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Abstract: The integration of distributed energy resources (DERs) into active distribution networks (ADNs) ag-
gravates existing observability limitations, demanding advanced measurement infrastructure beyond traditional
SCADA systems. Micro-phasor measurement units (¢uPMUs) provide synchronized, high-resolution measure-
ments at sampling rates between 30 and 120 samples per second. However, their high cost—approximately 22
times that of advanced metering infrastructure (AMI) devices—Ilimits large-scale deployment. This paper for-
mulates a mixed-integer linear programming (MILP) model for the Joint Placement of 4PMUs and AMI meters
that minimizes capital expenditure (CAPEX) while guaranteeing complete topological observability, DER cov-
erage, and channel constraints. Seven optimization methods (exact, heuristic, and metaheuristic approaches) are
evaluated on four IEEE benchmark systems (13-240 buses) under 80 scenario combinations of DER penetration
(0-80%) and pre-existing SCADA coverage (0-80%), yielding 560 experiments.

Key-Words: pnPMU placement, AMI, joint placement, MILP, Active Distribution Networks (ADN), DER,
ANOVA, observability.

Received: March 25, 2026. Revised: May 27, 2026. Accepted: June 29, 2026. Published: October 7, 2026.

1 Introduction uPMU deployment economically infeasible for most

C s ) distribution system operators (DSOs), [11].
Historically, distribution networks have functioned

with very limited real-time observability beyond 1.1 Literature Review

the substation level, depending instead on pseqdo— The optimal PMU placement (OPP) problem has been
measurements based on lqad proﬁ}es a?d hlstorlpal extensively studied for transmission networks. Ex-
data, [!]’ (21, 3 ],' This payad¥gm is becoming act methods, particularly integer linear programming
increasingly unsustainable as dlstrlbgted energy re- (ILP) formulations, guarantee global optimality and
sources (DERs)—such as photovoltaic systems, bat- have been the predominant approach since the foun-
tery energy storage systems (BESS), and electric ve- dational work presented in: [12]], who demonstrated

hicles—convert traditional feeders into active dis- ~ : -
o . o that binary ILP can solve the OPP in polynomial time
tribution networks (ADNs) characterized by bidi- for practical-sized systems.

rectional power flows, fast voltage variations, and Extensions include zero-injection bus at-
stochastic generation, [4], [3], [6]. tacks, [[13]], two-stage approaches that first minimize

Advanced metering infrastructure (AMI) has im- the required number of PMUs and subsequently
proved data availability at the distribution level, pro- maximize measurement redundancy, [[14], as well as
viding voltage magnitude, active and reactive power the incorporation of machine learning techniques to
at 15-60 minute intervals, [7], [8[]. However, AMI accelerate solution times, [[15]]. Recent contributions
measurements lack phase-angle information and time have further refined ILP-based OPP by incorporating
synchronization, limiting their utility for dynamic normalized degree of centrality into the objective
state estimation and fault detection. Micro-phasor function, demonstrating improved SORI metrics
measurement units (4PMUs) address these limita- while maintaining minimum PMU count across
tions by providing GPS-synchronized voltage and standard IEEE benchmarks, [[16].
current phasors at 30—120 samples per second with Heuristic methods comprise incremental place-
total vector error (TVE) below 0.05%, [9], [10]. ment algorithms, [17], the connectivity analysis
However, the total installed cost of a uPMU—includ- method (CMA), [[18]], as well as the modified connec-
ing hardware, communications, and installation—is tivity analysis method (MCMA), [[19]. Despite be-
about $6,200 USD per device, whereas an AMI me- ing computationally efficient, these methods can lead
ter costs roughly $280 USD per unit, corresponding to to device overprovisioning in larger networks, given
a cost ratio of 22.1:1. This disparity makes massive their lack of global optimization guarantees.
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Table 1: Positioning relative to prior work.
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Source: created by the authors.
T = transmission; D = distribution; Ch. = channel; cstr. = constraint.

On the other hand, metaheuristic approaches such
as genetic algorithms (GA), particle swarm optimiza-
tion (PSO), and their hybrid variants have been exten-
sively used for the OPP, providing flexibility in han-
dling multi-objective formulations, [20], [21]]. How-
ever, their stochastic nature introduces solution vari-
ability, and scalability remains a concern for networks
exceeding 100 buses, [|16]].

Although there is extensive literature on the place-
ment of individual technologies, the joint place-
ment of heterogeneous measurement devices (uPMU,
AMI, and SCADA) in distribution networks is still
an unresolved issue. Recent efforts have addressed
multi-source state estimation architectures, [22],
uPMU co-optimization with communication con-
straints, [23]], [24], and joint PMU placement with
fault location, [25[], [26]].

Nevertheless, a comprehensive review, [16], [27],
confirms that no existing formulation simultaneously
addresses: (i) joint uPMU-AMI allocation with
mutual exclusion, (ii)) DER coverage as a manda-
tory constraint, (iii) pre-existing SCADA integration,
(iv) channel capacity limits, and (v) statistical valida-
tion of algorithm performance. Table [I| summarizes
the positioning of this work relative to representative
prior studies.

