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Abstract: - The Kalman and the Lainiotis filters are integral parts of estimation theory, arising in linear 
estimation. They are related to time-varying state-space models which describe the relation between the state 
consisting of n elements and the observation (measurement) consisting of m elements. The equivalence of the 
Kalman and the Lainiotis filters means that they compute iteratively the same estimation statistics, i.e. state 
estimation and estimation error covariance. It is known from previous works that the time-varying Kalman 
filter outperforms the time-varying Lainiotis filter, in the sense that it is always faster. In this paper, the 
partially time-varying state-space models are considered, where the transition matrix is time-varying while the 
observation (measurement) matrix and the noises covariances are time-invariant. In this case, the Lainiotis filter 
is likely to be faster than the Kalman filter; in fact, the dimensions of the model determine which filter is the 
fastest. 
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1 Introduction 
The Kalman filter (KF) is a very famous estimation 
and prediction algorithm [1] and the Lainiotis filter 
(LF) is a known estimation algorithm [2]. Filtering 
(estimating, predicting, smoothing) the state from 
noisy observations (measurements) is without doubt 
a very important process, as it has been successfully 
used in prediction and estimation in many real world 
problems and applications.  

The Kalman filter (KF) is considered as the most 
important estimation algorithm in linear estimation 
theory because it provides an optimal method to 
derive the estimation of the state of a model 
(system) from the observations (measurements) 
containing noise. Under certain statistical 
conditions, the Kalman filter is the optimal 
estimator, meaning it minimizes the MSE (Mean 
Squared Error) of the estimated variables of the 
state. It is extremely useful in real-time applications; 
for example, the Kalman filter has been 
implemented for autonomous orbit determination 
[3], satellite orbit determination [4], GPS position 
estimation [5], power generation prediction [6], 
cases prediction of Covid-19 [7], structural 
parameter tracking [8], Kalman Filter-based Multi-
Person Tracking [9] and many other applications 
[10].  

The Lainiotis filter (LF) is a very important 
estimation algorithm in linear estimation theory 
because it provides a computationally efficient and 
often faster alternative to the Kalman filter for state 
estimation. It is based on the “partitioning” 
approach by partitioning the estimation problem into 
smaller and decoupled elementary solutions. It is a 
“prediction-free” estimation algorithm that 
computes the state estimation without needing the 
intermediate state prediction, as the Kalman filter 
does. It is useful in real-time applications; for 
example, the Lainiotis filter has been implemented 
for sonar and radar tracking [11], seismic signal 
processing [12], electric load estimation [13] and 
many other applications [14]. 

The KF and the LF appear in the theory of linear 
estimation and they are related to time-varying 
state-space models [15]: 

 
x(k + 1) = A(k + 1) ∙ x(k) + nx(k)                     (1) 

 
y(k) = B(k) ∙ x(k) + ny(k)                                  (2) 

 
This discrete-time model is a mathematical 

framework representing a dynamic system whose 
state changes at distinct instants of time (the time is 
not continuous). It models systems using linear 
difference equations to map state and observation 
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(measurement) relations. Instead of continuous time 
derivatives, the model uses future state updates 
based on the current state and the current 
observation (measurement). Continuous systems can 
be converted to discrete models via sampling. Such 
models are often used in digital control systems, in 
digital signal processing, in time series analysis. 

In this time-varying model, the time is denoted 
by k (discrete non negative time). Also, the state is a 
vector with n elements and is denoted as x(k) and 
the observation (measurement) is a vector with m 
elements and is denoted as y(k). Furthermore, 
A(k) denotes the square transition matrix and B(k) 
denotes the non-square observation (measurement) 
matrix. Moreover, nx(k) is the state noise, having 
the same dimension as the state and ny(k) is the 
noise of the observation (measurement), having the 
same dimension as the observation). The noises of 
the state and the observation (measurement) are 
both normal (Gaussian) processes with mean equal 
to zero and covariances that are defined (known); in 
fact C(k) is the covariance of the noise of the state 
and D(k) is the covariance of the noise of the 
observation (measurement) and they are both 
symmetric. In addition, the initial state is a normal 
(Gaussian) random vector variable, for which the 
mean x0 and the covariance S0 are assumed to be 
known. 

The KF is an iterative algorithm that computes 
iteratively a) the state estimation statistics, i.e. the 
n × 1 estimation (mean) x(k|k) with the related 
square n × n estimation error covariance S(k|k) and 
b) the state prediction statistics, i.e. the n × 1 
prediction (mean) x(k + 1|k) with the related 
square n × n prediction error covariance 
S(k + 1|k). These computations involve the n × m 
Kalman filter gain G(k). The LF is also an iterative 
algorithm that computes iteratively the state 
estimation statistics. Both filters derive the desired 
estimation using all the available observations 
(measurements) until the estimation time. 

