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Abstract: - This paper presents, in Theorem 1, the robust recursive least-squares (RLS) prediction and filtering
algorithm for the signal and the nominal system state (SS). The algorithm uses cross-covariance (CC)
information between the nominal and degraded SS, as well as auto-covariance (AC) information for the
degraded SS, both expressed in semi-degenerate kernel forms. The algorithm also utilizes the observation
matrices for the system and the degraded system, as well as the variance of the white Gaussian observation
noise (WGON). A recursive algorithm for the prediction error variance function of the robust RLS predictor in
Theorem 1 is presented. Based on the robust RLS prediction and filtering algorithm in Theorem 1, Theorem 2
presents the robust RLS Wiener prediction and filtering algorithm. This algorithm utilizes the corresponding
system and observation matrices in both nominal and degraded systems, the cross-variance (CV) function
between the nominal SS and the degraded SS, the auto-variance (AV) function of the degraded SS, and the
variance of the WGON. A numerical simulation example illustrates the efficacy of the robust RLS prediction
and filtering algorithm proposed in Theorem 1. The proposed robust predictor and filter demonstrate improved
estimation accuracy compared to the existing RLS predictor and filter, which use covariance information.
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1 Introduction converge to the same state as a correctly initialized
For uncertain systems, researchers have devised one. The author designs an original robust RLS finite
robust estimation techniques in continuous-time and ~ impulse response filter for linear continuous-time
discrete-time stochastic systems with uncertainties systems with uncertainties in both the system and

[11, [2], [3], [4], [51, [6], [71, [8], [9], [10], [11]. [12], observation matriceg [5]. This study employs an
[13], [14], [15], [16], [17], [18]. In[1], the authors observable companion form to represent the
investigate the H, robust filtering problem for state-space model of the d_egraded signal. _A A-
uncertain finite-frequency continuous-time systems. Contgmmated framework, Wh%Ch' dO?S not require an
In [2], the researchers developed a robust state exphqlt model of the uncertainties, is used in [6] to
estimation approach for power systems with non- ~ examine the filtering and fixed-lag smoothing for
Gaussian noise statistics, based on an Ly,-norm-based uncertain discrete-time systems. The results are

estimator and a cubic Kalman filter. [3] introduces a formulatc?d I terms of transfer - functions and
switching Gaussian heavy-tailed distribution for polynomials, employing two spectral factors together

nonlinear systems, incorporating non-stationary with a Diophantine pquation to der.ive the estimat-or.
heavy-tailed processes along with measurement The 'robust multl—.sensor. mglh—target tracking
noise. This paper derives a novel switching algorithm pr_esepted in [7] 1§.bu11t upon a low-co-st,
Gaussian-heavy-tailed distribution from a robust robust cardinalized probabll}ty hypothesis .densny
fixed-interval smoother based on the Student's filter f(.)r clutter-rate estimation aqd a multl—sensqr
distribution and variational Bayesian inference. In generalized labeled multi-Bernoulli filter for multi-