1.2 Proposed Approach and Contributions

Accordingly, this paper presents a fundamentally dif-
ferent approach for ADN measurement infrastruc-
ture planning. Rather than treating yPMU place-
ment as an isolated optimization problem, [28]], [29]],
we formulate a joint placement model that simulta-
neously allocates uPMUs and AMI meters, lever-
aging the complementary strengths of both tech-
nologies. Specifically, uPMUs provide sub-second,
GPS-synchronized phasor measurements for dynamic
monitoring at DER-hosting buses, [5], [30]], while
AMI enables cost-effective topological observability
across the rest of the feeder, [31]], [32]. This hy-
brid strategy, together with the explicit incorporation
of existing SCADA infrastructure and DER coverage
requirements, results in a comprehensive MILP for-
mulation that is both cost-optimal and operationally
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practical.

To clarify the novelty of our approach against both
recent literature and our previous investigations, it
is worth noting that while recent studies have ex-
plored the operational integration of AMI and state
estimation, including consumption analytics, demand
response, and data-fusion techniques, [33[], [34],
none explicitly addresses the joint physical planning
problem of heterogeneous measurement infrastruc-
ture in active distribution networks. Recent optimal-
placement works either treat pre-existing metering
strictly as fixed input data without co-optimizing cap-
ital expenditure, [34]], [35]], or rely on metaheuristic
approaches such as NSGA-II, [36]], whose stochas-
tic behavior may affect scalability and repeatability in
large feeders. Furthermore, this study is independent
of previous efforts by the authors on scheduling and
uncertainty quantification, [|37]]; it introduces an orig-
inal MILP formulation specifically designed to arbi-
trate the 22.1:1 cost differential between uPMUs and
AMI meters while guaranteeing complete topological
observability, DER coverage, and channel-feasible
placement through an exact optimization framework.

The main contributions of this paper can be sum-
marized as follows:

* A novel MILP formulation for the joint place-
ment of uPMUs and AMI meters in active distri-
bution networks, incorporating mutual exclusion
constraints, hybrid observability (direct, adja-
cent, and pre-existing SCADA), mandatory DER
coverage, and channel capacity limits—the first
model to address all five aspects simultaneously.

* A systematic benchmark of seven optimiza-
tion algorithms spanning three paradigms (exact,
heuristic, metaheuristic) across four IEEE test
systems (13 to 240 buses), demonstrating that the
joint model achieves an 87.9% CAPEX reduction
relative to uPMU-only placement.

* A systematic experimental study of 560 exper-
iments spanning 80 scenario combinations of
DER penetration and SCADA coverage (both
ranging 0—-80%), evidencing that DER integra-
tion amplifies micro-PMU requirements while
SCADA pre-instrumentation reduces reliance on
AMI deployment.

* A clear methodological separation between hy-
brid observability (supported by uPMU, AMI,
and SCADA) and strict DER coverage (enforced
by direct or adjacent uPMU support), which de-
termines the device mix selected by the optimizer
and explains why GA_NSGA2 may lose full ob-
servability in large-scale scenarios even when
DER coverage is satisfied.
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* Practical guidelines for distribution system op-
erators (DSOs) on measurement infrastructure
planning, including quantified trade-offs be-
tween device types, cost sensitivity to SCADA
coverage, and conditions requiring selective
1PMU investment.

The remainder of this paper is organized as fol-
lows. Section [2| presents the mathematical formu-
lation of the OPP baseline and the proposed joint
pwPMU-AMI placement model, including the hybrid
observability constraint and the DER coverage re-
quirement. Section[3|describes the four IEEE test sys-
tems, the seven optimization algorithms, and the 80-
scenario experimental protocol. Section [4| presents
consolidated results from 560 experiments, including
CAPEX comparisons, sensitivity analyses with re-
spect to SCADA coverage and DER penetration, and
ANOVA-based statistical validation. Section [3] dis-
cusses practical implications for distribution system
operators and identifies study limitations. Finally,
Section [6] summarizes the key findings and outlines
directions for future work.

2 Problem Formulation

2.1 OPP Baseline (Single-Technology
Placement)

Let G = (V, E) be the graph of a distribution network
with n = |V| buses and |E| branches. Define the
binary adjacency-plus-identity matrix A € {0, 1}™*"
where a;; = 11ifbus i is directly connected to bus j or
t = j, and a;; = 0 otherwise. The OPP is formulated
as a binary integer linear program (BILP):

min F(x) =) (1)
=1

n
st Y aja;>1, Vi=1,...,n (2
j=1

where x; € {0,1} indicates whether a uPMU is in-
stalled at bus 7. Constraint (2)) ensures that every bus
is observed by at least one yPMU—either directly or
through an adjacent placement.

The System Observability Redundancy Index
(SORI) quantifies measurement redundancy as:

SORI =Y fi(x), fix)=> ajz; ()
i=1 j=1

where f;(x) > 1 after observability is satisfied,
higher values indicate greater redundancy at bus .
It is worth noting that SORI is only meaningful
for comparing solution sets with the same number
of PMUs on a given network; when device counts
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differ, the index becomes an unreliable compara-
tor, [16]. From the definition of f;(x) and con-
straint (2)), SORI > N,pmu, with equality only when
every installed xPMU monitors a leaf bus in A (no
neighbors observed beyond itself); the SORI excess
above N,pmu therefore quantifies the topological re-
dundancy obtained at no additional device cost.