The model considered in (1)-(2) is a linear model 
since it contains linear functions and is the basis for 
linear estimation. In linear prediction, the KF is 
optimal in relation to the first and second order 
statistics of the estimation. That means that no other 
filter is better than Kalman filter; this is not true in 
non-linear estimation. It is also known [15] that the 
equivalence of the KF and the LF means that they 
compute the same estimation, given the same initial 
conditions. In fact, when the initial conditions for 
both filters are the same, the two filters compute the 
same statistics of the estimation. It is then clear that 

both filters are optimal, concerning the linear 
estimation.  

However, the two filters are competitive in terms 
of estimation computation time. Since both filters 
are iterative algorithms, the computational time of 
interest is the computational time of each iteration. 
This per-iteration computational time is due to the 
structure of the equations of the filters. In fact, the 
computational times of the filters depends on the 
model dimensions. This has been established in 
[15], where it has been stated that the time-varying 
KF is always faster than the time-varying LF. 
Moreover, in the case of time-invariant state-space 
models where all the parameters of the model are 
time-invariant, the time-invariant KF is likely to be 
faster than the time-invariant LF and this depends 
on the model dimensions n and m: in fact, the time-
invariant KF is favored over  the time-invariant LF 
when n is sufficiently greater than m, while the 
time-invariant LF is favored over  the time-invariant 
KF when m is sufficiently greater than n. Finally, in 
the steady-state case the two steady-state filters are 
identical and therefore they have the same 
computational times. 

In this paper, the partially time-varying models 
are considered, where the transition matrix is time-
varying while the observation (measurement) matrix 
is time-invariant. Such models arise when it is 
desired to estimate all or some of the measured 
quantities; such a model is referred in [16].The 
novelty of the paper consists in showing that the 
Lainiotis filter is likely to be faster than the Kalman 
filter, in the case where the noises covariances are 
also time-invariant. This is very important because it 
allows the production of the estimation in the 
shortest time, when the model is partially time-
varying. 
 
 
2 Time-Varying Kalman and 

 Lainiotis Filtering Algorithms 
In the general case of time-varying models, where 
all the model parameters are time-varying, the time-
varying KF and LF algorithms are derived. 
 
Time-Varying Kalman Filter (TVKF) 

Initial prediction 
Iterations: starting from time zero 
Input: previous prediction 
           observation (measurement) 
Output: next estimation 
              next prediction 
On-line computations 
Kalman filter gain 
G(k) = S(k|k − 1)BT(k) 
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       [B(k)S(k|k − 1)BT(k) + D(k)]−1 
estimation 
x(k|k) = [I − G(k)B(k)]x(k|k − 1) + G(k)y(k) 
S(k|k) = [I − G(k)B(k)]S(k|k − 1)  
prediction 
x(k + 1|k) = A(k)x(k|k)  
S(k + 1|k) = C(k) + A(k + 1)S(k|k)AT(k + 1) 
Comments. 
1. When no observation (measurement) is exact – 
which is a normal condition – D(k) is positive 
definite ensuring the required matrix reversibility in 
equation of the Kalman filter gain.  
2. At each iteration, implementing the time-varying 
Kalman filter requires inverting an m × m matrix.  
 

Note that the time-varying KF computes 
successively (iteratively) the estimates starting from 
time zero using the available observations 
(measurements) and the available initial prediction. 
It is evident that the order of appearance of the time-
varying KF equations can be changed using the 
initial estimation. This initialization is used in the 
time-varying LF equations. 
 
Time-Varying Lainiotis Filter (TVLF) 

Initial prediction 
Initialization 
x(0|0) = [I − G(0)B(0)]x((0|−1)) + G(0)y(0)

= [I − G(0)B(0)]x0 + G(0)y(0) 
S(0|0) = [I − G(0)B(0)]S(0|−1) = [I − G(0)B(0)]S0 
where 
G(0) = S(0|−1)BT(0)[B(0)S(0|−1)BT(0) + D(0)]−1

= S0BT(0)[B(0)S0BT(0) + D(0)]−1 
Iterations: starting from time zero 
Input: previous estimation 
           observation (measurement) 
Output: next estimation 
On-line computations 
estimation 
x(k + 1|k + 1) = Gn(k + 1)y(k + 1) 
+Fn(k + 1)[I + S(k|k)On(k + 1)]−1 
{x(k|k) + S(k|k)Gm(k + 1)y(k + 1)} 
S(k + 1|k + 1) = Pn(k + 1) 
+Fn(k + 1)[I + S(k|k)On(k + 1)]−1S(k|k)Fn

