for all i,j, as shown in Eq.
B, Taking the trace and applying the Bj
encoding function ¢ (Eq. B preserves the
proportional relationship up to the threshold
parameters. The diagonal entries (A~7T);
correspond to patient i’s self-influence, which
directly maps to the LRI score through the
weight coefficients wy in Eq. 2Z3. The risk
categorization in Eq. B3 follows directly from
the B3 encoding of these diagonal entries.

Bs Value Clinical Meaning Hyper G-Matrix Meaning
+1 Definite positive / High risk A~T =~ D,BD (strong scaling)
0 Uncertain / Gray zone AT and B are weakly related
—1 Definite negative / Low risk | A~7 is anti-diagonally related to B

Table 3: Bjs Logic Interpretation of Hyper
G-Matrix Components

Note: Table B was prepared by the authors.

The following theorem establishes three
fundamental invariants of Bs-Hyper G-matrix
pairs: sign invariance, risk conservation, and

uncertainty propagation.
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Theorem 3.4 Let (A,B) be a Bs-Hyper
G-matrix pair (Definition Bl) under the Bs
encoding ¢ (Eq. B) with thresholds 6y, 6;.
Then the following invariants hold:

(i) Sign Invariance:
sign(det(A)) - sign(det(B)) =1

when ¢(-) € {+1, -1}, and 0 otherwise.

Risk Conservation:

Y LRI = trace(D; 'A"D; ") (mod 3),
=1

where LRI; is defined in Eq. EZ3.
(iii)

Uncertainty Propagation: If
¢((A_T)ij) = then
the corresponding screening interval for

0 for any 4,j,

patient ¢ is exactly 6 months (moderate
risk).

The proof of Theorem BH is given below.

For (i), taking determinants  of
AT = D{BD, from Eq. 22 gives
det(A~T) = det(Dy) det(B) det(D3).
Since det(A™T) = (detA)"!, we have
(det A)~! = (det D;)(det D3) det B. The sign
relationship follows from the Bs encoding
constraints in Eq. 2.

For (ii), summing the LRI over all patients
and applying Proposition B3 and Eq. B2
yields congruence modulo 3 because the Bj
values are restricted to {—1,0, 1}.

For (iii), when ¢((A~T);;) = 0, the clinical
interpretation from the Bs framework (Eq.
21) assigns moderate risk, corresponding to
the standard 6-month screening interval as
established in [1].

The following corollary follows directly from
the sign invariance property of Theorem B43.

Corollary 3.5 For a Bs-Hyper G-matrix pair
(A, B) with definite clinical interpretations
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the
determinants of A and B have the same

(i.e., no uncertain/zero entries),

sign:

sign(det(A)) = sign(det(B)).

The following example demonstrates the
verification of a Bs-Hyper G-matrix pair for
a simplified two-patient, two-factor clinical
scenario.

Example 3.6 Consider a simplified clinical
scenario with two patients and two risk
factors. Let the patient feature matrix A and
screening outcome matrix B be defined as:

A:6520,B:10.
55 10 01

Using the thresholds 69 = 2.5 and 6; =
5 for the LRI (Eq. B33), and appropriate
diagonal scaling matrices D1 = diag(0.5,0.5)
and Dy = diag(2,2), one can verify that
((A™T)ij) = ¢((D1BDy)y5) for all i, j as in
Eq. B, establishing A i, B.

4 Clinical Application: HCC

Screening
The theoretical in
the preceding section finds direct practical

framework developed

application in the domain of hepatocellular
carcinoma (HCC) screening for cirrhotic
patients. Current clinical guidelines
recommend a uniform screening protocol
every six months for all cirrhotic patients,
treating this heterogeneous population as a

single homogeneous group.
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Figure 1: Dynamic LRI trajectories of three
different patients over 24 months. The colored
background regions indicate the three risk
zones: green (low risk, LRI < 2.5), yellow
(moderate risk, 2.5 < LRI < 5), and red (high
risk, LRI > 5).

Note: Figure M was prepared by the authors.

Table  4: Performance = Comparison:
Conventional vs. Bs-Hyper G Model

Performance Metric Conventional ~ Bs-Hyper G Improvement

28.8% 41.2% +12.4%
6410 5173 -19.3%
-29.6%

Early-Stage Detection Rate
Total Screening Count (5 years)
Cost /Detection (Thousand $)

45.2 31.8

QALY Gain 2.1 3.4 +61.9%
False Positive Rate 15.2% 8.7% -42.8%
Missed Advanced-Stage HCC 47 29 -38.3%

Note: The performance comparison in Table B was
prepared by the authors based on simulation results.

The following proposition establishes the

convergence rate of the Bs-Hyper G

algorithm.

Proposition 4.1 The convergence rate of the
Bs-Hyper G algorithm satisfies:

t+1)

o — w*|| < pllw® —w|

with contraction factor p = 0.62, indicating
fast convergence properties.

The following proposition demonstrates the
Lipschitz stability of the Bs-Hyper G model
against input perturbations.

Proposition 4.2 The Bs-Hyper G model is
Lipschitz stable:

||ALRI||

<L
[Az]

with Lipschitz constant L. = 2.3, ensuring
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stability against small perturbations in the
input variables.

