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1 Introduction
There exist many examples of large-scale systems
which involve time delays, [1]. Fundamentally, there
exist two types of time delays: pointwise and dis-
tributed, [2]. Distributed time delay may be present
in many application areas, such as neural networks,
[3], [4], biology, [5], [6], traffic flow, [7], [8], lo-
gistics, [9], and combustion control, [10]. A time-
delay system (whether a pointwise- or a distributed-
time-delay system) may be retarded or neutral, [2].
A time-delay system is said to be neutral if it also
involves time delays in the derivatives of its states,
and is said to be retarded, otherwise. Thus, neutral
systems are more general than retarded systems,
[11].

There are many examples of large-scale systems,
such as interconnected power systems, [12], data-
communication networks, [13], freeway traffic regu-
lation systems, [14], intelligent vehicle-highway sys-
tems, [15], and manufacturing systems, [16], which
consist of subsystems with overlapping dynamics.
The overlapping decompositions approach was first
introduced in [17] for such systems. Although, ini-
tially, this approach was considered only for delay-
free systems, since then both retarded and neutral
systems with both pointwise and distributed time

delay have also been considered, [18], [19].

In general, it is not possible to exactly model a
practical system. Thus, any controller for a practical
system should be robust against modeling uncer-
tainties, [20]. Moreover, in the case of large-scale
systems, it may be necessary or practical to ignore
the interactions among subsystems during controller
design, [21]. In this case, robustness against ne-
glected interactions must also be considered. For
this consideration, a measure was first introduced
in [22]. This measure, which was called robustness
bound, was then extended to also account for mod-
elling uncertainties in [23]. However, [22] and [23]
considered only delay-free systems. In the present
work, we first derive such a robustness bound for
linear time-invariant (LTI) neutral distributed-time-
delay systems. Then, using this bound, we introduce
a robust controller design approach for such systems.
Excluding the derivation of this bound, the design
approach is independent for each subsystem and is
based on a local nominal model. However, satisfying
a scalar condition, involving the derived bound, as-
sures robust stability of the overall actual controlled
system.

Throughout, R and C respectively denote the sets
of real and complex numbers. For s ∈ C, Re(s)
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denotes the real part of s. For µ ∈ R, C+
µ :=

{s ∈ C | Re(s) ≥ µ}. For positive integers k and
l, Rk and Rk×l denote the spaces of, respectively,
k-dimensional real vectors and k × l-dimensional
real matrices. Ik denotes the k × k-dimensional
identity matrix and I denotes the identity matrix
of appropriate dimensions. 0 may denote either the
scalar zero, a zero matrix, or a matrix function
which is identically zero. For a positive integer N ,
N̄ := {1, 2, . . . , N}. The imaginary unit,

√
−1,

is denoted by j. The determinant, the maximum
singular value, and the minimum singular value of
a matrix are respectively denoted by det(·), σ̄(·),
and σ(·). For M(·) : [−θ, 0] → Rk×l, ‖M‖ :=∫ 0
−θ σ̄ (M(φ)) dφ. Number of elements of a set S is

denoted by #(S). Finally, a block diagonal matrix
is denoted by bdiag(· · ·).

2 Problem Statement
In this work, as mentioned in the introduction,
we consider large-scale LTI neutral distributed-time-
delay systems, which are composed of a number of
overlapping subsystems. In practice, there may be
very different structures of overlapping. For brevity
however, here we only consider systems with a
number (N ) of subsystems interconnected through
an overlapping part. Such a system can compactly
be described as:

ẋ(t) +

∫ 0

−θ
E(φ)ẋ(t+ φ)dφ

=

∫ 0

−θ
(A(φ)x(t+ φ) +B(φ)u(t+ φ)) dφ (1)

y(t) =

∫ 0

−θ
C(φ)x(t+ φ)dφ (2)

where t is the time variable and θ > 0 is the
maximum time-delay. The state, the input, and the
output vectors are partitioned as:

x =


x1
...
xN
xc

 , u =

 u1
...
uN

 , y =

 y1
...
yN

 ,

(3)
where xi ∈ Rni is the state, ui ∈ Rmi is the
input, and yi ∈ Rri is the output vector of the
ith subsystem (i ∈ N̄ ). Furthermore, xc ∈ Rnc is
the state vector for the overlapping dynamics. The
matrix functions E(·) : [−θ, 0] → Rn×n, A(·) :

[−θ, 0] → Rn×n, B(·) : [−θ, 0] → Rn×m, and
C(·) : [−θ, 0] → Rr×n (where n :=

∑N
i=1 ni +

nc, m :=
∑N

i=1mi, and r :=
∑N

i=1 ri) are also
decomposed as:

E(·) =


E1(·) 0 E1c(·)

. . .
...