T(k + 1) 
Lainiotis filter parameters 
On-line computations 
E(k + 1) = [B(k + 1)C(k)BT(k + 1) + D(k + 1)]−1 
Gn(k + 1) = C(k)BT(k + 1)E(k + 1) 
Gm(k + 1) = AT(k + 1)BT(k + 1)E(k + 1) 
Pn(k + 1) = [I − Gn(k + 1)B(k + 1)]C(k) 
Fn(k + 1) = [I − Gn(k + 1)B(k + 1)]A(k + 1) 
On(k + 1) = AT(k + 1)BT(k + 1)E(k + 1)B(k + 1)A(k + 1) 
Comments. 
1. The parameters of the Lainiotis filter are 
calculated on-line, at all iterations. 
2. When no observation (measurement) is exact – 
which is a normal condition – D(0) is positive 

definite ensuring the required matrix reversibility in 
the initialization equations.  
3. When no observation (measurement) is exact – 
which is a normal condition – D(k) is positive 
definite ensuring the required matrix reversibility in 
the Lainiotis filter parameters equation, at all 
iterations. 
4. The identity matrix I ensures the required matrix 
reversibility in the estimation equations, at all 
iterations. 
5. At each iteration, implementing the time-varying 
Lainiotis filter requires inverting an m × m matrix 
as well as inverting an n × n  matrix. 
 

Note that the time-varying LF computes the 
estimates starting from time zero (x(0|0) is 
computed in initialization phase) using the 
observations (measurements) and the available 
initial prediction. 

Concerning the time-varying filters, is 
established has been [15] that the two filters 
compute the same statistics of the estimation, i.e. the 
state estimation (mean) and the estimation error 
covariance, given the same initial conditions. 
Moreover, the participation of the observations 
(measurements) in the estimation computation 
depends on the Kalman filter gain, which is the 
factor that is multiplied by the observation 
(measurement) in the estimation equation. In [15] it 
has been shown that this factor remains the same for 
both filters. 

 
In the case of partially time-varying models, 

where A(k) is time-varying and all other model 
parameters are time- invariant, the partially time-
varying KF and LF algorithms are derived: 
 
Partially Time-Varying Kalman Filter (PTVKF) 

Initial prediction 
Iterations: starting from time zero 
Input: previous prediction 
           observation (measurement) 
Output: next estimation 
              next prediction 
On-line computations 
Kalman filter gain 
G(k) = S(k|k − 1)BT[BS(k|k − 1)BT + D]−1 
estimation 
x(k|k) = [I − G(k)B]x(k|k − 1) + G(k)y(k) 
S(k|k) = [I − G(k)B]S(k|k − 1)  
prediction 
x(k + 1|k) = A(k + 1)x(k|k)  
S(k + 1|k) = C + A(k + 1)S(k|k)AT(k + 1) 
Comments. 
1. When no observation (measurement) is exact – 
which is a normal condition – D is positive definite 
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ensuring the required matrix reversibility in 
equation of the Kalman filter gain.  
2. At each iteration, implementing the partially 
time-varying Kalman filter requires inverting an 
m × m matrix. 
 

Note that the partially time-varying KF computes 
successively (iteratively) the estimates starting from 
time zero using the available observations 
(measurements) and the available initial prediction. 
It is evident that the order of appearance of the 
partially time-varying KF equations can be changed 
using the initial estimation. This initialization is 
used in the partially time-varying LF equations. 
 
Partially Time-Varying Lainiotis Filter (PTVLF) 

Initial prediction 
Initialization 
x(0|0) = [I − G(0)B]x((0|−1)) + G(0)y(0)

= [I − G(0)B]x0 + G(0)y(0) 
S(0|0) = [I − G(0)B]S(0|−1) = [I − G(0)B]S0 
where 
G(0) = S(0|−1)BT[BS(0|−1)BT + D]−1

= S0BT[BS0BT + D]−1 
Iterations: starting from time zero 
Input: previous estimation 
           observation (measurement) 
Output: next estimation 
On-line computations 
estimation 
x(k + 1|k + 1) = Gny(k + 1) 
+Fn(k + 1)[I + S(k|k)On(k + 1)]−1 
{x(k|k) + S(k|k)Gm(k + 1)y(k + 1)} 
S(k + 1|k + 1) = Pn 
+Fn(k + 1)[I + S(k|k)On(k + 1)]−1S(k|k)Fn

T(k + 1) 
Lainiotis filter parameters 
Off-line computations 
E = [BCBT + D]−1 
Gn = CHTE 
Pn = [I − GnB]C 
On-line computations 
Gm(k + 1) = AT(k + 1)BTE 
Fn(k + 1) = [I − GnB]A(k + 1) 
On(k + 1) = AT(k + 1)BTEBA(k + 1) 
Comments. 
1. It is clear that the Lainiotis filter parameters 
E, Gn, Pn are calculated off-line, since they are time-
invariant. 
2. The other parameters of the Lainiotis filter are 
calculated on-line, at all iterations. 
3. When no observation (measurement) is exact – 
which is a normal condition – D is positive definite 
ensuring the required matrix reversibility in the 
initialization equations.  
4. When no observation (measurement) is exact – 
which is a normal condition – D is positive definite 

ensuring the required matrix reversibility in the 
Lainiotis filter parameters equation.  
5. The identity matrix I ensures the required matrix 
reversibility in the estimation equations, at all 
iterations. 
6. At each iteration, implementing the partially 
time-varying Lainiotis filter requires inverting an 
n × n  matrix. 
 

