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Abstract: Suppose that a Brownian motion can only be observed after a random time 7. We are interested in
the distribution of the time 7" required to record the first visit to a given threshold. The cases when 7 has an
exponential and an Erlang distribution are considered. A method to approximate the probability density function

of T' from its moments is also presented.
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1 Introduction

Let {W(t),t > 0} be a Brownian motion (or Wiener
process) starting at W (0) = 0, with drift parameter
p > 0 and variance parameter o2. The probability
density function (p.d.f.) of the first-passage time

=inf{t > 0: W(t) =d > 0} (1)

is well known (see, for instance, [[1]] or, [2]) to be given

by
C V2ro2sd exp{— } @

for ¢ > 0. This density function is a particular inverse
Gaussian distribution (see, [3]).

Now, suppose that the stochastic process can only
be observed after a continuous random time 7, and let
T be the time required to record the first visit to the
threshold d, so that (assuming that the process is equal
to 0 when we begin to observe it)

(d — pt)?

de(t) 202¢

T:=14+1T,. 3)
Moreover, if we assume that the random variables 7
and 7} are independent, then we can write that the
p.d.f. of T is the convolution product of the p.d.f. of
7 with that of Ty:

/ 1ol

- / fT(t - 3) * de<S>dS
0

fr(t) = f-(t) * fr,(t) * fr,(t —s)ds

4
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In, [4] the case when 7 has an exponential
distribution with parameter A was treated:
fr(t) = Xe™ fort > 0. (5)

Two cases were considered separately: u? > 2\o?

and ;12 < 2\o2. In the first case, it was shown that
the p.d.f. of T is given by

N MH(dn/o?) |:e—md/02 o (Rt - d)

fT(t) Oﬁ

2 —kt—d
+ ehd/e @(ﬂ )] 6
i (6)
for t > 0, where
k=2 —2\o2 7

and ®(-) is the cumulative distribution function of the
standard normal distribution N(0, 1).

In the case when p? < 2\o2, the following
expression was obtained:

()] o

for t > 0, where R stands for the real part,

fr(t) =

K = /2X02 — u? 9)
and
v(z) == e % [1 — erf(—iz)], (10)
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in which erf(+) is the error function defined by

=kt

Actually, the function defined in Eq. () can be
used for any value of the constant . Indeed, even if
k becomes an imaginary number (equal to i x") when
p? < 2M\o?, the function fr(t) is still real. For
instance, suppose that y = o = XA = 1, so that Kk = 1,
and d = 1. Then the function f7(t) becomes

) ()
(13)

for ¢ > 0. This function is shown in Figure [1.

erf(z

(11)

fr(t) =e'™t [e—icb (

0.4
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Figure 1: Function f7(t) defined in Eq. (6) when p1 =
o = A =d = 1. Source: created by the authors.

In the next section, we will treat the case when 7
has an Erlang distribution. Then, in Section 3, we
will show how to approximate the p.d.f. of 7" using
its moments and orthogonal polynomials. We will
conclude this paper with a few remarks in Section 4.

2 The case when 7 has an Erlang
distribution

We now assume that 7 has an Erlang distribution with
parameters k € N and A:

)\k
Tl M fort > 0,

(k—1)!

f=(t) (13)

which generalizes the exponential distribution. The
Erlang distribution is a particular gamma distribution,
and itis used extensively in queueing theory (see, [J]).
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The p.d.f. of T' can be expressed as follows:

) = e [ o
V2ro?(k—1)! o 832

(d—ps)?
2025

(14)

X exp{— } ds.

Making use of the binomial theorem (see, [0]), we can

write that
d\F {du }
t) = exps — — At
) AT
xz ( >tk1"1()(15)
where
" nm@2) d
I,(t) = /Os exp{—2028}
K2s
X exp{—w} ds. (16)
We have
t 3 d2
Iy(t) = /s 3/2 exp{ 5574 }
X exp{
u=s"1/2 o
= 2/ exp{ }
t—1/2
? Vg a7
X EXP Tz p du (D)

and the following identity (see, [[7], 7.4.33):

2
/exp {—a2x2 — 192} dzr = ﬁ [62“1’
T 4a

x erf <aw + f:) + e 20 erf <aw — > ](18)

for a # 0. Moreover, for any z € R,

erf(z) = 2®(v/22) — 1. (19)
It follows that
B \/7?[2&5 (_mﬁ+d>
I()(t) = ﬁ e 0] a'\/i
()]
+e <1>< T (20)
where
_F and p= L Q1)
“T V2o = V2o
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Next,

t 19 d2
L(t) = /Os exp{—Qazs}
cexpd -2 Ly
P 202 [ °

u:31/2 2 /tl/2 e d2
= X — 5
0 P 20'2 'LL2

2,2
x exp{—“ Y }du. (22)

202

Proceeding as above, we obtain that

L) - f[_QQa,@@(_ﬁ;j}%d)
R mf—d)]
+ <1>< — (23)
if K #£ 0.

Finally, we can show that the following recurrence
relation of second order holds for n > 1:

52

2n —1
In(t) + ?Infl(t)

2a2
1

_ L) o {_oﬂt _
«

Inpa(t) = (24)

B2
-
2.1 Particular cases

Case I. Suppose first that k = 2, 4 = v/2 and 0 =
A =d = 1. We then have x = 0 and [() reduces to

Io(t) = 282 /x [1 ) <1>] .