0 EN (·) ENc(·)
Ec1(·) · · · EcN (·) Ec(·)

 ,

A(·) =


A1(·) 0 A1c(·)

. . .
...

0 AN (·) ANc(·)
Ac1(·) · · · AcN (·) Ac(·)

 ,

B(·) =


B1(·) 0

. . .
0 BN (·)
0 · · · 0

 ,

and

C(·) =

 C1(·) 0 0
. . .

...
0 CN (·) 0

 ,

where the partitionings are compatible with those
in (3). All the submatrix functions shown above
are assumed to be bounded. Furthermore, the above
submatrix functions, except for the output submatrix
functions (i.e., submatrix functions of C(·)), are
assumed to be uncertain. Thus, representing any one
of these submatrix functions by M•(·), we assume
that M•(·) = Mn

• (·) + Mu
• (·), where Mn

• (·) is the
nominal part and Mu

• (·) is the uncertain part. The
uncertain parts, however, are assumed to be bounded
as follows:
‖Eui ‖ ≤ εi , ‖Aui ‖ ≤ αi , ‖Bu

i ‖ ≤ βi ,
‖Euic‖ ≤ εic , ‖Euci‖ ≤ εci , ‖Euc ‖ ≤ εc ,
‖Auic‖ ≤ αic , ‖Auci‖ ≤ αci , ‖Auc ‖ ≤ αc ,

(4)

where εc, αc, and εi, εic, εci, αi, αic, αci, and βi, i ∈
N̄ , are known non-negative bounds. Here, without
loss of generality, we assume that all the input-output
uncertainties are shown at the input, hence there are
no uncertainties in C(·).

Before going any further, for the sake of com-
pleteness, we note that a system of the form (1) is
stable if and only if it does not have any modes in
C+
−µ for some µ > 0, [24]. so ∈ C is said to be a

mode of (1) if det
(
soĒ(so)− Ā(so)

)
= 0, where

Ē(s) := I +

∫ 0

−θ
E(φ)esφdφ
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and

Ā(s) :=

∫ 0

−θ
A(φ)esφdφ .

A mode so is called as an unstable mode if so ∈ C+
0 .

Although (1) may have infinitely many modes, for
any µ > 0, it has only finitely many modes in C+

ψ+µ,
[24], where

ψ := sup
{

Re(s) | det
(
Ē(s)

)
= 0
}
. (5)

Therefore, (1) has only finitely many unstable modes
if ψ < 0. Since it is not possible to stabilize a system
of the form (1)–(2) with ψ ≥ 0, by using a proper
LTI controller, [25], we will assume that system (1)
satisfies ψ < 0.

We aim to design decentralized (possibly time-
delay) LTI controlers with transfer function matrices
(TFMs) Ki(s) to be applied in a negative feedback
configuration from yi(t) to ui(t) (i ∈ N̄ ), such that:
(i) Ki(s) stabilizes the ith local nominal model,

(ii) Ki(s) satisfies a local performance requirement
for the ith local nominal model, and

(iii) Robust stability of the actual overall controlled
system is assured for all uncertainties that sat-
isfy (4).

Furthermore, design of each Ki(s) should be based
on a local nominal model.

3 Local Nominal Models

In order to obtain a local nominal model, we expand,
[19], the above system by using the transformation

T =



In1
0 0 · · · · · · 0 0

0 0 0 · · · · · · 0 Inc

0 In2
0 · · · · · · 0 0

0 0 0 · · · · · · 0 Inc

...
0 0 · · · · · · 0 InN

0
0 0 · · · · · · 0 0 Inc


.