Note that the partially time-varying LF computes 
the estimates starting from time zero (x(0|0) is 
computed in initialization phase) using the 
observations (measurements) and the available 
initial prediction. 

Concerning the partially time-varying filters, 
following the ideas in [15] it can be stated that the 
two filters compute the same statistics of the 
estimation, i.e. the state estimation (mean) and the 
estimation error covariance, given the same initial 
conditions. Moreover, the participation of the 
observations (measurements) in the estimation 
computation depends on the Kalman filter gain, 
which is the factor that is multiplied by the 
observation (measurement) in the estimation 
equation. Following the ideas in [15] it can be 
shown that this factor remains the same for both 
filters. 

Recapitulating, the conclusion is that a) the 
Kalman filter computes successively the estimates 
x(0|0), x(1|1), x(2|2), … using the observations 
(measurements) y(0), y(1), y(2), … and b) the 
Lainiotis filter computes the estimate x(0|0) using 
the observation (measurement) y(0) (initialization) 
and computes successively the estimates 
x(1|1), x(2|2), … using the observations 
(measurements) y(1), y(2), …; this means that both 
filters compute the same estimates given the same 
initial conditions. 

It is also worth noting that a) in the general time-
varying model case, the Kalman filter algorithm 
inverses a m × m matrix at each iteration, while the 
Lainiotis filter algorithm inverses an m × m matrix 
plus an n × n  matrix and b) in the special partially 
time-varying model case, the Kalman filter 
algorithm inverses a m × m matrix at each iteration, 
while the Lainiotis filter algorithm inverses an m ×
m matrix plus an n × n  matrix and b) in the special 
partially time-varying model case, the Kalman filter 
algorithm still inverses a m × m matrix at each 
iteration, while the Lainiotis filter algorithm 
inverses only an n × n  matrix. 
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3 Computational Requirements of the 

 Algorithms 
Both KF and LF are clearly iterative algorithms, so 
they compute the estimation at a time instant, 
performing equal numbers of iterations. Therefore, 
the comparison of the filters will be made 
comparing their computational time, i.e. the 
required calculation burden needed for the on-line 
calculations in each iteration. Thus, the calculations 
that are repeated iteratively are taken into account, 
while the calculations that are done only once 
(initialization) are not taken into account. All matrix 
manipulation operations required to implement the 
filters, reduce scalar operations [15]. 

The calculation burdens of Kalman and Lainiotis 
filtering algorithms are determined analytically in 
Appendix in Table 4, Table 5, Table 6 and Table 7.  

For time-varying models, the calculation burden 
CBTVKF of the time-varying KF and the calculation 
burden CBTLKF of the time-varying LF are presented 
in Table 1. 

 
Table 1. Calculation burdens of Kalman and 

Lainiotis filters for time-varying models 
Filter 

Model  

Dimensions 
Calculation Burden 

TVKF n ≥ 2  
m ≥ 2 

CBTVKF =
1

2
(8n3 + 7n2 − 3n) 

+4n2m + nm + 3nm2 
+

1

6
(16m3 − 3m2 − m) 

TVKF n ≥ 2  
m = 1 CBTVKF =

1

2
(8n3 + 15n2 + 5n + 2) 

TVKF n = 1  
m ≥ 2 

CBTVKF =
1

6
(16m3 + 15m2 + 29m

+ 36) 

TVKF n = 1  
m = 1 CBTVKF = 15 

TVLF n ≥ 2  
m ≥ 2 

CBTVLF =
1

6
(58n3 + 6n2 − 10n) 

+8n2m + 3nm + 5nm2 
+

1

6
(16m3 − 3m2 − m) 

TVLF n ≥ 2  
m = 1 

CBTVLF =
1

6
(58n3 + 54n2 + 38n

+ 6) 

TVLF n = 1  
m ≥ 2 

CBTVLF =
1

6
(16m3 + 27m2 + 65m

+ 48) 

TVLF n = 1  
m = 1 CBTVLF = 25 

Source: created by the author 

 
From Table 1 it is confirmed that Kalman filter is 

superior to Lainiotis filter since 
CBTVKF − CBTVLF < 0. 