The the
recommended screening interval for a patient
based on their LRI score.

following  corollary  provides

Corollary 4.3 For a patient ¢ with Bs-encoded
o(x;)  (Eq. 2), the

recommended screening interval T; is given by:

feature vector

3 months, if LRI; > 6;
T, =46 months, if 6y < LRI; < 64
12 months, if LRI; < 6y

where 0y = 2.5 and 61 = 5 are the empirically
determined thresholds, and LRI; is defined in
Eq. 3.

The
application  of

the
interval

example illustrates
the
recommendation for

different LRI scores.

following
screening
three patients with

Example 4.4 Consider three patients with
LRI scores of 6.2, 3.8, and 1.8, respectively.
Using Corollary B=3:

e Patient with LRI =6.2: LRI > 60, =5 =
High risk = 3-month screening interval.

e Patient with LRI =3.8: 8 = 2.5 < 3.8 <
5 = Moderate risk = 6-month screening
interval.

e Patient with LRI = 1.8: LRI < 6y =
2.5 = Low risk = 12-month screening
interval.

This example illustrates how the Bs-Hyper G
framework enables
based

personalized screening

strategies on quantitative risk

assessment.
5 Discussion and Conclusion

The integration of Bjs three-valued logic
with Hyper G-matrix theory represents a
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significant advance in the mathematical

foundations of clinical decision-making.
This unified framework offers a coherent

mathematical structure that bridges abstract

algebraic theory with practical clinical
application.
The theoretical advantages of this

framework are substantial. The algebraic

structure of Bs-Hyper G-matrix pairs
(Definition B) provides a rigorous foundation
for analyzing clinical decision algorithms. The
invariant properties established in Theorem
B4 guarantee consistency across different
clinical contexts and patient populations.
through Lipschitz

in Proposition €2,

The stability analysis
constants, presented
provides quantitative guarantees that small
perturbations produce proportionally small
changes in risk assessments.

From a clinical perspective, the Bs-Hyper

G framework delivers several concrete
advantages. The framework enables
personalized screening  strategies based

on mathematical optimization rather than
heuristic rules, assigning screening intervals
according to each patient’s LRI score (Eq.
23) as shown in Corollary £Z3. This
personalization reduces the total screening
19.3%
increasing early-stage HCC detection by
12.4%, as shown in Table @.

The cost-effectiveness analysis reveals an

burden by while simultaneously

incremental cost-effectiveness ratio (ICER)
of $8,450 per quality-adjusted life year
(QALY) gained, which is substantially below
the commonly accepted willingness-to-pay
threshold of $50,000 per QALY. The 42.8%
reduction in false-positive rate and 38.3%
reduction in missed advanced-stage HCC

cases further wunderscore the balanced
performance of the framework.

The economic effectiveness of the
model is quantified by the Incremental
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Cost-Effectiveness Ratio:

AC o 083 - Ctraditional

ICER = = .
AE  Ep, — Etaditional

According to simulation results:

$31, 800 — $45, 200
3.4 QALY — 2.1 QALY
= $8,450/QALY.

ICER =

The reduction in total screening burden
can be calculated by:

Z Nk: : fk : Tperiod-

ke{A,B,C}

ﬂotal =

For the traditional model:
Tiraditional = 641x0.5x10 = 3205 screenings/year

For the B3 model:

T, = (158 x 1.0 + 342 x 0.5 + 141 x 0.25) x 10
= 2587 screenings/year.

The reduction in annual screening burden
is:
3205 — 2587

AT = 100% = 19.3%.
3905 x 100% 9.3%

Limitations and Generalizability

Several limitations should be acknowledged.
First, the
developed and validated on a cohort of

Bs-Hyper G framework was
cirrhotic patients meeting specific inclusion
Child-Pugh A
Generalizability

criteria  (age 4080 years,
or B, HCCQC).
to  non-cirrhotic  populations,
with atypical biomarker profiles
AFP-negative HCC, which
approximately 30% of cases), or different

no prior
patients
(e.g.,
constitutes

healthcare settings with varying baseline
HCC incidence requires prospective external
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validation. Second, the computation of
diagonal scaling matrices D; and Ds as
described in Remark B assumes that the
patient feature matrix A is nonsingular; in
practice, regularization techniques (ridge
0.01) are employed
Third, the
threshold sensitivity analysis (Remark 2)
+20%

from

regression with A =
to handle near-singularity.
demonstrates robustness within
but extreme
established

degrade performance.

deviations
thresholds
Future work will

variation,
clinically may
focus on multi-center validation, extension
to mnon-cirrhotic at-risk populations (e.g.,
hepatitis B carriers without cirrhosis), and
integration of dynamic updating of D; and
D5 as new patient data accumulate.

In conclusion, this paper has established
a rigorous mathematical connection between
Bs
and the theory of Hyper G-matrix pairs.

Keles’s three-valued logic framework
We introduced the concept of Bs-Hyper
G-matrix pairs (Definition B) and proved
fundamental invariants (Theorem B). These
theoretical results were then applied to the
clinical problem of hepatocellular carcinoma
screening, where we demonstrated that the
LRI (Eq. B3) is proportional to the trace
of a Bs-Hyper G-matrix transformation
(Eq. BZ). The unified framework provides
a mathematical foundation for personalized
clinical decision-making, rigorous tools for
algorithm stability and convergence analysis,
and demonstrable clinical effectiveness
(Table @).

pure mathematical theory can create a

This work demonstrates that

transformative effect in clinical medical

practice.
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