The expanded system is described as:

˙̂x(t) +

∫ 0

−θ
Ê(φ) ˙̂x(t+ φ)dφ

=

∫ 0

−θ

(
Â(φ)x̂(t+ φ) + B̂(φ)û(t+ φ)

)
dφ (6)

ŷ(t) =

∫ 0

−θ
Ĉ(φ)x̂(t+ φ)dφ (7)

where

Ê(φ) :=


Ê1(φ) Ê12(φ) · · · Ê1N (φ)

Ê21(φ) Ê2(φ) · · · Ê2N (φ)
...

ÊN1(φ) ÊN2(φ) · · · ÊN (φ)

 ,

Â(φ) :=


Â1(φ) Â12(φ) · · · Â1N (φ)

Â21(φ) Â2(φ) · · · Â2N (φ)
...

ÂN1(φ) ÂN2(φ) · · · ÂN (φ)

 ,

B̂(φ) := bdiag
(
B̂1(φ), . . . , B̂N (φ)

)
,

and

Ĉ(φ) := bdiag
(
Ĉ1(φ), . . . , ĈN (φ)

)
,

where, for i ∈ N̄ and k ∈ N̄ \ {i},

Êi(φ) :=

[
Ei(φ) Eic(φ)
Eci(φ) Ec(φ)

]
,

Âi(φ) :=

[
Ai(φ) Aic(φ)
Aci(φ) Ac(φ)

]
,

Êik(φ) :=

[
0 0

Eck(φ) 0

]
,

Âik(φ) :=

[
0 0

Ack(φ) 0

]
,

B̂i(φ) :=

[
Bi(φ)

0

]
,

and
Ĉi(φ) :=

[
Ci(φ) 0

]
.

Note that relations Ê(φ)T = TE(φ), Â(φ)T =
TA(φ), B̂(φ) = TB(φ), and Ĉ(φ)T = C(φ), for
all φ ∈ [−θ, 0], are satisfied. This implies that the
given system (1)–(2) is included by the expanded
system (6)–(7), [19]. This, in turn, implies that the
input-output map of both systems is the same, [19].

We note that the expanded system (6)–(7) is
composed of N disjoint subsystems with only weak
interactions (through Êik(·) and Âik(·)). Thus, a
local model can be obtained by ignoring these in-
teractions as:

˙̂xi(t) +

∫ 0

−θ
Êi(φ) ˙̂xi(t+ φ)dφ

=

∫ 0

−θ

(
Âi(φ)x̂i(t+ φ)

+B̂i(φ)ûi(t+ φ)
)
dφ (8)

ŷi(t) =

∫ 0

−θ
Ĉi(φ)x̂i(t+ φ)dφ (9)
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A local nominal model can then be obtained by
taking the nominal part of (8)–(9):

˙̂xi(t) +

∫ 0

−θ
Êni (φ) ˙̂xi(t+ φ)dφ

=

∫ 0

−θ

(
Âni (φ)x̂i(t+ φ)

+B̂n
i (φ)ûi(t+ φ)

)
dφ (10)

ŷi(t) =

∫ 0

−θ
Ĉi(φ)x̂i(t+ φ)dφ (11)

where

Êni (φ) :=

[
Eni (φ) Enic(φ)
Enci(φ) Enc (φ)

]
,

Âni (φ) :=

[
Ani (φ) Anic(φ)
Anci(φ) Anc (φ)

]
,

and

B̂n
i (φ) :=

[
Bn
i (φ)
0

]
.

Here, it is assumed that

ψ̂ := sup
{

Re(s) | det
(

¯̂
E(s)

)
= 0
}
< 0 , (12)

where

¯̂
E(s) := I +

∫ 0

−θ
Ê(φ)esφdφ , (13)

and

ψ̂ni := sup
{

Re(s) | det
(

¯̂
E
n

i (s)
)

= 0
}
< 0 ,

(14)
∀i ∈ N̄ , where

¯̂
E
n

i (s) := I +

∫ 0

−θ
Êni (φ)esφdφ . (15)

It is further assumed that

#(Ŝ) =

N∑
i=1

#(Si) , (16)

where Ŝ denotes the set of unstable modes of the
expanded system (6)–(7) and Si denotes the set of
unstable modes of the ith local nominal model (10)–
(11). We note that both #(Ŝ) and #(Si) are finite
by assumptions (12) and (14), respectively.