For partially time-varying models, the 
calculation burden CBTVKF of the time-varying KF 
and the calculation burden CBTLKF of the time-
varying LF are presented in Table 2. 

 

Table 2. Calculation burdens of Kalman and 
Lainiotis filters for partially time-varying models 

Filter 
Model  

Dimensions 
Calculation Burden 

TVKF n ≥ 2  
m ≥ 2 

CBPTVKF =
1

2
(8n3 + 7n2 − 3n) 

+4n2m + nm + 3nm2 
+

1

6
(16m3 − 3m2 − m) 

TVKF n ≥ 2  
m = 1 CBPTVKF =

1

2
(8n3 + 15n2 + 5n + 2) 

TVKF n = 1  
m ≥ 2 

CBPTVKF =
1

6
(16m3 + 15m2 + 29m

+ 36) 

TVKF n = 1  
m = 1 CBPTVKF = 15 

TVLF n ≥ 2  
m ≥ 2 

CBPTVLF =
1

6
(58n3 + 6n2 − 10n) 

+5n2m + 3nm + 2nm2 

TVLF n ≥ 2  
m = 1 CBPTVLF =

1

6
(58n3 + 36n2 + 20n) 

TVLF n = 1  
m ≥ 2 CBPTVLF =

1

6
(12m2 + 48m + 48) 

TVLF n = 1  
m = 1 CBPTVLF = 18 

Source: created by the author 

 
It is worth noting  that the partially time-varying 

models a) do not affect the calculation burden of the 
KF, since CBTVKF = CBPTVKF and b) do affect the 
calculation burden of LF, since CBTVKF = CBPTVKF; 
in fact, the Lainiotis filter parameters E, Gn, Pn are 
calculated off-line, since they are time-invariant, 
while the remaining Lainiotis filter parameters are 
calculated on-line. 

From Table 2 it is confirmed that, for partially 
time-varying models, the Lainiotis filter is likely to 
be faster than the Kalman filter; which filter is faster 
depends on the dimensions of the model: 

i) n ≥ 2 and m ≥ 2 
In this the general multi-dimensional case, it holds 
CBPTVLF − CBPTVKF =

1

6
(34n3 − 15n2 − n) 

+n2m + 2nm − nm2 −
1

6
(16m3 − 3m2 − m) 

Figure 1 depicts the faster partially time-varying 
filter with respect to the model dimensions n and m.  

 
Fig. 1: The faster partially time-varying filter 
Source: created by the author 
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Figure 1 was created following the ideas in [15]. 
From Figure 1 it can be decided which filter is faster 
given the model dimensions: the Kalman filter is 
faster for dimensions that occur below the straight 
line, while the Lainiotis filter is faster for 
dimensions that occur above the straight line. From 
Figure 1 results that the LF is likely to be faster than 
the KF when the following inequality (rule of 
thumb) holds: 
m ≥ 1.25 ∙ n                                                      (3) 
 

The speedup from the one filter to the other can 
be computed using Table 2. For example, if n =
20 and m = 10 Kalman filter outperforms Lainiotis 
filter with a speedup from LF to KF of 1.758, while 
if n = 10 and m = 20 Lainiotis filter outperforms 
Kalman filter with a speedup from KF to LF of 
1.611. 

Table 3 presents the percentages of the cases of 
which filter is the fastest as well as the 
corresponding maximum and average speedup. 
 

Table 3. Statistics for the faster partially time-
varying filter 

Fastest 

Filter 
Statistics 

n,m  

2-4 

n,m  

2-10 

n,m  

2-20 

n,m  

2-100 
KF % 68.75 64 62 60.68 

KF average  
speedup 1.3411 1.4368 1.4949 1.5569 

KF max  
speedup 1.7779 2.0857 2.2321 2.3758 

LF % 31.25 36 38 39.32 

LF average 
 speedup 1.3843 1.9662 2.6173 4.7601 

LF max 
speedup 1.9578 5.2524 11.5322 64.4805 

Source: created by the author 

 
From Table 3 it can be seen that a) KF 

overcomes to LF in the 60% of the cases with a 
maximum speedup of 2.5 with tendency to increase 
as the model dimensions increase and b) LF 
overcomes to KF in the 40% of the cases with an a 
maximum speedup of 10 with very strong tendency 
to increase as the model dimensions increase. 

ii) n ≥ 2 and m = 1 
In this case, the Kalman filter is the fastest filter, 
since: 
CBPTVLF − CBPTVKF =

1

6
(34n3 − 9n2 + 5n − 6) > 0 

 
The speedup from LF to KF is depicted in Figure 

2. KF overcomes to LF with a speedup that 
increases slowly as the model dimension n 
increases. 

 
Fig. 2: Speedup from LF to KF when n ≥
2 and m = 1 
Source: created by the author 

 
iii) n = 1 and m ≥ 1 

In this case, the Lainiotis filter is the fastest filter, 
since: 
CBPTVLF − CBPTVKF =

1

6
(−16m3 − 3m2 + 19m + 12) < 0 

The speedup from KF to LF is depicted in Figure 3. 
LF overcomes to KF with a speedup that increases 
rapidly as the model dimension m increases. 