[4], the authors investigate the stability of filters for target t-rackllrllg. II-In thap te-r %, alluthors in [8] dlSle{SS
controlled stochastic dynamical systems, providing estimating the He, 1lnlte ﬁmpu S¢ resgonse sta(‘;el.or
conditions under which a mis-initialized filter will ~ Uncertain systems. In the event of a modeling
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mismatch between the provided nominal nonlinear
state-space model and the real one, authors in [9]
suggest a robust extended Kalman smoothing
method. Authors in [10] suggest a robust extended
Kalman filter combined with a measurement
compensation technique, where gross error
identification is carried out within a moving window
and anomalous measurement data is detected using a
statistical test method. The gross error magnitudes
are then calculated and wused to measure
compensation. Finally, the extended Kalman filter is
used to update the compensated measurements and
re-estimate the accurate states. A robust filtering
problem is considered for a class of nonlinear
systems. Affine fuzzy parts and norm-bounded
uncertainties describe these systems [11]. In [12], the
authors present a robust Kalman filter and a robust
predictor for uncertain systems affected by mixed
uncertainties, including uncertain-variance
multiplicative noise and missing measurements. The
paper in [13] develops a robust fusion time-varying
Kalman filter and predictor for multi-sensor
networked systems subject to uncertainties, including
multiplicative noise and missing measurements. The
study in [14] investigates game-theoretic solutions
for robust linear filters and predictors in the context
of uncertain system dynamics and initial state
conditions. The study focuses on M-TH order time-
varying discrete-time systems that incorporate
uncertain input and observation noise. The Robust
Centralized and Weighted Observation Fusion
(CAWOF) prediction algorithm [15] has been
developed for use in uncertain multi-sensor systems.
It explicitly accounts for linear correlations between
observations and input noises, as well as for
uncertainties in variance and the effects of
multiplicative noise. The robustness of the two
fusion predictors is demonstrated through Lyapunov
equation-based analysis, which shows that the
CAWOF predictors achieve minimum upper bounds
on prediction error variance. Authors in [16] address
the challenge of designing robust predictors for
stochastic dynamical systems that incorporate
uncertainty — quantification.  Traditional robust
predictors primarily focus on improving point
predictions and therefore struggle to provide reliable
UQ. To overcome this limitation, the authors propose
a method that enhances probabilistic predictions for
SDSs, thereby enabling robust distributional UQ.
The paper in [17] addresses the problem of robust
weighted state-fusion estimation in time-varying
multi-sensor networked systems subject to mixed
uncertainties. These uncertainties include
uncertain-variance multiplicative noise, linearly
correlated additive white noise, and packet dropouts.
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By employing the augmented-state method together
with the fictitious-noise technique, the system is
reformulated so that only the noise-variance
uncertainties remain to be handled. Based on the
minimax robust estimation principle, the filter, the
predictor, and the smoother are derived. The paper in
[18] investigates a robust Kalman predictor for
descriptor systems subject to multiple sources of
uncertainty, including noise-variance fluctuations,
random packet losses, and measurement delays.
Singular value decomposition is employed to reduce
the descriptor system, while information loss caused
by unreliable communication networks is mitigated
by augmenting the state and introducing fictitious
noises. These steps convert the original descriptor
model into a standard state-space form. A robust
predictor is then derived based on the minimax
robust estimation principle, ensuring minimal
filtering-error variance under unknown noise
variances. This paper adopts an approach of
expressing the degraded system in the state-space
model in observable companion form. Among these
types of estimators, the focus is on the robust
predictor. Theorem 1 presents a robust RLS
prediction and filtering algorithm for both the signal
and the nominal system state (SS) in linear,
continuous-time, uncertain, stochastic systems. The
algorithm uses the CC information between the
nominal SS and the degraded SS, as well as the AC
information of the degraded SS X(t), in both semi-
degenerate kernel forms. The algorithm also utilizes
the observation matrices for the system and the
degraded system, as well as the variance of the white
Gaussian observation noise (WGON). The authors
in[19] describe the semi-degenerate kernel within
the context of a Fredholm integral equation.
Theorem 2 then presents the robust RLS Wiener
prediction and filtering algorithm for both the signal
and the SS. The algorithm utilizes the corresponding
system and observation matrices in both nominal and
degraded systems, the cross-variance (CV) function
between the nominal SS and the degraded SS, the
auto-variance (AV) function of the degraded SS, and
the variance of the WGON.

This paper is organized as follows. Section 2
introduces the nominal and degraded state-space
models, as well as the realization of the degraded
system. Section 3 discusses the robust prediction
problem and proposes a Volterra-type integral
equation to solve it. In Section 4, Theorem 1 presents
the robust RLS prediction and filtering algorithm
using the covariance information. In Section 5,
Theorem 2 presents the robust RLS Wiener
prediction and filtering algorithm. Section 6 presents
a recursive algorithm for the prediction error
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variance function of the robust RLS predictor
described in Theorem 1. Section 7 demonstrates a
numerical simulation example for the robust RLS
predictor in Theorem 1. The simulation results show
the effectiveness of the robust RLS prediction and
filtering algorithm.

2 Nominal and Degraded State-
Space Models and Realization of
Degraded System

Let (1) represent a nominal state-space model in
linear continuous-time stochastic systems.

y(@) = z(t) + v(t), z(t) = Hx(t),

dx(t)
Tk DOx(t) + Tw(t),x(0) =,

E[v(t)v(s)] = R6(t — s),
E[w(®w"(s)] = Q5(t - 9),
[
[

(1)

E[v(t)w"(s)] = 0, E[x(0)w” (t)] = 0,
E[x(0)v(t)] =0,0 <s,t

Here, x(t) € R™ is the state vector, and z(t) €
R™ is the signal vector. The input noise w(t) € R!
and the observation noise v(t) are independent white
Gaussian noises with zero mean. I' is the n X [ input
matrix, and H is the m X n observation matrix. The
covariance functions for the input noise w(t) and the
observation noise v(t) are given in (1), respectively.
(2) presents the state and observation models
containing uncertain parameters.