4 Robustness Bound

A robustness bound is derived in this section. This
bound is to account for the
• uncertainties in the subsystem models,
• neglected interactions betwen the subsystem

models, and
• uncertainties in the interactions between the

subsystem models.
For this, from (10)–(11), the TFM of the ith local
nominal model is obtained as

Γni (s) =
¯̂
Ci(s)

(
s

¯̂
E
n

i (s)− ¯̂
A
n

i (s)
)−1 ¯̂

B
n

i (s) (17)

where ¯̂
Ci(s) :=

∫ 0
−θ Ĉi(φ)esφdφ, ¯̂

A
n

i (s) :=∫ 0
−θ Â

n
i (φ)esφdφ, ¯̂

B
n

i (s) :=
∫ 0
−θ B̂

n
i (φ)esφdφ, and

¯̂
E
n

i (s) is defined in (15).
The TFM for the overall design model is then

given as

Γn(s) = bdiag (Γn1 (s), . . . ,ΓnN (s)) . (18)

On the other hand, since the system (1)–(2) is
included by the system (6)–(7), the TFM, Γ(s), of
the former system is same as the TFM, Γ̂(s), of the
latter system:

Γ(s) = Γ̂(s) =
¯̂
C(s)

(
s

¯̂
E(s)− ¯̂

A(s)
)−1 ¯̂

B(s)

(19)
where ¯̂

A(s) :=
∫ 0
−θ Â(φ)esφdφ, ¯̂

B(s) :=∫ 0
−θ B̂(φ)esφdφ, ¯̂

C(s) :=
∫ 0
−θ Ĉ(φ)esφdφ =

bdiag
(

¯̂
C1(s), . . . ,

¯̂
CN (s)

)
, and ¯̂

E(s) is defined in
(13).

Now, let Λ(s) be such that:

Γ(s) = Γn(s) (I + Λ(s)) . (20)

As it was first shown in [23], for delay-free systems,
an upper bound of the norm of Λ(jω) defines a
robustness bound. Such a bound can be obtained as
follows:

Lemma 1: Suppose that λd(ω) > 0, ∀ω ∈ R. Then

σ̄(Λ(jω)) ≤ λ(ω) :=
λn(ω)

λd(ω)
, ∀ω ∈ R , (21)

where

λd(ω) := σ (L(jω))−
N−1∑
k=0

max
l∈N̄

{
λ
l,[l+k]
d (ω)

}
,

(22)
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where

L(s) :=


L11(s) L12(s) · · · L1N (s)
L21(s) L22(s) · · · L2N (s)

...
...

. . .
...

LN1(s) LN2(s) · · · LNN (s)

 ,

(23)
where, for l ∈ N̄ and k ∈ N̄ \ l,

Lll(s) :=
¯̂
B
n

l (s) ,

Llk(s) := Qlk(s)Gk(s) ,

where

Qlk(s) :=

[
0 0∫ 0

−θ (sEnck(φ)−Anck(φ)) esφdφ 0

]
and

Gl(s) :=
(
s

¯̂
E
n

l (s)− ¯̂
A
n

l (s)
)−1 ¯̂

B
n

l (s) ,

[k] :=

{
k , if k ≤ N
k −N , otherwise

,

λl,ld (ω) := (|ω|ε̂l + α̂l) gl(ω) ,

where
gl(ω) := σ̄ (Gl(jω)) ,

ε̂l := max(εl, εc) + max(εcl, εlc) ,

and

α̂l := max(αl, αc) + max(αcl, αlc) ,

and
λl,kd (ω) := (|ω|εck + αck) gk(ω) ,

and

λn(ω) :=

N−1∑
k=0

max
l∈N̄

{
λl,[l+k]
n (ω)

}
, (24)

where, for l ∈ N̄ and k ∈ N̄ \ l,

λl,ln (ω) := βl + (|ω|ε̂l + α̂l) gl(ω)

and

λl,kn (ω) := (σ̄ (Qlk(jω)) + |ω|εck + αck) gk(ω) .