 
Fig. 3: Speedup from LF to KF when n =
1 and m ≥ 2 
Source: created by the author 

 
iv) n = 1 and m = 1 

In this case, the Kalman filter is the fastest filter, 
since:  
CBPTVLF − CBPTVKF = 3 > 0 
 
The speedup from LF to KF is equal to 1.2. 
 

In the following, two simulations examples are 
presented. 
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Simulation example 1. 

Consider tracking the weather temperature (scalar 
state, n=1) using a time-varying factor A(k) and one 
sensor (measurement, m=1).  
The model parameters are: 
A(k) = 1 + 0.1 sin(k) , B = 1, C = 0.2, D = 0.1.  
 
The initial conditions are: x0 = 20, S0 = 1.  
 

Simulation is done for one day (the 
measurements are taken every 5 minutes). The 
Kalman and the Lainiotis filters produce identical 
estimations. The real state and the estimations 
computed by KF and LF are depicted in Figure 4.  

 
Fig. 4: Simulation example 1: estimation using the 
Kalman and the Lainiotis filters 
Source: created by the author 

 
From Figure 4 it becomes clear that the 

estimations follow with confidence the real state. 
Both filters compute identical estimations. Both 
filters compute identical estimation error variances 
with a mean value of 0.0733. In this example, the 
KF is 1.2 times faster than the LF, concluding that 
KF outperforms LF. 
 
Simulation example 2. 

Consider tracking the weather temperature (scalar 
state, n=1) using a time-varying factor A(k) and two 
sensors (measurement vector, m=2): one slow but 
accurate and one fast but noisy.  
The model parameters are: 
A(k) = 1 + 0.1 sin(k) 
B = [

1
1

] 
C = 0.2 
D = [

0.1 0
0 0.5

].  
 
The initial conditions are: x0 = 20, S0 = 1.  
 

Simulation is done for one day (the 
measurements are taken every 5 minutes). The 
Kalman and the Lainiotis filters produce identical 
estimations.  The real state and the estimations 
computed by KF and LF are depicted in Figure 5.  

 
Fig. 5: Simulation example 2: estimation using the 
Kalman and the Lainiotis filters 
Source: created by the author 

 
From Figure 5 it becomes clear that the 

estimations follow with confidence the real state. 
Both filters compute identical estimations. Both 
filters compute identical estimation error variances 
with a mean value of 0.0634. In this example, the 
LF is 1.46875 times faster than the KF, concluding 
that LF outperforms KF. 
 
 
4 Conclusion 
The Kalman filter (KF) is considered as the most 
important filtering algorithm in linear estimation 
due to the fact that it is optimal. The Lainiotis filter 
(LF) is a very important filtering algorithm due to 
the fact that it provides a computationally efficient 
alternative to the Kalman filter for state estimation. 
It is known that the mathematic equivalence of the 
KF and the LF means that they compute the same 
estimation, given the same initial conditions. Then it 
is evident that both filters are optimal.  

However, the two filters are competitive in terms 
of computation time. It is known that in case where 
the model is time-varying, Kalman filter is superior 
to Lainiotis filter regarding the calculation speed. In 
this paper the partially time-varying model has been 
considered, where the transition matrix is time-
varying while the observation (measurement) matrix 
is time-invariant and the noises covariances are also 
time-invariant. The effect of the partially time-
varying models on the computational times of the 
KF and the LF has been investigated.  
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It has been observed that the partially time-
varying Kalman filter does not take advantage of the 
partially time-varying model, while the partially 
time-varying Lainiotis filter takes advantage of the 
partially time-varying model. It has been found that 
in this case, the Lainiotis filter can be faster than the 
Kalman filter; in fact, which filter is faster depends 
on dimensions of the model. It has been observed 
that in the case of partially time-varying models, the 
implementation of the Kalman filter requires the 
calculation of the inverse of an m × m dimensional 
matrix (recall that m is the observation 
(measurement) dimension) in each iteration, while 
the implementation of the Lainiotis filter requires 
the calculation of the inverse of an n × n 
dimensional matrix (recall that n is the state 
dimension) in each iteration.  In fact, when n ≥ 2 
and , m ≥ 2 (multi-dimensional case), the Lainiotis 
filter is faster than the Kalman filter when m ≥
1.25n (when m is sufficiently greater than n). This 
result is very important because it allows the 
production of the estimate in the shortest possible 
time, when the model is partially time-varying. 