A pPMU installed at bus ¢ measures the voltage
phasor at ¢ plus the current phasor on each incident
branch, subject to a channel limit L:

Z Wi < L, VieV
JEN (D)

“4)

where N/ (i) is the set of neighbors of bus ¢ and w;; =
1 when the branch (4, j) is monitored. Commercial
1PMU s typically support L = 4 to L = 8 channels.

2.2 Joint Placement Model

The joint placement model extends the OPP by intro-
ducing a second technology—AMI meters—and op-
timizing the allocation of both device types simulta-
neously. Two binary decision variables are defined
for each bus:

T; € {07 1}7 Yi € {0? 1}7 VieV (5)
where x; = 1 denotes uPMU installation and y; = 1
denotes AMI assignment at bus ¢. Since both tech-
nologies provide bus observability, mutual exclusion

prevents redundant co-location:

xi+yi§1, VieV (6)

The objective function minimizes total CAPEX:

min Z = Z (Cpmu - @3 + Camr - i) (7)

=1

where Cpyy = $6,200 USD/unit (hardware $5,000
+ communication $1,000 + installation $200) and
Cavi = $280 USD/unit (meter $150 + installa-
tion $100 + communication module $30), yielding a
cost ratio Cpyuy /Camt = 22.1.

The hybrid observability constraint ensures
that every bus is observed by at least one
technology—uPMU (directly or adjacently), AMI
(locally), or pre-existing SCADA:

n
Zaij$j+yi+5i21, Vi=1,....,n (8)
j=1

where s; € {0, 1} is a fixed parameter indicating pre-
existing SCADA coverage at bus .
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Table 2: Optimization algorithms implemented.

Algorithm Category Solver Guarantee
MILP Exact PuLP/CBC Global optimum
MILP+Med Exact PuLP/CBC Global optimum
2-Stage Exact PuLP/CBC Global optimum
Greedy Heuristic ~ Custom Local approx.
CM Heuristic  Custom Upper bound
MCM Heuristic ~ Custom Upper bound

GA (NSGA-II)
Source: created by the authors.

Metaheur. Custom Pareto approx.

Buses hosting DERs require 4PMU observabil-
ity for dynamic monitoring—AMI sampling rates
(15-60 min) cannot capture sub-second transients
from inverter-based resources:

> apjzj>1, VkeD )
j=1

where D C V is the set of DER-hosting buses.

The channel constraint (4) applies unchanged to
uPMU placements in the joint model.

The complete joint placement formulation is:

n
min 7 = Z (Comu - i + Camr - ¥i)
i=1

n
s.t. Zaij Tty +s;>1, Vi

j=1
ZaijjZL VkeD (10)
j=1
rit+y <1, Vi

Z W4 < L, Vi
JEN ()

Ti,Yi € {07 1}7 Vi

2.3 Solution Algorithms

Seven algorithms are implemented to solve both the
baseline OPP (uPMU-only placement) and the pro-
posed Joint PMU-AMI Placement (JPA) model, span-
ning three paradigms. Table[2]summarizes their char-
acteristics.

Exact methods. The base MILP solves (I))-(2)
directly, without any prior instrumentation assump-
tion. Building on this, the MILP+Med variant in-
corporates pre-existing meters through an additional
measurement vector m in the constraint set. The 2-
Stage approach takes a different direction: it first
determines the minimum Np,,; via the base MILP,
and subsequently maximizes SORI under the bud-
get constraint Y x; < Npyy + A. In the JPA
framework, these formulations extend to MILP Joint,
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which minimizes ([7) subject to (10), and MILP_Mul-
tiObj, which optimizes a weighted objective aZ —
(1 — ) SORI.

Heuristic methods. The Greedy algorithm builds
a placement set iteratively, at each step selecting
the bus that maximizes new observability coverage:
i* = argmax;eyn\ g [ Nnew(4)|. For the JPA model, this
strategy gives rise to four variants depending on de-
vice priority: cost-effective (AMI-first, with uPMUs
restricted to DER buses), PMU-first, AMI-first, and
hybrid. Regarding covering-based methods, the Cov-
ering Method (CM) assigns one device per unob-
served bus, while its extension, the Modified Cover-
ing Method (MCM)), introduces device-type selection
as an additional optimization layer.

Metaheuristic method. The GA follows an
NSGA-II scheme that simultaneously minimizes cost
and maximizes SORI. Each individual uses ternary
encoding ¢; € {0,1,2} to represent no device,
uPMU, or AMI at bus ¢. The search is configured
with crossover probability p. = 0.9, per-gene muta-
tion probability p,, = 1/n, a population of 100 indi-
viduals, and a stopping criterion of 200 generations.

Complexity and convergence guarantees.