Proof: From (20), we can let Λ(s) satisfy(
s

¯̂
E(s)− ¯̂

A(s)
)−1 ¯̂

B(s)

=
(
s

¯̂
E
n
(s)− ¯̂

A
n
(s)
)−1 ¯̂

B
n
(s) (I + Λ(s)) (25)

where
¯̂
E
n
(s) := bdiag

(
¯̂
E
n

1 (s), . . . ,
¯̂
E
n

N (s)
)
,

¯̂
A
n
(s) := bdiag

(
¯̂
A
n

1 (s), . . . ,
¯̂
A
n

N (s)
)
,

and
¯̂
B
n
(s) := bdiag

(
¯̂
B
n

1 (s), . . . ,
¯̂
B
n

N (s)
)
.

Now, premultiply both sides of (25) by(
s

¯̂
E(s)− ¯̂

A(s)
)

and rearange terms to obtain
N(s) = D(s)Λ(s), where

D(s) :=
(
s

¯̂
E(s)− ¯̂

A(s)
)
G(s)

and
N(s) :=

¯̂
B(s)−D(s) ,

where G(s) := bdiag (G1(s), . . . , GN (s)). Then,
note that σ̄(N(jω)) ≤ λn(ω) and σ(D(jω)) ≥
λd(ω). These, however, imply (21). �

Remark: (21) is not defined if λd(ω) ≤ 0, that
is if σ(L(jω)) ≤

∑N−1
k=0 maxl∈N̄

{
λ
l,[l+k]
d (ω)

}
, for

some ω ∈ R. However, L(jω) contains the nominal
input terms ¯̂

B
n

l (jω) on the diagonal blocks and in-
teraction terms Qlk(jω) on the off-diagonal blocks.
Since the norm of ¯̂

B
n

l (jω), for any ω ∈ R, is typ-
ically much larger than the norm of the interaction
terms and the terms λl,kd (ω), which contain bounds
on the uncertainties, are typically small, typically,

σ(L(jω)) >

N−1∑
k=0

max
l∈N̄

{
λ
l,[l+k]
d (ω)

}
,

and hence λd(ω) > 0.

5 Controller Design

In this section we consider the problem of designing
decentralized controlers Ki(s), i ∈ N̄ , so that the
requirements (i)–(iii) given at the end of Section 2
are satisfied.

Note that requirements (i) and (ii) are local
requirements. Thus, each controller Ki(s) can be
designed independently to satisfy these two require-
ments. To satisfy requirement (iii), the ith controller,
Ki(s), can be designed to satisfy

σ̄ (Tni (jω)) <
1

λ(ω)
, ∀ω ∈ R , ∀i ∈ N̄ , (26)
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where

Tni (s) := Γni (s)Ki(s) [I + Γni (s)Ki(s)]
−1 (27)

and λ(ω) is given by (21). The following theorem
shows that when requirement (i) is satisfied for each
i ∈ N̄ , satisfying (26) assures robust stability of the
actual overall controlled system.

Theorem 1: Suppose that (12), (14), and (16) hold.
Also suppose that Ki(s) stabilizes the ith local
nominal model (10)–(11), for each i ∈ N̄ , and that
(26) holds. Then, the actual overall system under the
designed decentralized controllers is robustly stable
for all uncertainties that satisfy (4).

Proof: The block diagonal structure (18) of the
overall design model, together with (14), implies
that there are no modes of the overall design model
approaching the imaginary axis from left and that
#(Ŝn) is finite, where Ŝn is the set of unstable
modes of the overall design model. Assumption (12),
on the other hand, implies that there are no modes
of the expanded open-loop system approaching the
imaginary axis from left and that #(Ŝ) is finite. For
the overall closed-loop design model, the comple-
mentary sensitivity matrix is

Tn(s) = Γn(s)K(s) [I + Γn(s)K(s)]−1

= bdiag (Tn1 (s), . . . , TnN (s)) (28)

where K(s) := bdiag (K1(s), . . . ,KN (s)) is the
TFM for the overall controller and Tni (s), i ∈ N̄ ,
is given by (27). Because of the block diagonal
structure of the overall closed-loop design model,
requirement (i) implies stability of the overall design
model under the designed controllers. The block
diagonal structure of the overall design model, on
the other hand, implies that

#(Ŝn) =

N∑
i=1

#(Si) . (29)

Then, by (16),

#(Ŝ) = #(Ŝn) . (30)

Furthermore, by (28),

σ̄ (Tn(jω)) = max
i∈N̄
{σ̄ (Tni (jω))} .