Future research may investigate the effect of 
partially time-varying models on the computational 
requirements of linear filters (information filters, 
complex filters) and non-linear filters (Extended 
Kalman filter, Adaptive Lainiotis filter). 
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APPENDIX 
 

Table 4. Calculation burden of TVKF 
TVKF 

Matrix Operation Calculation Burden 

B(k)S(k|k − 1) 2n2m − nm  
B(k)S(k|k − 1)BT(k) nm2 + nm −

1

2
m2 −

1

2
m  

B(k)S(k|k − 1)BT(k) + D(k) 1

2
m2 +

1

2
m  

[B(k)S(k|k − 1)BT(k) + D(k)]−1 {
1

6
(16m3 − 3m2 − m) m ≥ 2

1 m = 1
 

G(k) = (B(k)S(k|k − 1))
T 

[B(k)S(k|k − 1)BT(k) + D(k)]−1 
= S(k|k − 1)BT(k) 
[B(k)S(k|k − 1)BT(k) + D(k)]−1 

2nm2 − nm 

G(k)B(k) 2n2m − n2  
I − G(k)B(k) n 
[I − G(k)B(k)]x(k|k − 1) 2n2 − n  
G(k)y(k) 2nm − n  
x(k|k) = [I − G(k)B(k)]x(k|k − 1) 

    +G(k)y(k) n 

S(k|k) = [I − G(k)B(k)]S(k|k − 1) n3 +
1

2
n2 −

1

2
n 

x(k + 1|k) = A(k)x(k|k)  2n2 − n  
A(k + 1)S(k|k) 2n3 − n2  
A(k + 1)S(k|k)AT(k + 1) n3 +

1

2
n2 −

1

2
n 

S(k + 1|k) = C(k) 
             +A(k + 1)S(k|k)AT(k + 1) 

1

2
n2 +

1

2
n  

Source: created by the author 

 
 

Table 5. Calculation burden of PTVKF 
PTVKF 

Matrix Operation Calculation Burden 

BS(k|k − 1) 2n2m − nm  
BS(k|k − 1)BT nm2 + nm −

1

2
m2 −

1

2
m  

BS(k|k − 1)BT + D) 1

2
m2 +

1

2
m  

[BS(k|k − 1)BT + D)]−1 {
1

6
(16m3 − 3m2 − m) m ≥ 2

1 m = 1
 

G(k) = (BS(k|k − 1))
T 

[BS(k|k − 1)BT + D]−1 
= S(k|k − 1)BT 
[BS(k|k − 1)BT + D]−1 

2nm2 − nm 

G(k)B 2n2m − n2  
I − G(k)B n 
[I − G(k)]x(k|k − 1) 2n2 − n  
G(k)y(k) 2nm − n  
x(k|k) = [I − G(k)B]x(k|k − 1) 

    +G(k)y(k) n 

S(k|k) = [I − G(k)B]S(k|k − 1) n3 +
1

2
n2 −

1

2
n 

x(k + 1|k) = A(k)x(k|k)  2n2 − n  
A(k + 1)S(k|k) 2n3 − n2  
A(k + 1)S(k|k)AT(k + 1) n3 +

1

2
n2 −

1

2
n 

S(k + 1|k) = C 
     +A(k + 1)S(k|k)AT(k + 1) 

1

2
n2 +

1

2
n  

Source: created by the author 

 
 
 
 
 

 
 

 
Table 6. Calculation burden of TVLF 

TVLF 

Matrix Operation Calculation Burden 

Lainiotis filter parameters 
B(k + 1)C(k) 2n2m − nm  
B(k + 1)C(k)BT(k + 1) nm2 + nm −

1

2
m2 −

1

2
m 

B(k + 1)C(k)BT(k + 1) + D(k + 1) 1

2
m2 +

1

2
m  

E(k + 1) 
= [B(k + 1)C(k)BT(k + 1) + D(k + 1)]−1 {

1

6
(16m3 − 3m2 − m) m ≥ 2

1 m = 1
 

Gn(k + 1) = (B(k + 1)C(k))
T

E(k + 1) 
                    = C(k)BT(k + 1)E(k + 1) 

2nm2 − nm 

B(k + 1)A(k + 1) 2n2m − nm 
Gm(k + 1) = (B(k + 1)A(k + 1))

T
E(k + 1) 

= AT(k + 1)BT(k + 1)E(k + 1) 
2nm2 − nm 

Gn(k + 1)B(k + 1)C(k) n2m + nm −
1

2
n2 −

1

2
n 

Pn(k + 1) = C(k) − Gn(k + 1)B(k + 1)C(k) 
= [I − Gn(k + 1)B(k + 1)]C(k) 