The MILP formulations (I)—(2) and (7)—(10) are
NP-hard in general, but for the radial IEEE feeders
considered in this paper the LP relaxation is tight in
practice and CBC solves every instance in under one
second. The greedy heuristic terminates in O(n?)
operations and provides a logarithmic approximation
guarantee for the underlying set-cover-like coverage
problem; the Covering Method (CM) and its modi-
fied variant (MCM) are upper-bound heuristics that
converge in O(n-dmax ) steps and produce feasible but
generally non-optimal placements. The metaheuristic
method (NSGA-II) explores a search space of 3" con-
figurations under the ternary encoding and offers no
convergence guarantee to the global optimum within
a finite number of generations; consequently, in this
paper it is reported as a metaheuristic baseline rather
than as a primary comparator.

2.4 Scenario Design

The experimental campaign evaluates algorithm per-
formance across two independent scenario dimen-
sions, summarized in Table

The full experimental matrix comprises 5 DER
levels x 4 SCADA levels x 4 IEEE systems x 7 al-
gorithms = 560 experiments.

3 Test Systems and Experimental
Setup

Four IEEE benchmark feeders with radial (or near-
radial) topology and increasing size are used in the
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Table 3: DER penetration and SCADA coverage sce-
narios.

Scenario PV (%) BESS (%)  Description

DER Penetration Levels

Base 0 0 No DERs

Low 10 5 Initial adoption
Medium 30 15 Energy transition
High 50 25 High penetration
Extreme 80 40 Colombia 2035 target

Pre-existing SCADA Coverage

0% Greenfield (no instrumentation)
20% Basic (substations only)

50% Partial (main feeder nodes)
80% Extensive coverage

Source: created by the authors.

Table 4: IEEE test system characteristics.

System Buses (n) Branches (|[E|)  dmax Topology
IEEE 13 13 12 4 Radial
IEEE 37 37 36 4 Radial
IEEE 123 123 122 4 Radial w/ laterals
IEEE 240 240 239 4 Extended radial

Source: created by the authors.

experiments. Table 4| summarizes their key topologi-
cal characteristics.

According to Table |4] a key topological observa-
tion is that the maximum node degree is dm,x = 4
across all four systems. Since commercial pPMUs
support at least L = 4 channels, the channel con-
straint (4)is never binding in these benchmarks. This
is consistent with the predominantly radial nature of
distribution feeders, where node degrees rarely ex-
ceed 34.

Computational tools. All algorithms are im-
plemented in Python 3.11 using PulLP 2.8 with
the CBC 2.10 solver for MILP formulations, pan-
dapower 2.14 for network modeling, and Pan-
das/NumPy for data processing. The GA uses a cus-
tom NSGA-II implementation.

Experimental protocol. Each experiment fol-
lows a five-step procedure: (1) load the IEEE sys-
tem topology and construct the adjacency matrix A;
(2) assign DER locations according to the penetration
scenario; (3) set SCADA coverage vector s; (4) ex-
ecute the optimization algorithm; (5) record N pmu,
Nawmi, total cost, SORI, execution time, and observ-
ability percentage.

Hardware. All experiments execute on a Beelink
SER8 mini-PC (AMD Ryzen 7 8845HS, 32 GB
RAM, NVMe SSD) running Python under Win-
dows 11.

4 Results

4.1 Baseline OPP Results («PMU-Only)

A distribution network is said to be topologically ob-
servable when every bus voltage can be determined—
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either by direct measurement or through Ohm’s law
applied to an adjacent monitored branch—given the
installed set of measurement devices [12]]. Table
(Appendix) presents the consolidated baseline OPP
results across all four IEEE systems, where all algo-
rithms achieve 100% topological observability.

Fig. (Appendix) compares the number of
uPMUs selected by each algorithm across the four
IEEE test systems under the baseline OPP setting
(uPMU-only). The results show a clear scalabil-
ity gap as network size increases: the exact meth-
ods and the greedy heuristic remain near the opti-
mum, whereas CM, MCM, and GA increasingly over-
provision devices in the larger feeders. The dashed
red line marks the optimal 4PMU count for each sys-
tem.

As shown in table [I| (Appendix), the exact meth-
ods (MILP, MILP+Med, 2-Stage) attain or closely
approach the global minimum N\, across all sys-
tems. In particular, MILP+Med reduces the required
placements by one unit on IEEE 37 (12 vs. 13) and
IEEE 123 (46 vs. 47) by leveraging pre-existing me-
ters. The Greedy heuristic matches the MILP opti-
mum on three of four systems and differs by only one
unit on IEEE 240 (88 vs. 87), while executing three
orders of magnitude faster.

In contrast, CM and MCM lead to severe over-
provisioning: on I[EEE 240, both assign 240 yPMUs
(one per bus), yielding SORI = 466 and a total
cost of $1,488,000. Likewise, the GA (NSGA-II)
places 147 uPMUs on IEEE 240—70% above the
optimum—with 38.9 s computation time, illustrating
the difficulty of exploring a search space of 2240 con-
figurations.

Fig.|I] complements this analysis by summarizing
the SORI values across algorithms and test systems.
The heatmap highlights a clear trade-off: methods
that over-provision devices (e.g., CM and MCM, and
to a lesser extent GA) achieve higher measurement
redundancy, but at the cost of deploying an excessive
number of uPMUs.