y(t) = Z(t) + v(t),

Z(t) = H®)X(6), H(t) = H + AH(t),

dz(tt) = B(OX(t) + Tw(t),%(0) =7,

D(t) = D + AD(L),

E[AA(DWT(s)] =0,

E[AH(t)v(s)] = 0,E[X(0)wT(t)] = 0,

E[X(0)v(t)] =0, 0 <s,t

2)

In (2), E(t) and H (t) denote the degraded
system and observation matrices, respectively. The
matrices AA(t) and AH(t) represent the
corresponding uncertainties. The initial SS ¥(0) is a
random vector that is uncorrelated with both the
system input noise w(t) and the measurement noise
v(t).

Assume that the degraded signal is represented as
Z(t) = Hx(t), where ¥(t) is the degraded state
vector consisting of n components.
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Z(t) = Hx(t), 2(t) = ¥, (t),
H= [lmxm 0 0 0],
[ X1 (6) 1
| %) | G)
X(t) = : |
Xn-1(0)
| %,(0) |
Let X, (t) satisfy a differential equation
def(e)  _dxqpTi(e)  _ dxTA()
dtn % dgn—1 42 dtn—2 4)
ax,(t) _ _
— bn-1 - anxl(t) + E(t)

dt

(4) is transformed into a set of state differential
equations expressed in the observable companion

form of (5).
dx(t) . g
o = PEO) +TEW),
E[§(®)§" ()] = Q5(t - 9),
[0 Inxm O 0
0 0 Lnsm 0 ®)
o= : : : Eo,
0 0 0 Lnxm
—ap —Op-1 —dp— —a;
r = [0 0 0 Ilmxm]T-

&(t) represents the residual arising from the
approximation of the degraded signal Z(t). The
degraded system matrix ® is estimated using (6) as
described in [5].

dx(t)

P=E " fT(s)] Ex(s)XT(s)]",0<s <t

2(t) = HOX©),H(t) = H + AH(¢),

) =70 B0 GO G OLXO)  (6)
Sre x dz(t)
= Z(t);xz(t) = 7; Y
. dn2z(t) _ d" 17 (t)
Xn-1(t) = W:xn(t) = g
Also, H is estimated by
H = E[y®x" OIEXOXT (O] @)

[5].

3 Robust Prediction Problem

Let the D-time-ahead prediction estimate, X(t +
D,t), of x(t + D), be given by formula (8), which is
a linear transformation of the degraded observation
process, ¥(s), for0 < s < t.

t
R+ D) = f h(t,$)¥(s)ds ®)
0
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Let us consider minimizing the mean-square
value | of the prediction error x(t+ D) —
X(t+D,t).

] =E[(x(t+D)—%(t+D,t)T

X (x(t + D) — 2(t + D, )] ©)

According to the orthogonal projection theorem,
the prediction estimate X(t + D, t), which minimizes

the cost function J, satisfies the relation (10).

x(t+D)—x(t+D,t) Ly(s) (10)

Here, " L " denotes orthogonality. (11) follows on
from (8) and (11).

x(t+ D) — fth(t, sNY(sHds' L y(s),
0

0<s<t

(11)

The optimal impulse response function h(t,s)
satisfies (12) according to (11).
E[x(t + D)y (s)]

t
= [ hesHEFGNTT @lds' (12)
0
From (1) and (2), (12) reduces to (13).
h(t,s)R = E[x(t + D)y (s)]
(13)

— fot h(t,s"YHE[%(s") X" (s)]ds'HT,
0<s<t

Let K,5(t,s) be the CC function between the
nominal SS x(t) and the degraded observed value
y(s), Kyx(t,s) be the CC function between the
nominal SS x(t) and the degraded SS X(s), and
K(t,s) be the AC function of the degraded SS ¥(t).
Then, by noting that K,;(t,s) = Kyx(t, AT, we
rewrite (13) as (14).

h(t,s)R = K,z(t + D,s)HT

- fot h(t,s"YHK(s',s)ds'HT,

0<s<t

(14)

Express the CC function K,%(t,s) in the semi-
degenerate kernel form given by (15) [5].
Koo(t,s) = {a(t)ﬁ:(s),O <s<t,

y()6"(s),0 <t <s,
(X(t) = e¢t' BT(S) = e_(DSKXJ?(SJ S),
Y(©) = Kex(t, 004,67 (s) = ¥’

(15)

Similarly, express the AC function K(t, s) of the
degraded SS ¥(t) in the semi-degenerate kernel form
given by (16) [5].
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. _(A®BT(s),0<s<t,
K(ts) = {E(t)AT(s),o <t<s,
At) = e®t, BT(s) = e~ PSK(s, 5)

(16)

The objective of the present paper is to design the
robust RLS prediction algorithm wunder the
presumptions stated in Sections 2 and 3. Starting
with (14), the prediction algorithm for the prediction
estimate X(t + D,t) of the nominal SS x(t + D) is
derived.