1

2
n2 +

1

2
n 

Gn(k + 1)B(k + 1)A(k + 1) 2n2m − n2 
Fn(k + 1) = A(k + 1) 
−Gn(k + 1)B(k + 1)A(k + 1) 
= [I − Gn(k + 1)B(k + 1)]A(k + 1) 

n2 

On(k + 1) = Gm(k + 1)B(k + 1)A(k + 1) 
= AT(k + 1)BT(k + 1) 
E(k + 1)B(k + 1)A(k + 1) 

n2m + nm −
1

2
n2 −

1

2
n 

Iterations 
Gn(k + 1)y(k + 1) 2nm − n 
Gm(k + 1)y(k + 1) 2nm − n 
S(k|k)On(k + 1) 2n3 − n2 
I + S(k|k)On(k + 1) n 

[I + S(k|k)On(k + 1)]−1 {
(16n3 − 3n2 − n)/6 n ≥ 2

1 n = 1
 

Fn(k + 1)[I + S(k|k)On(k + 1)]−1 2n3 − n2 
S(k|k)Gm(k + 1)y(k + 1) 2n2 − n  
x(k|k) + S(k|k)Gm(k + 1)y(k + 1) n 
Fn(k + 1)[I + S(k|k)On(k + 1)]−1 
{x(k|k) + S(k|k)Gm(k + 1)y(k + 1)} 2n2 − n  

x(k + 1|k + 1) = Gn(k + 1)y(k + 1) 
+Fn(k + 1)[I + S(k|k)On(k + 1)]−1 
{x(k|k) + S(k|k)Gm(k + 1)y(k + 1)} 

n 

Fn(k + 1)[I + S(k|k)On(k + 1)]−1S(k|k) 2n3 − n2 
Fn(k + 1)[I + S(k|k)On(k + 1)]−1Fn

T(k + 1) n3 +
1

2
n2 −

1

2
n 

S(k + 1|k + 1) = Pn(k + 1) 
+Fn(k + 1) 
[I + S(k|k)On(k + 1)]−1S(k|k)Fn

T(k + 1) 

1

2
n2 +

1

2
n 

Source: created by the author 
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Table 7. Calculation burden of PTVLF 
PTVLF 

Matrix Operation Calculation Burden 

Lainiotis filter parameters 
Off-line computations 

BC 2n2m − nm  
BCBT nm2 + nm −

1

2
m2 −

1

2
m 

BCBT + D 1

2
m2 +

1

2
m  

E = [BCBT + D]−1 {
1

6
(16m3 − 3m2 − m) m ≥ 2

1 m = 1
 

Gn = (BC)TE = CBTE 2nm2 − nm 
GnBC n2m + nm −

1

2
n2 −

1

2
n 

Pn = C − GnBC = [I − GnB)]C 1

2
n2 +

1

2
n 

On-line computations 
BA(k + 1) 2n2m − nm 
Gm(k + 1) = (BA(k + 1))

T
E 

= AT(k + 1)BTE 
2nm2 − nm 

GnBA(k + 1) 2n2m − n2 
Fn(k + 1) = A(k + 1) − GnBA(k + 1) 
= [I − GnB]A(k + 1) n2 

On(k + 1) = Gm(k + 1)BA(k + 1) 
= AT(k + 1)BTEBA(k + 1) n2m + nm −

1

2
n2 −

1

2
n 

Iterations 
Gny(k + 1) 2nm − n 
Gm(k + 1)y(k + 1) 2nm − n 
S(k|k)On(k + 1) 2n3 − n2 
I + S(k|k)On(k + 1) n 

[I + S(k|k)On(k + 1)]−1 {
(16n3 − 3n2 − n)/6 n ≥ 2

1 n = 1
 

Fn(k + 1)[I + S(k|k)On(k + 1)]−1 2n3 − n2 
S(k|k)Gm(k + 1)y(k + 1) 2n2 − n  
x(k|k) + S(k|k)Gm(k + 1)y(k + 1) n 
Fn(k + 1)[I + S(k|k)On(k + 1)]−1 
{x(k|k) + S(k|k)Gm(k + 1)y(k + 1)} 2n2 − n  

x(k + 1|k + 1) = Gn(k + 1)y(k + 1) 
+Fn(k + 1)[I + S(k|k)On(k + 1)]−1 
{x(k|k) + S(k|k)Gm(k + 1)y(k + 1)} 

n 

Fn(k + 1)[I + S(k|k)On(k + 1)]−1S(k|k) 2n3 − n2 
Fn(k + 1) 
[I + S(k|k)On(k + 1)]−1Fn

T(k + 1) n3 +
1

2
n2 −

1

2
n 

S(k + 1|k + 1) = Pn 
+Fn(k + 1) 
[I + S(k|k)On(k + 1)]−1 
S(k|k)Fn

T(k + 1) 

1

2
n2 +

1

2
n 

Note that the off-line calculation is highlighted in gray. 
Source: created by the author  
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