4.2 Joint Placement (JPA) vs. uPMU-Only

Baseline
Table |5| compares the minimum-cost solutions from
the baseline OPP (uPMU-only, using MILP+Med)
and the JPA model (joint placement, using
MILP Joint) under the base scenario (no DERs,
no SCADA).

The JPA model achieves an average CAPEX re-
duction of 87.9% across all systems. Under the
topological observability criterion and in the absence
of DERs, the MILP_ Joint optimizer allocates exclu-
sively AMI meters (zero uPMUs) because AMI pro-
vides equivalent bus-level observability at roughly
1/22 of the unit cost of a uPMU. Fig. [2] illustrates
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Figure 1: SORI heatmap for baseline OPP (¢PMU-
only) across algorithms and IEEE test systems.

Table 5: Cost comparison: pPMU-only baseline vs.
Joint Placement (JPA), base scenario, SCADA = 0%.

System p1PMU-only Joint (JPA) Saving
N,uPMU Cost Nami Cost (%)
IEEE 13 6 $37,200 13 $3,640 90.2
IEEE 37 12 $74,400 37 $10,360 86.1
IEEE 123 46 $285,200 123 $34,440 87.9
IEEE 240 86  $533,200 240 $67,200 87.4
Average saving 87.9

Source: created by the authors.

1 86.1%
$533k

Strategy
== PMU-only (Baseline)

$500.000 | oy joint Placement (PA)

$400,000

$300,000

$200,000

Investment Cost (USD)

1 90.2%
$100,000 $74K

$37k 1 87.9%

IEEE 13 IEEE 37

IEEE 123 IEEE 240

Source: created by the authors.

Figure 2: Investment comparison: yPMU-only base-
line vs. Joint Placement (JPA) across IEEE test sys-
tems.

this pronounced cost gap: the 22.1:1 cost ratio largely
explains the observed 87.9% average CAPEX reduc-
tion.

4.3 Effect of SCADA Coverage

Table[f]reports the effect of pre-existing SCADA cov-
erage on total investment cost for the MILP_Joint al-
gorithm (averaged across the four IEEE systems and
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Table 6: Effect of pre-existing SCADA coverage
on investment cost (MILP Joint, average across sys-
tems).

SCADA Avg Cost Avg N, pmu Avg Namr Reduction
(%) (USD) vs. 0%
0 45,812 3.25 91.65 —
20 41,080 3.25 74.75 10.3%
50 33,268 3.25 46.85 27.4%
80 25,274 3.25 18.30 44.8%

Source: created by the authors.

$50,000

$45,812 1 -10.3%

$41,080

$40,000

1 -27.4%
$33,268

1 -44.8%
$25,274

$30,000

91.65 AMIs
$20,000

3.25 pPPMUs

74.75 AMIs
3.25 pPMUs

Investment Cost (USD)

18.30 AMIs

3.25 pPMUs

$10,000

$0

20% 50%
Pre-existing SCADA Coverage Level

80%

Source: created by the authors.

Figure 3: Effect of pre-existing SCADA coverage on
total investment cost.

all DER scenarios).

Pre-existing SCADA infrastructure substantially
reduces the required AMI investment, but it does not
eliminate the micro-PMUs imposed by DER cover-
age. The average MILP Joint cost decreases from
$45,812 at 0% SCADA to $25,274 at 80% SCADA,
which corresponds to a 44.8% reduction across all
DER scenarios. The average number of pPMUs
remains constant at 3.25, confirming that SCADA
mainly substitutes new AMI devices rather than the
micro-PMUs required for DER monitoring. Fig. 3]
should therefore be interpreted as a monotonic cost-
reduction trend driven by pre-existing infrastructure,
not as evidence that DER-related micro-PMU needs
disappear.

4.4 Effect of DER Penetration

Under zero pre-existing SCADA coverage, the bench-
mark shows that the MILP Joint investment cost
is not invariant to DER penetration. Averaged
across the four IEEE systems, the MILP_Joint cost in-
creases from $28,910 in the base scenario to $36,530,
$45,700, $52,400, and $65,520 for the low, medium,
high, and extreme DER scenarios, respectively. Over
the same progression, the average number of yPMUs
rises from 0 to 1.5, 3.25, 4.5, and 7.0, while the aver-
age number of AMIs decreases from 103.25 to 79.00.
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Source: created by the authors.

Figure 4: Cost sensitivity to DER penetration for
MILP Joint and Greedy hybrid (SCADA = 0%, av-
eraged across systems).

Table 7: JPA results for IEEE 240 (base scenario,
SCADA = 0%).

Algorithm Nypmu  Nami Cost (USD)  SORI
MILP_Joint 0 240 67,200 0
MILP_MultiObj_alpha08 0 240 67,200 0
Greedy _cost_eff 0 240 67,200 0
Greedy_ami_first 0 240 67,200 0
Greedy_hybrid 24 147 189,960 11
Greedy_pmu_first 93 0 576,600 71
GA_NSGA2 110 78 703,840 181

Source: created by the authors.