4 Robust RLS Prediction and Filtering
Algorithm Using Covariance

Information

Theorem 1 presents the robust RLS prediction and
filtering algorithm for both the signal and the
nominal SS. The algorithm utilizes the information
of the CC function K,(t, s) from (15) and the AC
function K(t,s) from (16), both expressed in their
semi-degenerate kernel forms. Additionally, the
algorithm utilizes the observation matrix H, the
degraded observation matrix H , and the variance R
of WGON.

Theorem 1 Let the state-space model for the
nominal SS x(t) and the observed value y(t) be
given by (1). Let the state-space model for the
degraded SS X(t) and the degraded observed value
¥(t) be given by (2). Let the degraded signal be
given by Z(t) = HX¥(t) in (3) and the state
differential equations for X(t) be given by (5). Let
the CC function K,%(t,s) of the nominal SS x(t)
with the degraded SS X(s) be given by (15) in the
semi-degenerate kernel form. Let the AC function
K(t,s) of the degraded SS ¥(t) be given by (16) in
the semi-degenerate kernel form. Thus, the robust
RLS prediction and filtering algorithm for the signal
and the nominal SS consists of (17)-(26).

Filtering estimate of the signal z(t) :
Z2(t, t)
Z2(t,t) = Hx(¢,t) (17)
Filtering estimate of the nominal SS x(t): X(¢, t)
2(t, ) = a(De(t) (18)

Prediction estimate of the signal z(t+ D) :
2(t +D,t)
2(t+D,t) =Hx(t+D,t) (19)
Prediction estimate of the nominal SS x(t + D):
(t+D,t)
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Z(t+ D,t) = a(t+ D)e(t) (20)

Differential equation for e(t):
de(t) . . 51
— =], () — HA(D)e (1)) 1)

Differential equation for e, (t):
d .
ejft) =h(tOF®) - HAe () (2

Equation for J (¢, t):
J@& ) = BTOH" —r(®OAT(OHANR™  (23)

Equation for J; (¢, t):
L) =BT (OHT

—r (AT (AR 29
Differential equation for r(t):
0 = J(&, OHB(®) - HA®T (1), 25)
r(0)=0
Differential equation for ry (t):
L =h@OHEBD - HAOR©), o

1,(0)=0

For the prediction and filtering algorithm in
Theorem 1 to be asymptotically stable, the real parts
of the eigenvalues of —J;(t,t)HA(t) must be
negative.

The proof of Theorem 1 is given in Appendix A.

5 Robust RLS Wiener Prediction and

Filtering Algorithm

Theorem 2 presents the robust RLS Wiener
prediction and filtering algorithm for the signal and
the nominal SS. The algorithm utilizes the system
matrices ® and @ for the nominal and degraded
systems, the CV function K,(t,t) between the
nominal SS and the degraded SS, the AV function
K(t,t) of the degraded SS, the observation matrices
H and H for the nominal and degraded systems, and
the variance R of the WGON.

Theorem 2 Let the state-space model for the
nominal SS x(t) and the observed value y(t) be
given by (1). Let the state-space model for the
degraded SS X(t) and the degraded observed value
¥(t) be given by (2). Let the degraded signal be
given by Z(t) = HX(t) in (3) and the state
differential equations for X(t) be given by (5). Then,
the robust RLS Wiener prediction and filtering
algorithm for the signal and the nominal SS consists
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of (27)-(33). The algorithm uses the system matrices
® and @ for the nominal and degraded systems, the
CV function K, 4(t,t) between the nominal SS x(t)
and the degraded SS X¥(t), the AV function K(t,t) of
X(t), the observation matrices H and H for the
nominal and degraded systems, and the variance R of
the WGON.
Filtering estimate of the signal z(t): Z(t,t)
Z(t,t) = Hx(¢t, t) (27)

Prediction estimate of the signal z(t+ D) :
2(t+D,t)
2(t+D,t) =Hx(t+ D,t) (28)