Thus, when (26) holds, by (21), we have

σ̄ (Tn(jω)) <
1

σ̄ (Λ(jω))
, ∀ω ∈ R . (31)

This, together with (30), however, implies that the
expanded system (6)–(7) under the designed con-
trollers is robustly stable, [20]. However, since the
system (1)–(2) is included by the system (6)–(7),
this implies the robust stability of the actual system
(1)–(2) under the designed controllers, [19]. �

Note that, once the robustness bound (21) is
obtained, (26) is in fact a local requirement. This
means that each local controller Ki(s) can be de-
signed independently of others based on the local
nominal model (10)–(11). For this, any centralized
controller design approach developed for LTI time-
delay systems (e.g., [10], [26], [27], [28], [29]) can
be used.

6 Example
We consider a system with N = 2, n1 = n2 = nc =
m1 = m2 = r1 = r2 = 1. The time is assumed to be
normalized so that the maximum time delay is θ = 1.
The system is decribed by (1)–(2) with En1 (φ) =
En2 (φ) = eφ, Enc (φ) = En1c(φ) = En2c(φ) = 0,
Enc1(φ) = Enc2(φ) = 1

2e
φ, An1 (φ) = An2 (φ) = 2eφ,

Anc (φ) = −2eφ, An1c(φ) = An2c(φ) = Anc1(φ) =
Anc2(φ) = 1

4e
φ, Bn

1 (φ) = Bn
2 (φ) = 2 − φ, and

C1(φ) = C2(φ) = −φ, for φ ∈ [−1, 0]. The bounds
in (4) are assumed to be ε1 = ε2 = εc = ε1c = ε2c =
εc1 = εc2 = α1 = α2 = αc = α1c = α2c = αc1 =
αc2 = β1 = β2 = 0.01. The local nominal models
are obtained as

˙̂xi(t) +

∫ 0

−1

[
eφ 0
1
2e
φ 0

]
˙̂xi(t+ φ)dφ

=

∫ 0

−1

([
2eφ 1

4e
φ

1
4e
φ −2eφ

]
x̂i(t+ φ)

+

[
2− φ

0

]
ûi(t+ φ)

)
dφ (32)

ŷi(t) =

∫ 0

−1

[
−φ 0

]
x̂i(t+ φ)dφ (33)

which are identical for i = 1 and 2.
First, using (14), we calculate ψ̂ni = −2.5321,

which means that (14) holds. We then find that ψ̂ ≤
−2.4987 for all uncertainties in Ê(φ) which satisfy
(4). Thus, (12) also holds. Next, we find that (32) has
exactly one unstable mode at s = 0.6547. We also
find that the only unstable modes of the expanded
system (6), with all the uncertainties set to zero, are
s = 0.6714± j0.1655. We also verify that

det
(
jω

¯̂
E(jω)− ¯̂

A(jω)
)
6= 0 , ∀ω ∈ R ,
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Fig. 1. λn(ω) (in blue - plot with lower low-frequency gain)
and λd(ω) (in red - plot with higher low-frequency gain).
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Fig. 2. Nyquist plot of Γn
1 (jω) = Γn

2 (jω).

for all uncertainties in Ê(φ) and Â(φ) which satisfy
(4). This implies that the expanded system (6) has
exactly two unstable modes for all uncertainties that
satisfy (4). Thus, (16) also holds.