This behavior follows directly from the formula-
tion. Hybrid observability is supported by uPMUs,
AMI, and SCADA, but DER coverage itself is en-
forced strictly through direct or adjacent uPMU sup-
port, as expressed by constraint (9). As a result,
higher DER penetration moves the optimizer out of
a purely AMI-dominated regime and requires a pro-
gressively larger micro-PMU investment. Fig.[]illus-
trates this increasing trend across the five DER levels.

4.5 Algorithm Performance Comparison
(JPA)

Table |7| presents the JPA results for the largest test

system (IEEE 240), which best discriminates algo-

rithm performance.

According to Table [/| a distinct divide remains
visible in the base IEEE 240 scenario. The AMI-
oriented strategies (MILP Joint, MILP_ MultiObj_al-
pha08, Greedy cost eff, and Greedy ami first) all
reach the minimum cost of $67,200, whereas the
uPMU-oriented strategies (Greedy pmu_first and
GA NSGA?2) are almost one order of magnitude
more expensive. Greedy hybrid occupies an interme-
diate position at approximately 2.83 x the optimum.

However, this exact coincidence does not persist
across the full set of 80 scenarios. Greedy ami_first
and Greedy_cost_eff match MILP_Joint in 51 cases
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Efficient Strategies (JPA)

Costly Strategies (Traditional)

Source: created by the authors.

Figure 5: JPA cost comparison across IEEE systems:
lower-cost strategies versus higher-cost strategies.

and deviate marginally in the remaining 29, while
GA NSGA?2 additionally fails to maintain full ob-
servability in 11 IEEE 240 cases even though it still
satisfies DER coverage. Fig. |5] therefore shows a
qualitative separation between low-cost and high-cost
strategies that is consistent with the homogeneous
groups identified by the Tukey HSD test in Sec-
tion [4.6

4.6 Statistical Validation of Algorithm

Performance

The 560 experiments—spanning 80 scenario combi-
nations across 7 algorithms—provide the basis for
a formal statistical assessment of whether algorithm
choice exerts a significant effect on four response
variables: total cost, number of uPMUs deployed,
SORI, and execution time. Given that the distribution
of total cost exhibits heavy-tailed behavior driven by
pPMU-oriented strategies, the assumptions underly-
ing one-way ANOVA cannot be taken for granted; ac-
cordingly, they are examined explicitly prior to draw-
ing any inferential conclusions.

Assumption tests. The Shapiro-Wilk test on
within-algorithm residuals of total cost rejects nor-
mality for all seven algorithms (p < 1072 in every
case). Levene’s test on the seven groups also rejects
homogeneity of variances (W = 34.03, p < 1073%).
Both ANOVA assumptions are therefore violated.
Consequently, the inferential conclusions of this sec-
tion rely primarily on the non-parametric Kruskal—
Wallis test, while the ANOVA F-statistics and 7> ef-
fect sizes are reported as parametric reference values
that are internally consistent with the Kruskal-Wallis
outcome.

Joint significance across algorithms. Table
reports the joint test results for the four metrics.
All four metrics show highly significant differences
across algorithms (p < 10~ in every test). The
largest effect is observed for execution time (1>
0.62), followed by number of zPMUs (> = 0.32),
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Table 8: Joint significance tests across the seven al-
gorithms (N = 560). ANOVA F and 7? are reported
for reference; Kruskal-Wallis H is the primary infer-
ential test given the violation of normality.

Metric ANOVA Kruskal-Wallis

F p 7 H p
Total Cost (USD) 3243 < 107%° 026 81.10 <1074
Number of uPMUs 4290 < 10740 032 162.18 < 10~3°
SORI 3651 < 10735 028 23850 < 1074
Execution Time (s) 15147 < 107%° 062 47961 < 1079

Source: created by the authors.

Table 9: Mean and standard deviation of total cost
across the 560 experiments.

Algorithm Mean Cost (USD) Std Dev (USD)
MILP_Joint 36,358.5 26,646.4
Greedy_cost_effective 38,495.0 26,730.7
Greedy_ami_first 38,495.0 26,730.7
MILP_MultiObj_alpha08 48,150.0 32,988.1
Greedy_hybrid 62,315.5 54,3554
GA_NSGA2 160,854.5 190,841.6
Greedy_pmu_first 192,122.5 177,446.4

Source: created by the authors.

SORI (n? = 0.28) and total cost (> = 0.26). Al-
gorithm choice therefore explains between 26% and
62% of the observed variance, depending on the met-
ric.

Per-algorithm summary. Table [9] reports the
mean and standard deviation of total cost for each
algorithm. MILP Joint exhibits the lowest mean
cost ($36,358.5 + $26,646.4), followed closely
by Greedy cost eff and Greedy ami first, which
share an identical mean of $38,495.0 & $26,730.7.
MILP MultiObj_alpha08 is more expensive because
it trades cost for redundancy, and Greedy hy-
brid forms an intermediate tier. GA NSGA2 and
Greedy pmu_first are the most expensive strategies
and also exhibit the largest dispersion.