Differential equation for the prediction estimate
X(t + D, t) of the nominal SS x(t + D):
dx(t+ D,t
dx(¢+D.t) 7 ) _ ePPox(t,t)
+e®P (K. (t, ) HT — S()HT) (29)
X R (F(6) — HX(t, 1)),

Srm N N

Differential equation for the filtering estimate
x(t, t) of the nominal SS x(t):
dx(t,t) R
T Ox(t,t)
+(Kx (t, AT — S()HT) (30)
X R (F(t) — HX(t,0),

SN N

Differential equation for the filtering estimate
X(t,t) of the degraded SS ¥(t):
dx(t,t) .
c(lt ) = Ox(t,t)
+(K(t, )H" — S(OHT) (€2)
X R (F(6) — HX(t, 1)),
FOMN =0

Differential equation for the function S(t):

ds(t -
% = ®S(t) + S(t)PT
+(Kex(t, AT — S(HT) (32)
x RTY(HK(t,t) — HS(b)),
S(0) =0
Differential equation for the function S(t):
S . .
7 = (I)S(t) + S(t)CDT
+(K(t, )HT — S(©HT) (33)
x RTY(HK(t, t) — HS(b)),
Sroy =n

For the prediction and filtering algorithm in
Theorem?2 to be stable, the real parts of the
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eigenvalues of —®(K (¢, t)H”
be negative.
The proof of Theorem 2 is given in Appendix B.

— §(t)HT)R_1H must

6 Prediction Error Variance Function
This section presents an algorithm for calculating the
prediction error variance function. The prediction
error variance function, P(t), is given by (34).
P(t) =E[(x(t+ D) —x(t+ D,t))
x (x(t + D) — 2(t + D, )T (34)
Since x(t + D) — x(t + D,t) is orthogonal to
X(t+ D,t), (34) is transformed into (35).

P(t) = E[x(t + D)x(t + D)T]
_E[#(t + D, )x"(t + D)] (35)
Denoting K,(t+D,t+D)=E[x(t+

D)x(t + D)T] and substituting (8) into (35) lead to
(36).
P(t) =K,(t+D,t+D)
t

- [ ne. BT+ s (36)
0

From (2), (3), and (15), (36) is transformed into
(37).
P(t) =K.,(t+D,t+D)
t

—J;) h(t,s)E[x(t + D)xT(s)]"ds HT
=K, (t +D,t + D)

- J:h(t, S)E[x(t + D)X"(s)]ds HT
=K,(t+ D,t + D)

- Joth(t, s)B(s)dsa’(t + D)HT
=K,(t+ D,t + D)

- fo th(t, $)B(s)dsaT (t)e® D HT

(37)

Substituting (A-2) into (37) and introducing the
function

q(t) = [, J(t,)B(s)ds, (38)
(37) is transformed into (39).
P(t) = K,(t + D,t + D) o)

—q®)aT (t)e® PHT

Taking the derivative of (38) with respect to t
gives (40).
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dq(t) toJ (t s)

Y e 0B® + f B(s)ds  (40)

Substituting (A-5) into (40) and introducing the
function

01(0) = J; 1 (&, 9)B(s)ds, (41)
(40) is transformed into (42).

dq(t) _ _Tmx

28 = (6 DE® - HADa 0)), )

q(0)=0

Differentiating (41) with respect to t yields (43).

d
L e op
t (43)
+f a/, (¢, S)[),( §)ds
0
Substituting (A-13) into (43) results in (44).
d‘h(t)
SLCRICIGES ZIGTG) N
41 (0) =0

The recursive algorithm for the prediction error
variance function, P(t), consists of equations (24),
(25), (26), (27), (39), (42), and (44).

7 A Numerical Simulation Example
Let the observation equation for the signal z(t) and
the state differential equations for x(t) be given by

(45).

y(t) = z(t) + v(b), z(t) = Hx(t),

H=[1 0]

d’;(tt) — Bx(t) + Tw(t), x(0) = ¢,
_[® n

0 =[x =[]

¢ = [_g)n _Z}wn] r@n = \/§’ (45)
2 0

<=0 =il

E[v(k)v(s)] = R5(t —s),R > 0,

Elw(®)w(s)] = Q4(t —s),Q =1,

E[v(®)w(s)] = 0,E[x(0)w(t)] = 0,

E[x(O)v(t)] =0

Let the observation equation for the degraded
signal Z(t), and the state differential equations for
the degraded SS X(t) be given by (46).
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y() = Z(t) + v(t),
2(t) = HOX(®), H®) = H + 4H (D),
AH(t) =[0.1 0],

dx(t) o .,

T = d(t)x(t) + T'w(t),

D(t) = D+ AD(D), (46)
3 0 0

AD(D) = [—0.1 xrand —0.1* rand]’

E[v(thw(s)] = 0,E[A®(D)w(s)] = 0,
E[AC(t)v(s)] = 0, E[X(0)w(t)] = 0,
E[X(0)v(t)] =0

AD(t) represents an uncertain matrix that is
additional to the system matrix ®. "rand" represents
a scalar random number from a uniform distribution
in the interval (0, 1).