Next, we calculate λn(ω) and λd(ω), using (24)
and (22), respectively, and plot them in Fig. 1.
We note that λd(ω) > 0, ∀ω ∈ R. Then, in
order to design controllers to stabilize each local
nominal model (32)–(33), we draw the Nyquist plot
of Γn1 (jω) = Γn2 (jω) in Fig. 2. Note that the Nyquist
plot of kΓni (jω) (i = 1, 2) would encircle the −1
point once in the counter-clockwise direction if k is
chosen in the range:

1.0272 =
1

0.9735
< k <

1

0.5305
= 1.8850 . (34)

-�
��+

−
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�e−s/2
6

yi ui

Fig. 3. Implementation of the controller Ki(s).
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Fig. 4. Nyquist plot of Γn
i (jω)Ki(jω) for κ = 1.

Recalling that (32) has exactly one unstable mode,
the Nyquist theorem, [30], implies that static con-
trollers

K1(s) = K2(s) = k , (35)

with k chosen in the range (34), stabilize the local
nominal models (32)–(33). However, (26) is not
satisfied for any k in the range (34). This implies
that, although static controllers can stabilize the local
nominal models, they can not guarantee the robust
stability of the overall system.

Next, we try time-delay controllers of the form

K1(s) = K2(s) =
κ

e−s/2 + 1.1
, (36)

which can be implemented using a delay element of
delay value equal to the half of the maximum delay
in the system, as shown in Fig. 3. Note that, (36)
defines a stable controller, since e−s/2 + 1.1 6= 0,
∀s ∈ C+

0 . Nyquist plot of Γni (jω)Ki(jω) (i = 1, 2)
for κ = 1 is shown in Fig. 4. This plot indicates
that the plot of Γni (jω)Ki(jω) would encircle the
−1 point once in the counter-clockwise direction if
κ is chosen in the range:

2.1517 =
1

0.4636
< κ <

1

0.1906
= 5.2470 . (37)
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Fig. 5. Plots of 1/λ(ω) (in blue - plot with second highest low-
frequency gain) and of σ̄ (Tn

1 (jω)) = σ̄ (Tn
2 (jω)) for κ = 2.4

(in red - plot with highest low-frequency gain), κ = 2.56 (in
yellow - plot with third highest low-frequency gain), κ = 2.7 (in
purple - plot with fourth highest low-frequency gain), κ = 3 (in
green - plot with fourth lowest low-frequency gain), κ = 3.5 (in
light blue - plot with third lowest low-frequency gain), κ = 3.96
(in brown - plot with second lowest low-frequency gain), and
κ = 4.5 (in cyan - plot with lowest low-frequency gain).

Therefore, controllers (36), with κ chosen in the
range (37), stabilize the local nominal models (32)–
(33). Next, we plot σ̄ (Tn1 (jω)) = σ̄ (Tn2 (jω)),
where Tni (s) is given by (27), with Ki(s) as in
(36), for various κ in the range (37), together with

1
λ(ω) = λd(ω)

λn(ω) , in Fig. 5. This figure indicates that
(26) is satisfied with κ chosen in the range:

2.56 < κ < 3.96 . (38)

Therefore, by Theorem 1, decentralized controllers
(36), with κ chosen in the range (38), robustly stabi-
lize the actual overall system for all uncertainties that
satisfy (4). In particular, for κ = 3 (see the related
curve in Fig. 5), a wide robustness margin for the
overall system and a smooth response for (32)–(33)
would be obtained. Thus, all the requirements (i)–
(iii) would be satisfied.

7 Conclusions

Robust controller design has been considered for
large-scale LTI neutral distributed-time-delay sys-
tems, composed of a number of overlapping sub-
systems. A frequency dependent robustness bound,
(21), has been derived. A robust decentralized con-
troller design approach using this bound has then

been proposed. Apart from the derivation of the
robustness bound, the proposed approach is decou-
pled for each subsystem and, for each subsystem,
it is based on a local nominal model. Satisfying
(26), however, assures the robust stability of the
overall actual system under the designed controllers.
Since the derived bound is frequency dependent, in
general, the proposed approach is less conservative
than an approach in which a constant bound is used.
Furthermore, it also allows frequency shaping, [31].

Although, for brevity, we have considered only
the case of a number of subsystems with a common
overlapping part, the presented approach can also be
extended to different cases of overlapping structures,
such as the case of a string of overlapping sub-
systems, [15]. Another possible direction for future
research is to extend the present approach to non-
linear and/or time-varying time-delay systems.
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