Tukey HSD post-hoc. A Tukey HSD test
on total cost (¢ = 0.05) groups the seven al-
gorithms into two homogeneous sets. The first
set (Group A) contains the two exact methods,
the three AMI-oriented heuristics and the hybrid
heuristic (MILP Joint, MILP_MultiObj alpha08,
Greedy cost_eff, Greedy ami_first and Greedy hy-
brid), with no statistically significant pairwise
differences in total cost across these five algo-
rithms. The second set (Group B) contains the
two pPMU-oriented strategies (GA _NSGA2 and
Greedy pmu_first), which are not significantly dif-
ferent from each other (p = 0.47). Every cross-group
pair is significant at « = 0.05. The summary is
reported in Table
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Table 10: Homogeneous groups from Tukey HSD on
total cost (¢ = 0.05). Algorithms inside the same
group are not significantly different.

Algorithm Mean Cost (USD)  Group
MILP_Joint 36,3585 A
Greedy_cost_effective 38,4950 A
Greedy_ami_first 38,4950 A
MILP_MultiObj_alpha08 48,1500 A
Greedy_hybrid 62,3155 A
GA_NSGA2 160,8545 B
Greedy pmu_first 192,1225 B

Source: created by the authors.

Table 11: Observability compliance across the 80
scenarios.

Algorithm Obs. 100% Cases Min Obs. (%) Mean N, pmy
MILP_Joint 80 /80 100.00 3.25
MILP_MultiObj_alpha08 80 /80 100.00 3.25
Greedy_cost_effective 80/ 80 100.00 3.64
Greedy_ami_first 80 /80 100.00 3.64
Greedy_hybrid 80 /80 100.00 8.00
Greedy_pmu_first 80 /80 100.00 30.99
GA_NSGA2 69 /80 95.83 24.54

Source: created by the authors.

Observability compliance. Total cost alone is
not a sufficient performance indicator: the GA also
fails to satisfy full observability in 11 out of 80 sce-
narios on the IEEE 240-bus system, with a minimum
observability of 95.83 %. All exact methods and all
greedy heuristics maintain 100 % observability across
the 80 scenarios. This is reported in Table [I 1] and is
the basis for treating GA NSGA?2 as a metaheuristic
baseline rather than as a primary comparator.

Sensitivity to feasibility. To assess the robust-
ness of these findings, the analysis is repeated on
the 549 fully observable cases obtained after exclud-
ing the 11 GA_NSGA2 outcomes with obs,, < 100.
Both parametric and non-parametric tests yield quali-
tatively identical conclusions: statistical significance
is preserved across every metric (p < 10~'%), and
the Tukey HSD partition separating the AMI-oriented
Group A from pyPMU-oriented strategies remains in-
tact. Notably, the mean total cost of GA NSGA2
in this restricted set decreases from $160,854 to
$102,906—a reduction consistent with the interpreta-
tion that the elevated cost observed in the main anal-
ysis is jointly attributable to device over-provisioning
and to infeasible solutions arising in the largest test
system.

Reading of the validation. The combined ev-
idence from the Shapiro—Wilk, Levene, ANOVA,
Kruskal-Wallis, and Tukey HSD tests, together
with the observability compliance summary, supports
three conclusions of practical relevance for distribu-
tion system operators. First, exact methods and AMI-
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oriented heuristics are statistically indistinguishable
in total cost over the 560 experiments and guaran-
tee complete observability in every scenario evalu-
ated. Second, uPMU-oriented strategies incur sig-
nificantly higher costs and, in the particular case of
GA_NSGA2, do not consistently ensure feasibility on
the largest system. Third, the xPMU support induced
by the DER coverage constraint is clearly reflected
in the mean yPMU count of AMI-oriented heuristics,
which rises from zero in DER-free scenarios to non-
trivial levels as DER penetration increases—precisely
as predicted by the formulation presented in Section[2}

5 Discussion

5.1 Practical Implications for DSOs

The 87.9% CAPEX reduction offered by the joint
placement model has direct implications for distri-
bution system modernization. A DSO managing
a 240-bus feeder would invest $67,200 in AMI-
based observability versus $533,200 for 4PMU-only
placement—a difference of $466,000 per feeder. At
the utility scale, where there are hundreds of feed-
ers, this amounts to investment deferrals worth tens
of millions of dollars.

The benefit of pre-existing SCADA coverage pro-
vides a clear upgrade pathway: averaged across all
DER scenarios, MILP Joint cost is reduced by 44.8%
between the 0% and 80% SCADA cases, mainly by
reducing the number of new AMIs that must be in-
stalled.

However, three conditions justify selective pPMU
investment even when AMI suffices for topological
observability:

1) DER presence: Buses that include inverter-based
DERs need monitoring at sub-second intervals to
capture transients, maintain voltage within lim-
its, and prevent unintentional islanding—func-
tions that cannot be achieved with AMI sampling
intervals of 15—60 minutes.

2) Data loss resilience: Solutions with SORI = 0

(purely AMI-based) exhibit no redundancy in their

measurements; if even one meter fails, the associ-

ated bus becomes unobservable.

3) Dynamic state estimation: Applications requir-
ing synchronized phasor data—fault location, os-
cillation detection, and real-time voltage stability
monitoring—inherently require ¢PMU measure-
ments.