By substituting a(t + D) and B(t) in the CC
function K,%(t + D,t) of the nominal SS x(t + D)
with the degraded SS ¥(t), and A(t) and B(t) in the
AV function K(¢,t) of ¥(t), observation matrices H
and H , and the variance R of WGON into the robust
prediction and filtering algorithm of Theorem 1, the
prediction and filtering estimates are computed
recursively. Figure 1 illustrates the signal z(t) and its
prediction estimate Z(t + D, t), D = 0.005, vs. t for
the WGON N(0,0.32). From Figure 1, the prediction
estimate Z(t + D, t) gradually approaches the signal
z(t + D) as time t progresses. Figure 2 illustrates the
signal z(t) and its prediction estimate Z(t + D, t),
D = 0.005, vs. t for the WGON N(0,0.32) by the
RLS predictor proposed in [20]. In Figure 2, the
prediction estimate Z(t + 0.005, t) gradually

14
o) —— Signal z(t)
E 1.2 — — Prediction estimate of z(t)
=
o
c 1
=]
B
g 08 o
a -7 T
142} » RN
'_é 0.6 // = < .
@ ' S
=04/ T
~N I —
= ! T
5ozl
w
0 . . .
0 0.5 1 1.5 2

Time t
Fig. 1: Signal z(t) and its prediction estimate

2(t+0.005,1) vs. t for the WGON N(0,0.32) by

Theorem 1
Source: created by the author.
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14

o —— Signal z(t)
g 1.2} — — Prediction estimate of z(t)
B
(4]
c 1
i)
k3]
o8 _
=3 AT T T TS
2 7 .
5 08 . =
c / ~
@© ’ .
= 04F 7 TSl
~N 7 =
= . =~
S021!
? !

/

0 . . .
0 05 1 15 2

Time t

Fig. 2: Signal z(t) and its prediction estimate
z(t+0.005,t) vs. t for the WGON N(0,0.32) by

the RLS prediction algorithm in [20]
Source: created by the author.

approaches the signal z(t 4+ 0.005) as time t
progresses.  Figure 3 illustrates the mean-square
values (MSVs) of prediction errors z(t + D) —
Z2(t+D,t) , 0<t<2, 0<D<0.005 by the
robust RLS filtering and prediction algorithm of
Theorem 1 for the white Gaussian observation noises
(WGONs) N(0,0.12), N(0,0.3%) and N(0,0.52).
Here, the MSVs of the filtering and prediction errors

are evaluated by ﬁzl;g?o(z(m) — 2(iA, iA))? and

ﬁzgg%z(m +D) — 2(iA + D,iA))?, A=
0.001,0 < D < 0.005, respectively. Except for the
observation noise N(0, 0.52), the MSV shows almost
the same value even if the fixed lag D is varied. As
the variance of the observation noise increases, the
MSV of the prediction errors grows for every D-
step-ahead prediction. Figure 4

10°
—&— (a) Observation noise variance 0.01

—&— (b) Observation noiswe variance 0.09
—5— (c) observation noise variance 0.25

MSVs of filtering and prediction errors of z(t)

3

0 0.001 0002 0.003 0.004 0.005

D
Fig. 3: MSVs of filtering errors zt-zt,t and
prediction errors zt+D-zt+D,t, 0<t<2, A=0.001,
0<D<0.005, by the robust RLS filtering and
prediction algorithm in Theorem 1 for the
WGONSs N0,0.12, N0,0.32 and N0,0.52

Source: created by the author.
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illustrates the MSVs of prediction errors z(t +
D) —Z(t+ D,t) and prediction errors z(t + D) —
2(t+D,t),0<t<2,0<D <0.005, by the RLS
filtering and prediction algorithm in [20] for the
WGONs N(0,0.1%), N(0,0.3%) and N(0,0.5%) .
From Figure 3 and Figure 4, the filtering and
prediction accuracies obtained by the algorithm in
Theorem 1 are superior to those of the RLS filter and
predictor presented in [20].