7 (25)

Moreover,

11/2
1

which can be rewritten as follows:

1 1
L(t) = V2 [\/27 exp {—%} + ﬁerf<m>
- ﬁ]. 27)
We have
() = \/%eﬂ_t t1o(t) — Iu(t)] fort >0,
(28)

This function is displayed in Figure [J.
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0.3

Figure 2: Function f7(t) defined in Eq. (28) when
k=2,pu= V2and o = A = d = 1. Source: created
by the authors.

Casell. Assumenow thatk =3, u=oc=A=d =
1,sothat ks = 4, a« = i/v/2and B = 1/4/2. The
functions [y(t) and I;(t) are given by

Io(t) = V27 [e’@) <_”\/+£1> YD <zt\;%1>]
and (29)
L) = i\/ﬁ[e% (_it\;—;)

see <Zt\/_;1ﬂ (30)

Furthermore, we deduce from Eq. (23) withn = 1
that

1>(t) = ~h(t)—Io(t) +2vT exp {; - ;} 6D

The p.d.f. of T' is therefore

1 1—t 42
= —c0e t“Ig(t) — 2t 11 (t) + Io(t
2m [ 0( ) 1( ) 2( )]
(32)
for ¢ > 0. One can check that f0°° fr(t)dt is equal

to 1, as required. The function fr(t) is presented in
Figure 3.

fr(t)
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Figure 3: Function fr(t) defined in Eq. (82) when
k=3and u = 0 = XA = d = 1. Source: created by
the authors.

3 Polynomial approximations
As we have seen in Section 2, obtaining an exact
expression (without integrals) for the random variable
T can be difficult. Moreover, the expression is
in general rather involved. In this section, we
will present a method that can be used for any
random variable 7, provided that we can compute its
characteristic function, and which yields a very good
polynomial approximation to the p.d.f. of T'.

The characteristic function of the random variable
T, is known to be (for p > 0)

Cr,(w) = E [e“T"] (33)

. 9 1/2
:exp{d's [1—(1—210200) ]}
g 2

Moreover, by independence, we can write that
Cr(w) =Cr(w) - Cr,(w).

Hence, if we have an explicit expression for C(w),
we can compute the moments of 7" by differentiating
CT((,U).

Next, let {L,(x),n = 0,1,...} be a set of
orthonormal polynomials (see, [8]) on the interval
[0, 00) with respect to the weight function w(z). We

define
wn(@) = v/w(@) La(2). (35)

Then, any function g(x) can be expressed as follows:

(34)

g(x) = Z Cnup (), (36)
n=0
where ~
Cp = / g(x)up(z)dz. (37)
0
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Now, if fx(z) is the p.d.f. of the random variable
X, we write (see, [9])

fx(@) = Vw@) ) cnun(z)
n=0
= w(x) Z cn Lin(x). (38)
n=0
It follows that
* fx(z)

Cp —

; mun(x)dx:/o fx(x) Ly (z)dz.
(39)

Hence, the constants ¢,, depend only on the moments
of X.

In this paper, we will use the Laguerre
polynomials (see, [|10]). The corresponding weight
function is w(x) = e~ *. The first five polynomials
are given by

Lo() L,

Li(z) = —z+1,

Ly(x) = 3(a* —4a+2),

Ls(x) (—2* +92° — 182 +6),

Ly(x) (at —162° + 722 — 962 + 24)
Ls(z) = 15(—2° + 252" —2002° 4 6002

— 600 + 120).

Let us consider the case when 7 has an exponential
distribution with parameter A. We have

A

A—iw

Cr(w) =

(40)

With d = 1 and the parameters y = 0 = A =1
used to compute the function fr(t) given in Eq. (12),
we find that E[T] = 2, E [T?] = 6, E [T?] = 25,
E [T*] =137 and E [T°] = 951. We then calculate
Co = 1, C1 = —1, Cy = O, C3 = —1/6, Cq4 = 1/24 and
cs = —1/20.

Let

Pp(t) =" cnLn(t). (41)
n=0

The polynomials P,(¢t) and Ps(t) are shown in
Figure d, together with the exact p.d.f. fr(¢) defined
in Eq. ((12). We see that the polynomial of degree 5

7 19 3 1
P — —t( _ ' Yy 242, 43
5(¢) ¢ ( 0 2 s TR
5 4 1 5
A Py 42
576" T 2400 ) (42)
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Figure 4: Polynomials Py(t) (dashed line) and P;(t)
(dotted line), and the exact p.d.f. fr(t) (solid line)
defined in Eq. ([12)). Source: created by the authors.

is a very good approximation to the function fp(t).
Moreover, the convergence (at least in this case) is
fairly rapid. Finally, it is obviously easier to use the
polynomial approximation than the exact expression
for fr(t), which involves special functions of
complex arguments.

4 Concluding remarks

In this paper, a problem which has applications
in various fields has been considered. First, we
generalized the results found in, [4]. Then, in
Section 3, we showed that it was possible to obtain
excellent polynomial approximations of the exact
density function.

Following on from this work, we could consider
other diffusion processes, such as geometric
Brownian motion or the Ornstein-Uhlenbeck process.

Finally, we could also try to treat this problem
in discrete time, replacing the diffusion process by
a Markov chain, and assuming that the random time
delay 7 is also a discrete random variable.
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