5.2 Limitations

The main limitation of this study is its reliance
on topological observability, which only verifies
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whether a bus is covered by at least one measure-
ment device and does not, by itself, guarantee nu-
merical state-estimation accuracy. In particular, a
bus observed indirectly through a distant AMI me-
ter may exhibit larger estimation errors than a bus di-
rectly monitored by a pPMU. Future work should in-
tegrate distribution state estimation (DSSE) to evalu-
ate whether the topologically optimal placements also
deliver acceptable estimation accuracy under realistic
noise and data loss conditions.

Additionally, the IEEE test systems used are stan-
dard academic benchmarks with radial topologies
(dmax = 4). Real-world distribution networks may in-
clude meshed sections, longer feeders, and heteroge-
neous load patterns that could alter the optimal place-
ment.

Sensitivity to cost ratio and channel limit.
The economic conclusions of this paper are gov-
erned by two parameters: the unit-cost ratio r
Cupmu/Cami = 22.1 and the per-device channel limit
L. The 87.9% CAPEX reduction reported in Sec-
tion is approximately proportional to 1 — 1/r
when DER coverage is inactive; if the cost ratio falls
to » = 10 (a more aggressive future uPMU price),
the proportional saving relative to xPMU-only place-
ment contracts to roughly 70%, while a higher ratio
of r = 40 widens the saving above 92%. The chan-
nel limit L = 4 is not binding in any of the four
IEEE feeders studied, since dm,x = 4. For opera-
tionally constrained yPMU hardware with L = 2,
constraint (4) would become active in buses with de-
gree three or four and would force additional uPMU
placements at adjacent buses, raising the total cost;
conversely, L = 6 would not change the present re-
sults because no bus exceeds four neighbors in the
studied systems.

5.3 Future Work

Ongoing research extends this framework in two di-
rections: (1) DSSE validation under data loss, pre-
cision degradation, and N-1 contingency scenarios
to quantify the accuracy trade-off between AMI-
dominated and mixed uPMU-AMI configurations;
and (2) application to real distribution circuits to val-
idate transferability beyond IEEE benchmarks.

6 Conclusions

The joint MILP formulation introduced in this paper
allocates ©PMUs and AMI meters simultaneously,
exploiting their complementary roles to reduce cap-
ital expenditure while preserving full topological ob-
servability and DER coverage. The model was eval-
uated on four IEEE radial feeders (13, 37, 123 and
240 buses) under 80 scenario combinations and seven
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competing algorithms, yielding 560 individual exper-
iments.

1) In the base scenario without pre-existing SCADA,
the joint model attains an average CAPEX reduc-
tion of 87.9% relative to uPMU-only placement.
Because AMI provides equivalent bus-level ob-
servability at roughly 1/22 of the unit cost, the op-
timizer chooses AMI wherever the DER coverage
constraint does not force a uPMU.

2) Pre-existing SCADA at 80% coverage reduces the
average MILP Joint cost by 44.8% relative to the
greenfield case. The reduction is achieved entirely
by displacing AMI meters: the average puPMU
count remains constant at 3.25, since DER mon-
itoring cannot be substituted by either AMI or

SCADA.

3) Investment cost is not invariant to DER penetra-
tion. As the strict coverage constraint (%) activates,
the average uPMU count grows from'¢' (base sce-
nario) to 7.0 (extreme penetration), and the total
cost rises from $28,910 to $65,520 across the four

feeders.

4) The Tukey HSD post-hoc test partitions the seven
algorithms into two homogeneous groups at o =
0.05. Within the low-cost group, MILP_Joint, the
AMI-oriented greedy heuristics and Greedy hy-
brid are statistically indistinguishable; the high-
cost group contains the puPMU-oriented strate-
gies. NSGA-II, used here as a metaheuristic base-
line, fails to satisfy full observability in 11 of 80

IEEE 240 cases.

5) The benchmark separates two notions that the
prior literature often conflates: hybrid observabil-
ity, which AMI and SCADA can satisfy at the bus
level, and strict DER coverage, which only uPMU

support—direct or adjacent—can guarantee.

The formulation is therefore positioned as a plan-
ning aid for distribution system operators that face a
binding capital budget but cannot relax DER monitor-
ing. Two limitations call for further work: the topo-
logical observability criterion adopted here does not
by itself guarantee a target accuracy in distribution
state estimation, and the experimental campaign as-
sumes nominal communications. Both questions—
accuracy under realistic measurement noise and the
impact of latency or packet loss on the chosen
placement—are left for a subsequent study.
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Figure 1: Number of yPMUs by algorithm and IEEE test system (baseline OPP, uPMU-only).
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Table 1: Consolidated baseline OPP results (uPMU-only): number of PMUs (IV,pmu) and SORI by algorithm

and test system.

IEEE 13 IEEE 37 IEEE 123 IEEE 240
Algorithm N“pMU SORI N[_LPMU SORI N/,LPMU SORI N;LPMU SORI
MILP 6 1 13 7 47 5 87 4
MILP+Med 6 1 12 7 46 6 86 5
2-Stage 6 10 13 10 47 45 87 52
Greedy 6 7 13 7 47 38 88 43
CM 6 10 37 70 99 188 240 466
MCM 7 7 37 70 69 75 240 466
GA (NSGA-II) 6 5 14 12 76 97 147 202
Source: created by the authors.
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