—©— (a) Observation noise variance 0.01
—#&— (b) Observation noiswe variance 0.09
—&— (c) observation noise variance 0.25

10%

MSVs of filtering and prediction errors of z(1)

102
0  0.001 0.002 0.003 0.004 0.005

D
Fig. 4: MSVs of filtering errors zt-zt,t and
prediction errors zt+D-zt+D,t, 0<t<2, A=0.001,
0<D<0.005, by the RLS filtering and prediction
algorithm [20] for the WGONs N0,0.12, N0,0.32
and NO,0.52

Source: created by the author.

8 Conclusion

This paper, in Theorem 1, presented the robust RLS
prediction and filtering algorithm for the signal z(t)
and the nominal SS x(t). The algorithm utilizes the
information of the CC function K,4(t,s) from (15)
and the AC function K(t,s) from (16), both
expressed in their semi-degenerate kernel forms.
Additionally, the algorithm uses the observation
matrix H, the degraded observation matrix A , and
the variance R of WGON. The robust RLS Wiener
prediction and filtering algorithm for the signal and
the nominal SS is presented in Theorem 2. It utilizes
the system matrix @ and the degraded system matrix
®, as well as the observation matrix H for the
nominal system and the observation matrix H for the
degraded system. It also uses the CV function
K,z(t,t) and the AV function K(t,t), as well as the
variance R of the WGON.

A numerical simulation is presented to
demonstrate the effectiveness of the robust RLS
prediction and filtering algorithm presented in
Theorem 1. As time t progresses, the prediction
estimate Z(t + 0.005,t) in Figure 1 gradually
approaches the signal (¢t + 0.005). The numerical
simulation results show that the robust RLS
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prediction and filtering algorithm presented in
Theorem 1 is effective. Figure 3 and Figure 4 show
that the filtering and prediction accuracies achieved
by the algorithm in Theorem 1 for the signal are
superior to those obtained by the RLS filter and
predictor presented in [20].
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APPENDIX A

Introducing the integral equation
J(t,s)R = BT(s)HT — fot](t, s"HK(s',s)ds'HT,

from (14), h(t, s) is given by (A-2).
h(t,s) = a(t + D)J(t,s)

Differentiating (A-1) with respect to t, we have (A-3).

a](;tts)R = —J(t, )HR(t, s)AT

9/(t,s")
[

HK(s',s)ds'HT

Introducing
J1(t,s)R = BT (s)HT
- foth (t,s"HK(s',s)ds'HT,

a]; 2 is given by (A-5).
dJ(t,s) .
e (CRLLGTAC
Introducing

r(t) = fot](t,s’)ﬁé(s’)ds',
from (A-1), J(t, t) satisfies (A-7).
J&OR =T OH"
t
- f J(t,s)YAR(s', O)ds'HT
= ﬁOT(t)HT —r(®)AT(OHT

Differentiating r(t) with respect to t, from (A-5), we have (A-8).

O — jeomse

t(’)](t ’)w
+j0 -

HB(s")ds'

=](t,t)HB(t) ,

—J(t, HA() f J1 (6, sHHB(sds'
0

Introducing the function
t INTT S ’
n(0) = fi 11 (6 sHAB(sds',

we obtain (A-10).
dr_(t) =J(t, ) (HB(t) — HA()r, (1)),
r(O) =0

From (A-4), (A-9), and (16), J; (¢, t) satisfies (A-11).
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(A-1)

(A-2)

(A-3)

(A-4)

(A-5)

(A-6)

(A-7)

(A-8)

(A-9)

(A-10)
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Ji(t, OR = BT()HT
- (6 VRS, O ds T
- gT(t)HT (A-11)
_fth(t,S’)HE(S’)dS’AT(t)HT
= F;)T(t)HT —r () AT(HHAT
Differentiating (A-4) with respect to t, we have (A-12).
o 1(t S)R = — (& OHR (&, s)HT
f ]1(t s') o

——— 2 HK(s',s)ds'HT
(A-12)
= —J, (¢, t)HK(t AT

t !
_ f %ﬁk(s s)ds'H" = BT(QH" —ry(¢) AT (A"
0

From (A-4), 242

9/, (¢, S)
dat

is given by (A-13).

=~ (t, OHA®)],(t,s) (A-13)

Differentiating (A-9) with respect to t, we obtain (A-14).
dry (t) —
b ACLLEQ
LaJ (L, s") o
+ f J1(t,s")
0

= HB(s)ds

=J,(t, )HB(t) (A-14)
t

16 ORA®) [ 1 sHABGAS'
0

= J,(t, ) (HB(t) — HA(Or, (1)),
r(0)=0

The prediction estimate X(t + D, t) of x(t + D) is given by (8). Substituting (A-2) into (8), we have (A-15).
X(t+D,t) =a(t+ D)
t

x [ 1es3(sds (A-15)
0
Introducing
e(t) = fot] (t,sHy(sNHds', (A-16)
we obtain
X(t+D,t) = a(t+ D)e(t), (A-17)

Differentiating (A-16) with respect to t, from (A-5), we obtain (A-18).
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de(t)

T J(&, )y (t)

t
(€ ORA® [ 1S (A-18)
0
= J(t, DF() — HA(D)ey (D)),
e(0)=0
Here, e, (t) is given by (A-19).
ey (t) = [ J1(t, sHF(s)ds', (A-19)

Differentiating (A-19) with respect to t, from (A-13), we obtain (A-20).

d
20 oy

t
(6 DAAD f 116, )7 (s)ds’ (A-20)
0

=L, (6, ) (F() — HA(t)e, (1)),
e (0)=0

(QE.D.)

APPENDIX B

The prediction estimate X(t + D, t) of the state x(t + D) is given by (20). Differentiating (20) with respect to t,
from (15) and (21), we have (B-1).

dx(t+ D,t) op da(t)

dt i _( T
e(t

+e®Pa(t) 7 )
=e®Pda(t)e(t) + e®Pa(t)/(t,t)
X (¥(t) — HA(t)e1 (1))

(B-1)

Noting that a(t)e(t) is the filtering estimate X(t, t) and substituting (23) into (B-1), we have (B-2).
dx(t + D,t) op da(t)
dt =" g ¢
+e®P a(t) o (B-2)
X (BT(OHT —r(OAT(OHDR™
X ((¢) — HA(t)eq1 (1))

Putting
S(t) = a(t) r()AT(t) (B-3)

and noting that A(t)e; (t) is the filtering estimate ¥ (¢, t) of the degraded state ¥(t), that is,
X(t, t) = A(t)e, (t) (B-4)

from (15), we obtain (B-5).
dx(t + D,t)
dt
+e®P
X (Kyz(t,t)H" — S(OAT)R™ (B-5)
x (y(t) — Hx(t, 1)),
%(D,0) = e®P%(0.0) = 0

= ePPdx(t, t)
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y(t) — HX(t, t) is the innovation process. Differentiating (B-3), with respect to t, from (15), (16), (23), (25),
and (B-3), we have (B-6).

dS(t) da(t)

dt
+a(® ”Aﬂr()a)
= CDa(t) r(t)AT(t)
+a(t) —— ( ) AT(t)
+ a(t) r(t) AT ()T
= OS(t)+ (Kuz(t, AT — S(HAT)
R™Y(HK(t,t) — HA(r (H)AT (1))
+S(t)dT

r(OAT (1)

AT(t)
dt

(B-6)

Introducing the function
S() = AOr (AT (©), (B-7)

we obtain (B-8).

as() -
= ®S(t) + S(H)PT

+ (Kex(t, )HT — SAT)R™!

= OS(t)+ (K (t, )HT — S(OHAT)
x RTY(HK(t,t) — HS(b)),

5(0)=0

(B-8)

Differentiating (B-7) with respect to ¢, from (16), (24) and (26), we have (B-9).

dS dA
BO_ 2 i
ﬂ)v

+AM) ——AT(®)

+Mmﬁ@““)

= <I>A(t)r1(t)AT(t)

+AW)), (L, t) (B-9)
x (HB(t) — HA{t)r; () A" (t)

+ AT (OAT () DT

= ®S(t) +S)DT

+(K (@, )AT — S@HT)

x R7Y(HK (t,t) — HS (1)),

S$(0)=0

Differentiating (B-3) with respect to t, from (16), (22), (24), and (B-7), we obtain (B-10).
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de; (¢)
dt

ax(t,t) dA(t y
c(lt )_ di )el(t) + A(t)

= PA(t)e, ®+ A, (t,0)

x (¥(t) — HA(t)e, (1)

= ®%(t 1)

+A)BT(OH" —r (HAT(HHT)

x R7Y(y(t) — HX(t, t))

= ®x(t,t) + (Kt AT - S)HAT)

x R71(y(t) — HX(t, 1)),

%(0,00 =0
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(B-10)

(QED.)
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